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Abstract

The Mølmer-Sørensen gate is a common entangling quantum gate for trapped-
ion platforms that has reached fidelities around 99.7 % in experiment. Those fi-
delities could not be fully explained theoretically. We explain in detail that the
error is inherent to the construction of the Mølmer-Sørensen gate, and we show,
analytically and numerically, that the errors can be partially compensated by ad-
justing the drive amplitude, and with pulse shaping of the drive amplitude.

To calculate the fidelity of the gate, it is useful to find the time evolution oper-
ator of the system by calculation of an effective Hamiltonian using the Magnus
expansion. Before calculation of the Magnus expansion, the Hamiltonian can be
simplified by expanding it into a Taylor series in the Lamb-Dicke factor and cut-
ting off higher order terms. In this case, the Magnus expansion yields as exact
result the first nonvanishing order.

In our work, we calculate the Magnus expansion without cutting off the Taylor
series before and find that in this case additional terms appear in the Magnus
expansion. Those terms can change the gate infidelity by orders of magnitudes
and thus are significant contributions that should not be neglected by default.
We demonstrate, how adjusting the drive amplitude can partially suppress those
additional terms. Furthermore, we present the results for shaped pulses as well,
showing that a smooth drive pulse, specifically sin2, can reduce the additional
errors.
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Zusammenfassung

Das Mølmer-Sørensen-Gatter (MSG) wird häufig zur Erzeugung von verschränk-
ten Zuständen auf Ionenplattformen genutzt und erreicht experimentell eine Fi-
delität von 99.7 %.

Quantenmechanisch wird das MSG mit einem zeitabhängigen Hamiltonopera-
tor (HO) für die Wechselwirkung zwischen den Ionen und ihren elektronischen
Zuständen unter Einwirkung von Laserpulsen beschrieben. Daraus kann man
mit der Magnusreihe einen effektiven zeitunabhängigen HO berechnen, dessen
Dynamik denselben Endzustand ergibt wie der zeitabhängige HO.

Um den effektiven HO berechnen zu können, wird der zeitabhängige HO in ei-
ne Taylorreihe im Lamb-Dicke-Faktor entwickelt. Ist dieser klein, werden übli-
cherweise die höheren Ordnungen der Taylorreihe vernachlässigt. In diesem Fall
beschränkt sich der effektive HO auf die niedrigste nichtverschwindenden Ord-
nung der Magnusreihe, die dem HO eines verschränkenden Gatter entspricht.

In dieser Arbeit wird der effektive HO berechnet, ohne zuvor Terme der Taylor-
reihe des zeitabhängigen HO zu vernachlässigen und aufgezeigt, dass zumin-
dest die beiden nächsthöheren Terme der Magnusreihe bei der Bestimmung des
effektiven HO berücksichtigt werden sollten. Die Ergebnisse werden analytisch
hergeleitet und numerisch untermauert, womit einige Limitierungen der Fideli-
tät des MSG erklärt werden können. Zudem demonstrieren wir, ebenfalls analy-
tisch und numerisch, dass mithilfe einer zeitabhängigen Einhüllenden der Am-
plitude des Laserpulses die Fidelität deutlich verbessert werden kann.
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Fig. 2.2 Comparison between Û4 and Û5 . . . . . . . . . . . . . . . . . . 52
Fig. 2.3 Predicted average infidelity as function of the drive amplitude Ω 53
Fig. 2.4 Predicted average infidelity for rectangular pulses as a function

of the average phonon number of the motional mode n̄, the di-
mensionless gate time K, and the Lamb-Dicke factor η . . . . . 54

Fig. 2.5 Predicted average infidelity for rectangular pulses as a function
of the dimensionless detuning . . . . . . . . . . . . . . . . . . . 56

Fig. 2.6 Comparison of concurrence, Bell state infidelity, and average
infidelity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

Fig. 2.7 Predicted average infidelity for shaped pulses as a function of
the average phonon number of the drive amplitude Ω, the di-
mensionless gate time K, and the Lamb-Dicke factor η . . . . . 61

Fig. 2.8 Minimal achieved infidelity, optimized over ν, n̄, and η, as a
function of the gate duration T . . . . . . . . . . . . . . . . . . . 64

B.1 Predicted infidelity as a function of η and K . . . . . . . . . . . 83

xiii





Chapter 1.

Introduction

We live in times of the quantum hype [Bog+24; Con17]. There is an increasingly
growing community working towards quantum advantage [Sac+24; McG+24;
Aru+19; Ped+19; Mad+22]. But why is it not there yet? The answer lies in the
nature of quantum computing. Classical computers work with bits that are either
1 or 0, while quantum bits, so called qubits, can additionally be in a superposition
of both states. Furthermore, they can be entangled with another qubit or quantum
system. Entanglement of two systems means that only the global state of the total
system can be described, while the state of each subsystem is not well-defined.

These quantum properties are very sensitive to coupling with another system.
Since couplings cannot be avoided—think of readout and control—quantum com-
puting is intrinsically sensitive to types of errors that do only rarely or never
occur—or are not even defined—in classical computing.

Fortunately, most of these errors can be corrected, as long as they are not corre-
lated. While classical error correction algorithms would destroy the quantum-
ness of the system, there exist advanced quantum error correction algorithm
schemes, like for example the surface code [RH07; Fow+12]. In these algorithms,
multiple physical qubits are connected to form a logical qubit. According to the
threshold theorem [AB96; AB99], it is theoretically (and practically [Goo+25])
possible to achieve lower error rates in the logical qubits than in the physical
qubits, provided that the physical error remains below a certain threshold value.
The exact value of the threshold depends on the applied error correction code
and the underlying error model. For instance, for the surface code the threshold
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Chapter 1. Introduction

infidelity is approximately 0.75 % [RH07].

Errors accumulate during computation if the error in the physical qubits exceeds
the threshold, making results unreliable. By contrast, the total error decreases if
physical errors remain below the threshold and consequently, small error rates
in the physical qubits are essential for successful quantum computing.

However, creating qubit gates with high fidelity can be a challenging task. While
imperfections in the physical apparatus can make precise gate control difficult,
another significant issue is the inadequate understanding of the system which
needs to be controlled. Specifically, a drive pulse may lead to over- or under-
rotations of a gate if parameters and drive method are not optimal. The reason
for the non-optimal driving can be that the drive amplitude cannot be controlled
exactly, but also that the drive mechanism does not work as predicted by the
theory.

Clearly, a precise model of the system is crucial for useful implementations of
theoretical constructions in experiments. For example, consider a qubit, that is,
an effective two-level system. Often, a real quantum system possesses more than
two accessible states, with the two qubit levels just being the most probable ones.
A more nuanced understanding of the system, taking more levels into account,
can provide valuable insight into phenomena such as population leakage, allow-
ing to suppress leakage appropriately. In this context, the importance of precise
models that can predict exactly where specific errors come from and how to cor-
rect them cannot be overstated.

In this dissertation, we will investigate inherent errors of an entangling gate for
trapped ion qubits, the Mølmer-Sørensen gate. These can contribute significantly
to the fidelity of the gate, hence an error budget that takes those errors into ac-
count is of great value.

In Section 1.1, we explain the basics of quantum computing, and in Section 1.2,
we introduce trapped ions as a platform for quantum computing. In Section 2.1,
we present the Hamiltonian for the Mølmer-Sørensen gate and discuss approxi-
mations on this Hamiltonian as well as standard methods for calculation of the
time-development operator, among others the technique of the effective Hamil-
tonian. We derive in Section 2.2 resonance conditions for the effective Hamilto-
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1.1. Gate-based quantum computing

nian of the system. In Section 2.3, we provide analytical expression for terms of
the effective Hamiltonian, for square drive pulses, and discuss suitable measures
for the fidelity. Furthermore, we numerically evaluate the fidelity to examine the
impact of the additional error terms. Moreover, we show, again analytically and
numerically, in Section 2.4 that shaping the drive amplitude can reduce the fi-
delity. We finally summarize in Chapter 3 and give an outlook.

1.1. Gate-based quantum computing

The term “quantum computing” comprises, inter alia, quantum simulation
[GAN14], adiabatic quantum computing [AL18], and gate-based quantum com-
puting [NC10]. Quantum simulation uses a quantum system to simulate another
quantum system, in adiabatic quantum computing, the solution of a problem
is encoded in the ground state of a complex system, and gate-based quantum
computing is similar to classical computing, except that different gate sets and
algorithms are used.

Only recently, fault-tolerant quantum computing was demonstrated experimen-
tally, yet only for quantum memory [Goo+25]. However, current leading ex-
periments for gate-based quantum computing accomplish qubit numbers of the
order of 10 to 100 [Goo+25; Pae+24; Bra+24], whereas with current knowledge
around a million qubits are needed for practical applications like factorization of
a 2048-bit number [Gid25]. John Preskill [Pre18] has coined the term NISQ (noisy
intermediate scale quantum) era to describe this intermediate state in which pro-
totypes for quantum computers exists, while quantum computing still misses the
milestones that are needed for practical applications.

1.1.1. Qubits and gate operations

The state of a qubit is mathematically defined by a vector ψ = (α β)T, where
α, β ∈ C. We use from now on Dirac’s Bra-Ket notation and write

|ψ⟩ = α |0⟩+ β |1⟩ . (1.1)

3



Chapter 1. Introduction

We see that the state |ψ⟩ is in a superposition of the orthonormal basis states,
which we call |0⟩ and |1⟩ and define to be the eigenstates of the Pauli operator
σ̂z. The squared inner product between two states | ⟨φ|ψ⟩ |2 represents the prob-
ability of measuring |φ⟩ when the system is in state |ψ⟩. So, when measuring the
qubit in the basis {|0⟩ , |1⟩}, the outcome is |0⟩ with probability |α|2 and |1⟩ with
probability |β|2.

σx

σz
|0〉

|1〉

σy

|ψ〉

Figure 1.1.: The Bloch sphere can help to visualize the state of a qubit. Because
the state of a qubit in a closed system is normalized ⟨ψ|ψ⟩ = 1, the
vector |ψ⟩ always lies on a sphere with radius 1. The projection of a
state |ψ⟩ on the x, y, z-axis denotes the expectation value of the Pauli-
x, y, z matrix ⟨ψ|σ̂x,y,z|ψ⟩ when measuring in the ψ-basis.

In a closed system, the probability of measuring a state in its eigenbasis equals
to 1, so ⟨ψ|ψ⟩ = 1 = |a|2 + |b|2. A general way to express a and b under this
condition, omitting a global phase, is

|ψ⟩ = cos(ϑ) |0⟩+ sin(ϑ)eiφ |1⟩ . (1.2)

One can describe the state |ψ⟩ as a vector
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1.1. Gate-based quantum computing

s⃗ = ⟨ψ|⃗σ|ψ⟩
= ∑

j
⟨ψ|σ̂j|ψ⟩ êj

=




sin(2ϑ) cos(φ)

sin(2ϑ) sin(φ)

cos(2ϑ)




(1.3)

in terms of the expectation value of the Pauli vector σ⃗ = ∑j σj êj. The components
of the vector s⃗ are spherical coordinates on a sphere with radius 1, hence the
projection of the state of a qubit can be visualized on a unit sphere [Lev08, p.237],
called Bloch sphere (see Fig. 1.1).

One can express a quantum state |ψ⟩ also as a density matrix

ρ = |ψ⟩⟨ψ| . (1.4)

The trace of a density matrix is Tr{ρ} = 1. A quantum state that can be repre-
sented in the form Eq. (1.4) is called pure state, but the state of a system can also
be the sum over an ensemble,

ρ = ∑
n

pn |ψn⟩⟨ψn| , (1.5)

where pn is the probability of the system to be in state ψn. In such a mixed state,
the state of the system cannot be represented as a vector |ψ⟩ anymore. Examples
for mixed states are thermal states, where the probability pn = n̄n

(n̄+1)n+1 depends
on the average phonon number n̄. Density matrices for two-level systems can be
visualized on a Bloch sphere as well.

1.1.2. Entanglement

Consider a state describing a system consisting of two initially independent sub-
systems A and B. This state can be written as outer product of the states describ-
ing the subsystems

|ψ⟩ = |ψA⟩ ⊗ |ψB⟩ . (1.6)

5
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If the state of two coupled systems can be written as Eq. (1.6), the system is called
separable. Rewriting the substates in a joint basis yields

|ψ⟩ = ∑
jk

ajbk︸︷︷︸
cjk

(|j⟩ ⊗ |k⟩) . (1.7)

If the amplitude of a state |ψ⟩ = ∑jk cjk (|j⟩ ⊗ |k⟩) cannot be factored with respect
to the two subsystems as in Eq. (1.6), in other words, if there exist no aj, bk such
that cjk = ajbk ∀j, k, then the state is called entangled.

There exist several measures for the amount of entanglement, of which one is the
concurrence [Hor+09]. For pure two-qubit states, the concurrence can be written
as

C = 2
√

2
(
1 − Tr{ρ2

A}
)
, (1.8)

where ρA = TrB |ψ⟩⟨ψ| is the reduced density matrix of the state |ψ⟩ with respect
to system A. A state for which C = 1 is maximally entangled, while a state with
C = 0 is separable. For a state of the form

|ψ⟩ = cos(ϑ) |00⟩+ eiφ sin(ϑ) |11⟩ (1.9)

the concurrence becomes C = sin(2ϑ), thus all states with ϑ = π
2 are maxi-

mally entangled, regardless of the phase φ. Furthermore, as can be seen from
Eq. (1.8), the entanglement of a state does not change under local unitary opera-
tions [PV06].

Bell states are maximally entangled states which span a basis in the Hilbert space
of two qubits. The canonical Bell state, which is often presented as an example
for a maximally entangled state, is

|ψ⟩ = 1√
2
(|00⟩+ |11⟩) . (1.10)

When this state is measured separately in system A and system B (in the z-basis),
the measurement outcome will always be the same for both systems, although
the probability for each outcome (both 0 or both 1) is 50 %.

Any entangled state can be created from Bell states using local operations and

6



1.1. Gate-based quantum computing

classical communication (LOCC), but not vice versa, because LOCC cannot in-
crease entanglement [PV06]. This makes entanglement a resource under LOCC.
It plays a crucial role in some quantum cryptography protocols [Eke91; BBM92],
quantum teleportation [Ben+93], and superdense coding [BW92].

However, the extent to which entanglement contributes to quantum advantage
remains topic of debate [Hor+09]. Ekert [EJM98] argues that while superposi-
tion could still be mimicked classically using waves, it is entanglement which
makes the difference between a classical and quantum computer. Nonetheless, in
quantum computing there exist protocols, for which entanglement is not needed
[Bih+04] and in measurement-based quantum computing [RB01] entanglement
can even reduce the speedup [GFE09]. However, although not being sufficient,
entanglement is probably necessary for exponential speedup in most gate-based
quantum computing protocols [JL03; LP01].

1.1.3. Universal gate set

A gate set is called universal if any unitary and consequently reversible operation
can be approximated efficiently to an arbitrary degree of accuracy by a circuit that
is composed solely of gates of the set [NC10]. A universal gate set consists, for
example, of single qubit gates and one non-classical multi-qubit gate [DBE97].

Note that not all multi-qubit gates provide universality, but most do. Specifically,
entangling gates always provide universality [Dod+02]. Moreover, the univer-
sality of entangling gates implies that any multi-qubit entangling gate can be re-
placed by a set of single-qubit operations and two-qubit entangling operations.
For physical qubits, a typical choice for a gate set consists of single qubit rotations
and a perfect entangler, while for logical qubits one often relies on the minimal
set of Clifford gates complemented by a T gate [CTV17].

1.1.4. Propagation/evolution

The dynamics of a closed system, which is described by the Hamiltonian Ĥ, is
governed by the Schrödinger equation

ih̄∂t |ψ(t)⟩ = Ĥ |ψ(t)⟩ . (1.11)

7



Chapter 1. Introduction

The solution for the state vector at any given time can be expressed as

|ψ(t)⟩ = Û(t, t0) |ψ(t0)⟩ , (1.12)

where the unitary operator Û is called time development operator. The general
expression for the time development operator Û(t, t0) is given by

Û(t, t0) = T exp
{
− i

h̄

∫ t

t0

Ĥ(τ)dτ

}
, (1.13)

where T represents the time-ordering operator. In cases where the Hamiltonian
Ĥ(t) = Ĥ0 is time-independent, the time development operator simplifies to

Û(t, t0) = exp
{
− i

h̄
Ĥ0(t − t0)

}
. (1.14)

Nonetheless, for systems with time-dependent Hamiltonian, the expression for
the time development operator depends on the particular structure of the Hamil-
tonian.

1.1.5. Platforms

Platforms for quantum computing compromise for example superconducting
qubits, trapped ions or atoms, NV-centers, and photons. Recently, breakthroughs
in error correction were demonstrated for superconducting qubits [Goo+25] and
also for trapped-ion qubits [Pae+24]. These platforms meet the five criteria, pro-
posed by DiVincenzo [DiV00], which describe conditions on a system that are
needed for building a gate-based quantum computer [BCD02]. These criteria
are:

a) Scalable qubits
The system must incorporate two-level subsystems that are capable of func-
tioning as qubits. Furthermore, it should be feasible to scale up the num-
ber of qubits and establish efficient coupling between them. The challenge
of scalability represents a significant obstacle in the development of quan-
tum computing technology, due to the increasing complexity and difficulty
of managing and controlling a growing number of qubits and their inter-
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1.1. Gate-based quantum computing

actions. In general, the number of controls increases with the number of
qubits and introduces noise into the system, so manipulation of qubits
while maintaining the quantum information becomes more challenging
with escalating qubit number.

b) Qubit preparation
The accuracy of the outcome of a quantum protocol anticipates the exis-
tence of an initial qubit state which can be reliably prepared. This is because
the initial state serves as the foundation for all subsequent quantum opera-
tions and any errors or inconsistencies in the initial state can propagate and
accumulate throughout the computation, ultimately leading to significant
reductions in the overall fidelity. Moreover, the initial state preparation
must be fast to develop the full potential of quantum computing.

c) Readout
A quantum platform needs the capability to read out the state of specific
qubits with minimal introduction of noise into the system. Due to the non-
unitary nature of measurements, as opposed to unitary gate operations,
they are always a potential source of noise, making effective readout pro-
tocols essential.

d) Universal gates
The quantum computing system must possess the ability to facilitate in-
teractions between qubits in such a manner that the implementation of a
universal gate set is possible. This is important, as a universal gate set pro-
vides the fundamental building blocks for performing arbitrary quantum
operations on a set of qubits. The fidelity of the gates should be below the
error correction threshold.

e) Long decoherence
The lifetime of the qubits must be long enough to allow for the completion
of a quantum computation before decoherence and other sources of noise
introduce errors and reduce the fidelity of the computation. Furthermore,
it must be possible to improve the results by application of error correction
and fault-tolerant quantum computation.

9
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1.2. Trapped-ion platform

Trapped ions serve as a relevant platform for quantum computing. They allow
for a large number of qubits [Mos+23] with long coherence times of about 1 s
[Har+16; Hei+19]. Two-qubit gate durations are in the microsecond range.

The two most prevalent types of ion traps are Paul traps and Penning traps. Pen-
ning traps, proposed by Dehmelt in 1956 [Deh56], operate using static electrical
and magnetic fields. In contrast, Paul developed in 1953 a mass spectrometer
based on static and dynamic electrical fields [PS53]. This device could function
as a mass filter as well as an ion trap, depending on the trap geometry and ap-
plied voltages. Initially, trapped ions were used primarily for quantum metrol-
ogy such as atomic clocks [AV76]. The development of laser cooling [WI79] and
of the Cirac-Zoller two-qubit gate [CZ95] paved the way towards quantum com-
puting with trapped ions.

1.2.1. Linear Paul trap

In a Paul trap, ions are confined in a ultra high vacuum (UHV) environment us-
ing an oscillating radio frequency (RF)-field in conjunction with a static potential.

In a linear Paul trap, the confinement in x- and y-direction is usually created
using four rod-shaped electrodes. In z-direction, the confinement is created by
electrodes at the ends of the trap. Because the distance between center of the
trap and the endcap electrodes is large compared to the distance between the
rods, the potential in z-direction can be modeled approximately as the potential
created by two point charges, each with charge qz, separated by a distance 2z0.
Expanding the potential around the origin z = 0 yields

Φz =
1

4πε0

(
qz

z0 − z
+

qz

z0 + z

)

=
qz

4πε0

(
2
z0

+
2
z3

0
z2

)
+O(z4)

= Uz

(
1 +

z2

z2
0

)
+O(z4),

(1.15)
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x

z

y

z0

(a)

x

y

r0

r0

(b)

Figure 1.2.: Sketch of a linear Paul trap. (a) Side-view. An oscillating voltage
is applied to the four rod-shaped electrodes surrounding the z-axis,
with a phase difference of π between the voltages applied to the elec-
trodes on the x-axis (orange) and those on the y-axis (blue). The static
potential in the z-direction is created with the endcap electrodes on
the z-axis (green). (b) Top-view of the Paul trap. The blue electrodes
are on the y-axis and the orange electrodes on the x-axis.

with Uz := Φz(0). The constant part of the potential can be disregarded, result-
ing in a harmonic potential

Φz =
M
2

ν2
z z2, (1.16)

with M being the mass of the trapped particle and with the frequency of the
motional mode

νz =

√
2Uz

Mz2
0

. (1.17)

The potential in the xy-plane can be seen as a quadrupole. Expanding this po-
tential around x, y = 0 yields

Φxy =
1

4πε0


 qx√

y2 + (ax + x)2
+

qx√
y2 + (ax − x)2

+
qy√

x2 +
(
ay + y

)2
+

qy√
x2 +

(
ay − y

)2




= Ux + Uy +
x2

r2
0

(
Ux −

1
2

Uy

)
+

y2

r2
0

(
Uy −

1
2

Ux

)
+O(x4, y4, x2y2).

(1.18)
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Again omitting constant terms, the total potential in the center of the trap can be
described as

Φ =
x2

r2
0

(
Ux −

1
2

Uy

)
+

y2

r2
0

(
Uy −

1
2

Ux

)
+

z2

z2
0

Uz =: ∑
j

αj

2
x2

j , (1.19)

with αz =
Uz
z2

0
, αx =

2Ux−Uy

2r2
0

, αy =
2Uy−Ux

2r2
0

.

Considering an ion of mass M and atomic number Z in the trap, the Lagrangian
is given by

L = ∑
j

(
M
2

ẋ2
j −

Ze
2

αjx2
j

)
, (1.20)

and the resulting equations of motion are

ẍj +
Ze
M

αjxj = 0. (1.21)

Assuming only static potentials, a solution for Eq. (1.21) would be of the form

xj(t) = Aeiωjt + Be−iωjt (1.22)

with ω2
j = Ze

M αj. This yields a harmonic motion only if αj > 0 (in the case of a
positively charged ion), otherwise xj diverges. However, close to the trap center
there are no charge sources, and thus ∇⃗ · E⃗ = 0, yielding the Laplace equation
∆Φ = ∑j=x,y,z αj = 0. Fulfilling this condition is only possible if at least one
αj < 0, which contradicts the condition αj > 0 in the case of a static field, as
stated above. In view of this, Earnshaw’s theorem states that it is not possible to
confine charged particles in a purely static electric potential [Foo+05]. Thus, for
confinement of charged particles with electromagnetic fields, time-dependent
electric potentials (Paul trap) or magnetic fields (Penning trap) are required.

To investigate the motion of particles in a Paul trap we replace Uj = UDC
j +

URF
j cos(ΩRFt). The equations of motion Eq. (1.21) become

ẍj +

(
Ze
M

αDC
j +

Ze
M

αRF
j cos(ΩRFt)

)
xj = 0. (1.23)

For a static potential this results in the same equations of motion as Eq. (1.21),

12



1.2. Trapped-ion platform

but for non-static potentials, this equation has the form of a Mathieu equation
[Sin14]. The solutions of this type of equations can be stable or unstable, de-
pending on the values of the parameters [AS72].

A simple approximate solution can be derived if the frequency of the RF-field is
large compared to the frequency of the unperturbed system: Ω2

RF ≫ Ze
M αDC, RF

j
[RGF03]. We assume that we can split the coordinate x(t) into a slowly oscillating
part X(t) and a perturbation ξ(t) oscillating at frequency ΩRF (and omitting the
index j).

Inserting x(t) = X(t) + ξ(t) into Eq. (1.23) and sorting by oscillation frequency
and amplitude yields

Ẍ +
Ze
M

αDCX
︸ ︷︷ ︸
slowly oscillating

+
Ze
M

αRF cos(ΩRFt)X + ξ̈
︸ ︷︷ ︸

fast oscillation and large amplitude

+
Ze
M

αDCξ +
Ze
M

αRF cos(ΩRFt)ξ
︸ ︷︷ ︸

fast oscillation and small amplitudeO(ξ)

= 0.

(1.24)

We assume that we can treat the parts of the equation separately. First, look at
the large fast oscillating part

ξ̈ = −Ze
M

αRFX cos(ΩRFt). (1.25)

Since the coordinate X is changing on a significantly slower timescale that ξ, we
can assume it to be constant for the integration. In this case, the solution for
Eq. (1.25) is

ξ(t) =
Ze

MΩ2
RF

αRFX cos(ΩRFt). (1.26)

As demanded by the above conditions, ξ oscillates with frequency ΩRF compared
to X, and it is smaller than X by a factor Ω2

RF
M
Ze αRF ≫ 1. We see that the total

motion is described by

x(t) = X(t)

(
1 +

Ze
MΩ2

RF
αRF cos(ΩRFt)

)
, (1.27)

where the slow part X(t) is called secular motion and the oscillatory part micro-
motion.
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To find an expression for the secular motion X(t), we insert Eq. (1.26) back into
Eq. (1.24) and average out all quickly oscillating functions, that is, we replace
sin(ΩRFt) and cos(ΩRF) by their average 0, and, analogously, cos2(ΩRFt) by 1

2 .
This yields the equation of motion

Ẍ +
Ze
M

(
αDC +

Zeα2
RF

M2Ω2
RF

)

︸ ︷︷ ︸
αeff

X = 0.
(1.28)

Hence, the ion moves as if it was subject to an effective potential [MD68]

Φeff =
1
2

αeffx2 = ΦDC +
Ze

MΩ2
RF

Φ2
RF. (1.29)

The effective potential can be harmonic, with αeff > 0, while at the same time the
Laplace equation for the system

∆Φ = ∑
j=x,y,z

αDC
j + cos(Ωt) ∑

j=x,y,z
αRF

j = 0 (1.30)

is fulfilled. In a linear Paul trap, one can choose, as an example, αRF
x = −αRF

y ,
corresponding to a phase shift of π between the voltages of the rods in x- and
y-direction [SQ17]. The static potential fulfills the Laplace equation when αDC

x +

αDC
y = −αDC

z , for instance [RGF03].

The linear Paul trap is not the only design of a Paul trap. There are many more
setups, including hyperbolic Paul traps, which use hyperbolic rings, and surface
traps, where the electrodes are printed on a circuit chip [PKL22]. Also, instead
of using oscillating UHV-fields, one can apply strong magnetic fields, as is done
in a Penning trap [Jai+24].

Generalizing from the type of the trap, we consider now a chain of ions trapped
in an (approximately) harmonic potential, since the results of this work can be ap-
plied to any trap that creates confinement in a harmonic potential in z-direction,
as long as the motion in the other directions can be neglected.
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1.2. Trapped-ion platform

1.2.2. Qubits

In a trapped-ion trap quantum computer architecture, the qubits consist of two
specific levels in the atomic structure of the ion. Examples of ions that are used
in quantum computing experiments include 43Ca+[Ben+08a; Mye+08; Sch+18],
40Ca+ [Cla+21; Meh+19; Mye+08], 9Be+ [Gae+16; Zar+19], 171Yb+ [Olm+07],
111Cd+ [Sti+06], and 25Md+ [Osp+11].

S1/2

P3/2

P1/2

D5/2

D3/2

397nm
93.5%

393nm
93.6%

866nm
6.4%

854nm
5.9%

729nm

|0〉

|1〉

6.9ns

7.1ns

1.2s

1.2s

Figure 1.3.: Level scheme of 40Ca+ (reproduced from [Hei+19]). The optical qubit
is encoded in the fine structure levels S1/2 and D5/2. The transition
S1/2–P1/2 can be used for cooling. For initialization, the excited state
D5/2 is pumped to P3/2, which then decays with high probability to
the ground state. As the P-levels decay also into D3/2, the transition
between this level and P3/2 needs to be pumped as well for initializa-
tion to avoid population loss. For readout, one can pump the transi-
tion S1/2–P1/2 and observe the subsequent fluorescence.

As an example, the level scheme of 40Ca+ is shown in Fig. 1.3. Here, the qubit is
stored in the S1/2 and D5/2 level [Mye+08]. The D5/2-level is chosen, because it
has a lifetime of the order of 1 s [Kre+05].
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Chapter 1. Introduction

40Ca+ is an example for an ion species used for optical qubits, where the qubit
is encoded in the fine structure levels of the ions (as an example, take S1/2 as
ground state and the meta-stable state D5/2 as excited state). Their transition
wavelength lies in the optical range (for the given example 40Ca+ it is 729 nm). It
is also possible to encode qubits in the hyperfine levels, this other type of qubits
is hence called hyperfine qubit. The typical wavelength for hyperfine qubits lies in
the microwave range. As an example, the qubit wavelength for 43Ca+ is 9.4 cm
[Bal+16].

Cooling

To prevent undesirable excitations in the motional mode, to assure that the ions
remain at the center of the trap, and to ensure the validity of the approximations
made in Section 1.2.1, it is essential to cool the ions to a low-energy motional
state. This also facilitates control and observation of the ions.

Laser cooling [Ita+91] involves driving the ions with laser beams, in such a way
that on average the number of phonons in the motional mode is reduced. The
methods depend on the available level spacing and thus on the specific ion
species.

If the linewidth Γ of the electronic transition that is used for cooling is large
compared to the frequency of the motional modes, Doppler cooling can be used
[Esc+03]. This technique involves a laser that is detuned slightly below a transi-
tion frequency of the ion. As the ions move, they experience a frequency shift due
to the Doppler effect. An ion that moves towards the laser beam such that the
Doppler-shifted laser frequency matches exactly the transition frequency may
absorb a photon which is then re-emitted in a random direction. Consequently,
the average velocity of the ions decreases, resulting in a cooling effect. Neverthe-
less, Doppler cooling is limited by the linewidth Γ of the transition. The Doppler
temperature, which is a measure for the minimal achievable temperature using
Doppler cooling, is TD = h̄ Γ

2kB
, where kB is the Boltzmann constant.

To surpass this limitation, the use of additional cooling strategies is needed. The
electronic transition can also be chosen in such a way that Γ ≪ ν. In this regime,
the energy levels of the motional mode are resolved, which enables sideband cool-
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ing [Neu+78]. Here, the laser is detuned to the red sideband frequency (see Sec-
tion 1.2.3), which is a transition that excites the electronic mode of the ion while
simultaneously decreasing its vibrational mode number. Since the decay rate Γ
of the electronic mode is larger than the decay rate of the motional mode, the
electronic mode decays spontaneously, while the phonon number of the vibra-
tional mode either is increased or decreased by one or remains unaltered. Conse-
quently, the average vibrational number is reduced, leading to a decrease in the
vibrational energy. Theoretically, this and other cooling methods allow cooling
to the vibrational ground state of the ion [Win+98].

Optical pumping

Optical pumping [Kas50] is used for initialization as well as for excitation of the
qubits. During the initialization phase, the qubits are prepared in their ground
state by coupling the excited state to an auxiliary shelf state, which subsequently
decays rapidly to the ground state. For example, in 40Ca+ ions (see Fig. 1.3), the
lifetime of the shelf state (P3/2) is ≈ 7 ns, compared to a lifetime of ≈ 1.2 s of the
excited state (D5/2), enabling fast initialization.

Readout

The readout process is carried out with electron shelving [NSD86], where a strong
laser stimulates the transition between one of the qubit states and a designated
shelf state. For fast readout (as for fast initialization), a short lifetime of the shelf
state is required. If the shelf state decays not exclusively to the qubit state, but
also significantly to another state, this other transition is driven as well, repump-
ing the population to the shelf state. As the shelf state decays back to the qubit
state, observation of fluorescence can indicate population of the specific qubit
state. If the transition between qubit state and shelf state is not near to a reso-
nance of the other qubit state, fluorescence is only observed for one of the states,
which is therefore called bright state. In contrast, the other qubit state is called dark
state. Specifically, for the case of 40Ca+, the bright state is the ground state of the
qubit and can be detected by driving the S1/2 − P1/2 and D3/2 − P1/2 transitions
(see Fig. 1.3).
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1.2.3. Single-qubit gates

Control and manipulation of quantum states in trapped-ion quantum computers
are typically performed using laser beams [Win+98]. The interaction between a
monochrome driving field and a two-level system, with Pauli X operator σ̂x and
position operator q̂, can be described with the general Hamiltonian for a dipole
interacting with a radiation field [CDG98; Win+98]

Ĥint = d⃗ · E⃗ = 2h̄Ωσ̂x cos(kq̂ cos(ϑ)− ωLt + φ), (1.31)

where k is the wave number, ϑ the angle of the wave vector, ωL the frequency,
and φ the phase of the drive.

We assume that the drive field and the dipole are aligned in the same direction
(ϑ = 0).

As described in Section 1.2.1, the movement of a trapped ion can be described
approximately as movement of a particle in an effective harmonic potential. This
potential, which we derived classically, can be treated quantum mechanically as
well, with the corresponding Hamiltonian

Ĥmotion =
1

2M
p̂2 +

M
2

ν2q̂2, (1.32)

where ν denotes the frequency of the corresponding motional mode. Introducing
the creation and annihilation operators â† and â, we can express the position
operator as

q̂ =

√
h̄

2Mν

(
â + â†

)
. (1.33)

For multiple ions in a trap, the motion of the ions can be described in terms of
motional modes, each with frequency νp and associated annihilation and cre-
ation operators âp, â†

p [Jam98]. For a chain with only two ions, there are only
two motional modes, the motion of the center of mass (COM), and the relative
motion, the breathing mode (BM). The frequencies of these motional modes are
related by

νBM =
√

3νCOM. (1.34)
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In the following calculations, we consider only one of the motional modes for
the sake of simplicity, without loss of generality.

Inserting the expression for the position operator in Eq. (1.33) into the Hamilto-
nian in Eq. (1.31) and moving into an interaction picture with respect to the qubit
and the motional mode, the interaction Hamiltonian becomes

Ĥ =
h̄
2

Ω
(

σ̂+eiωqt + σ̂−e−iωqt
) (

ei(η(â†eiνt+âe−iνt)−ωLt+φ) + e−i(η(â†eiνt+âe−iνt)−ωLt+φ)
)

,
(1.35)

where we used the Lamb-Dicke factor, defined as

η = k

√
h̄

2Mν
, (1.36)

and the Pauli ladder operators σ̂± = σ̂x ± iσ̂y.

If the detuning δ = ωq − ωL of the drive is small relative to the qubit frequency
δ ≪ ωq, the Hamiltonian can be approximated in a rotating-wave approximation
(RWA) as

Ĥ =
h̄
2

Ω
(

σ̂+ei(η(â†eiνt+âe−iνt)−δt+φ) + σ̂−e−i(η(â†eiνt+âe−iνt)−δt+φ)
)

. (1.37)

When the Lamb-Dicke factor is small, indicating weak coupling between elec-
tronic and motional modes, the Hamiltonian Eq. (1.31) can be approximated by
[Lei+03]

Ĥ =
h̄
2

Ω
(

σ̂+e−iδt+iφ + σ̂−eiδt−iφ
)
+ i

h̄
2

Ωη
(

â†eiνt + âe−iνt
) (

σ̂+e−iδt+iφ − σ̂−eiδt−iφ
)

.
(1.38)

Driving at resonance with the qubit δ = 0 is known as carrier drive, which has
the Hamiltonian

Hcarrier =
h̄
2

Ωσ̂x cos φ, (1.39)

where we have neglected oscillating terms. From Eq. (1.39), we see that the car-
rier drive yields a single qubit gate without affecting the motional mode.

When the laser is detuned from the qubit by the motional mode frequency δ = ν,
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Figure 1.4.: Carrier and sideband drives. The carrier drive (green, in the middle)
is a drive with frequency ωq, hence, it drives the transition between
the qubit levels without affecting the motional modes. The blue and
red sideband (blue line on the left and red line on the right, respec-
tively) is a drive detuned from the qubit frequency by δ = +ν and
δ = −ν respectively, which drives a qubit transition while changing
the phonon number of the motional mode by ±1.

the Hamiltonian approximates (again omitting oscillating terms) to

ĤBSB =
h̄
2

Ωηi
(

σ̂+ â†eiφ − σ̂− âe−iφ
)

. (1.40)

Driving the blue sideband (BSB) thus yields an excitation of the qubit and the mo-
tional mode at the same time. Analogously, driving at δ = −ν yields an approx-
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imate Hamiltonian

ĤRSB =
h̄
2

Ωη
(

σ̂+ âeiφ + σ̂− â†e−iφ
)

, (1.41)

which means that the red sideband (RSB) yields an excitation of the qubit while
decreasing the phonon number in the motional mode by one. The carrier and
sideband drive transitions are illustrated in the energy diagram of Fig. 1.4.

1.2.4. Two-qubit gates

The first entangling gate that was invented for trapped-ion qubits, is the Cirac-
Zoller gate[CZ95]. It uses the RSB-transition and an auxiliary state.

Applying a pulse of length T = kπ
ηΩ on a qubit in a state |e⟩ or |g⟩ and with

motional mode in state |0⟩ or |1⟩, results in the transitions

|0, e⟩ → cos
(

kπ

2

)
|0, e⟩ − e−iφ sin

(
kπ

2

)
|1, g⟩

|1, g⟩ → cos
(

kπ

2

)
|1, g⟩+ eiφ sin

(
kπ

2

)
|0, e⟩ .

(1.42)

The procedure for the Cirac-Zoller gate is the following. The system is cooled
down to the ground state of the motional mode, then the following series of op-
erations is applied [HRB08]:

1. A π-pulse on the RSB, with length π
ηΩ (k = 1), is applied to the first qubit.

If the motional mode is in the ground or first excited state, the pulse has no
effect, unless the qubit electronic state is excited |e⟩ and the motional mode
in the ground state |0⟩, or vice versa with the ion in the electronic ground
state |g⟩ and in the first excited state of the motional mode |1⟩. In the first
case, the electronic state flips to the ground state while exciting the trap,
catching a phase a −e−iφ, and in the second case the opposite occurs, with
an additional phase eiφ.

|0e1⟩ → −e−iφ |1g1⟩
|1g1⟩ → eiφ |0e1⟩

(1.43)
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2. The ground state of the second qubit is coupled to an auxiliary state via a
2π-pulse on the RSB, with length 2π

ηΩ (k = 2). This operation flips the sign
of the state |1g2⟩ for the second qubit.

|1g2⟩ → − |1g2⟩ (1.44)

3. Same as step 1. A π-pulse, identical to the one in step 1, is applied to the
first qubit.

By examining the possible states, we find that the Cirac-Zoller gate leaves all
states that start in the ground state of the motional mode unchanged, except
when both qubits are initially in the excited state, in which case a phase of −1 is
added.

|0gg⟩ → |0gg⟩ → |0gg⟩ → |0gg⟩
|0ge⟩ → |0ge⟩ → |0ge⟩ → |0ge⟩
|0eg⟩ → e−iφ |1gg⟩ → −e−iφ |1gg⟩ → |0eg⟩
|0ee⟩ → e−iφ |1ge⟩ → e−iφ |1ge⟩ → − |0ee⟩

(1.45)

Therefore, the Cirac-Zoller gate implements a CZ-gate.

Despite being implemented experimentally [Sch+03a], the Cirac-Zoller gate has
the disadvantage of relying on the motional mode to be cooled down to its ground
state, which is challenging to reach in experiment.

An alternative two-qubit gate for trapped ions, which is inherently more robust
with respect to heating of the motional modes, was proposed by Sørensen and
Mølmer in 1999 [SM99] and further expanded in 2000 [SM00]. The Mølmer-
Sørensen gate works by driving the RSB and the BSB on both ions at the same
time, resulting in a two photon transition exciting both ions without significantly
affecting the motional modes. The Mølmer-Sørensen gate will be explained and
discussed in the second part of this thesis.
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Correction formulas for the
Mølmer-Sørensen gate

A ubiquitous aspect of quantum processor design is the need to provide a strong
contrast, or on-off ratio, between entanglement coupling versus idling and local
single-qubit gates. To this effect, the standard approach is to introduce new cou-
pling elements, whose auxiliary Hilbert space provides a means through which
entanglement can temporarily be mediated, for example, via intermediate cav-
ity bus [Pai+16; HK21; LCM24], nonlinear resonators [Bar+19; Rea+18; Neg+21],
motional trapping modes [Sch+03b; Ben+08b; Sch+18; Meh+19; Cla+21; KCM22;
Web+24], intermediary spins [Fei+12; CWP17], etc.

To fully leverage these coupling elements, and avoid the onset of decoherence, it
is desirable to turn on the effective coupling between qubits as strongly as possi-
ble, for example through the use of strong driving fields. The prototypical exam-
ple of this is the so-called Mølmer-Sørensen gate. This technique was first intro-
duced in Ref. [SM99] to be resilient against trap heating within the Lamb-Dicke
and weak driving perturbative approximations [LM20; Arr+18; Ber+12; Coh+15;
Jia+23; Val+22; Kan+21]. And yet, it is important to recognize that wide adoption
of the gate largely occurred after a further advancement, whereby strong driv-

This chapter was published in similar form as “Susanna Kirchhoff, Frank K. Wilhelm, and Fe-
lix Motzoi. ‘Correction Formulas for the Mølmer-Sørensen Gate Under Strong Driving’. Ver-
sion 2. In: PRX Quantum 6.1 (Feb. 12, 2025), p. 010328. doi: 10.1103/PRXQuantum.6.010328”
by the American Physical Society under the terms of the Creative Commons Attribution 4.0
International license. The majority of research was conducted and the majority of the text
written by Susanna Kirchhoff.
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ing could be reinstituted at the cost of the collective ion motion being temporarily
activated before returning to its initial state [SM00].

In the wider context of trapped-ion quantum computing [Sch+13; HRB08;
BKM16], the platform has blossomed to one of the leading candidates for housing
quantum information, boasting long coherence times around 1 s to 50 s [Kau+17;
Har+16], and infidelities for two-qubit gates on the order of 1 × 10−3 at a gate
duration of 1.6 µs to 300 µs [Sch+18; Meh+19; Cla+21; Ben+08b].

Further advancements hinge on a proper theoretical understanding of the ef-
fect of strong driving on the operation with proper accounting of the excita-
tion of the oscillator states, and potentially reduced gate duration. As with the
oscillator-based couplings in other platforms, there are limited toolboxes avail-
able for tracking the dynamical effects of strong driving, the two most common
being the Dyson and Magnus expansions. In the Mølmer-Sørensen gate, the
standard argument, dating back 25 years to Ref. [SM00], argues that, within the
Lamb-Dicke approximation, an effective Hamiltonian in the Magnus expansion
leads to only a single order being nonzero and accounting for the entanglement.
The gate itself is second order in the Lamb-Dicke parameter η, while the error
is fourth order in η, appearing in the same Magnus order, and so dictates the
ultimate error scaling of the gate.

In this chapter, we demonstrate that, in contrast to the standard argument, there
are multiple nonzero O(η2) terms in the effective Hamiltonian that can con-
tribute even more significantly to the gate error than theO(η4) error terms. These
errors are higher order in the Rabi frequency, but since at strong driving this
cannot be considered a small parameter (compared especially to the sideband
detuning), these are fundamental to the functioning of the gate. We show that,
in general, neglecting these terms leads to large detectable errors and deviations
from experiment. These translate for typical parameters to circa 10 % Rabi fre-
quency mismatch, and, without in situ recalibration, 10 to 100 times larger error
than theoretically predicted.

We provide analytical expressions for the leading orders of those terms and give
a correction term for the drive strength Ω which can partially compensate for the
error caused by those terms. Our model results in a bound on the gate infidelity
of about 10−3 for typical parameters, which matches well with experimental fi-
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delity measurement results [Bal+16; Sch+18; Meh+19; Ger+22; Mos+23; San+23].
We also motivate analytically and show numerically, how it is—depending on
the parameter regime—of advantage to use pulse shaping to improve the gate fi-
delity closer to 10−4. This can help to approach fidelities needed for fault-tolerant
quantum computing [Ber+17; Zar+19].

2.1. Model and methods

2.1.1. Time propagation

To begin with, we discuss the general methodology for obtaining the time prop-
agation of our driven system. We want to first emphasize that for a system such
as the Mølmer-Sørensen gate, the drive dependence cannot, in general, be de-
scribed with perturbation theory, since it may be larger than other relevant en-
ergy scales. Therefore, where multiple small parameters may exist, these differ-
ent contributions should be properly accounted to avoid early truncation.

To this end, we describe the three most common expansions to obtain the time
evolution operator Û(T) of a quantum system that gives the time evolution be-
tween time 0 and time T.

Trotter expansion

The Trotter expansion [Tro59] can be used especially for numerical purposes. For
this, the evolution is sliced into small time steps during which one assumes the
Hamiltonian to be approximately constant. To ensure this, it is recommendable
to choose the time step ∆t around an order of magnitude smaller than the in-
verse of the maximal frequency arising in the Hamiltonian ∆t ≪ 1

fmax
. The time

evolution operator Û can then be decomposed into a product of time evolution
operators from t to t + ∆t

Û(t, t0) =
Nt

∏
n=0

Û(t0 + n∆t, t0 + (n + 1)∆t)

=
Nt

∏
n=0

exp
{
− i

h̄
Ĥ(t0 + n∆t)∆t

}
,

(2.1)
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Chapter 2. Correction formulas for the Mølmer-Sørensen gate

where the product ∏ multiplies from right to left.

Dyson expansion

The Dyson expansion [ST94] expands the exponent in Eq. (1.13) and gives the
time evolution operator as

Û(t, t0) = 1+
∞

∑
k=1

P̂k(t, t0), (2.2)

where each term of the Dyson sum can be written as a time-ordered integral

P̂k(t, t0) =

(
− i

h̄

)k ∫ t

t0

dt1

∫ t1

t0

dt2 · · ·
∫ tk−1

t0

dtkĤ(t1)Ĥ(t2) · · · Ĥ(tk). (2.3)

The Dyson expansion works well for Hamiltonians that consist of a time-
independent term and a perturbative time-dependent term: Ĥ = Ĥ0 + ΩĤ1(t)
with small Ω. In this case, the sum in Eq. (2.3) can be cut off, since higher-order
terms can be neglected

Û(t, t0) = 1− i
h̄

Ω
∫ t

t0

dt1Ĥ(t1) +
1

2h̄2 Ω2
∫ t

t0

dt1

∫ t1

t0

dt2Ĥ(t1)Ĥ(t2) +O(Ω3).

(2.4)

We want to emphasize that perturbation theory and the Dyson expansion are
not generally suitable to describe the Mølmer-Sørensen gate appropriately, since
the driving amplitude, which signifies the perturbation parameters here, is only
small in the case of weak driving. In the strong driving limit, the Dyson expan-
sion is thus not a reliable method to calculate the time evolution for this system.

Magnus expansion

An expansion with somewhat better convergence properties is the Magnus ex-
pansion [Mag54]. It is exact for example for the linearly driven oscillator and
often converges quickly for fast oscillating systems, as it is the case here. Mag-
nus expresses the time-evolution operator Û(T) in terms of a time-independent
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effective Hamiltonian
Ĥeff =

∞

∑
k=1

Ẑk(T), (2.5)

such that the time evolution operator [War84]

Û(T) = e−iĤeff (2.6)

yields after time T the same dynamics as the time evolution operator of the
original time-dependent Hamiltonian. The Magnus series expands the effective
Hamiltonian into a sum, with the first three Magnus orders being

Ẑ1 =
1
h̄

∫ T

0
dtĤ(t)

Ẑ2 =
i

2h̄2

∫ T

0
dt
∫ t

0
dτ
[
Ĥ(t), Ĥ(τ)

]

Ẑ3 = − 1
6h̄3

∫ T

0
dt
∫ t

0
dτ
∫ τ

0
dτ′ ([[Ĥ(t), Ĥ(τ)

]
, Ĥ(τ′)

]

+
[
Ĥ(t),

[
Ĥ(τ), Ĥ(τ′)

]])
.

(2.7)

There are also formulas for higher orders [Bla+09], which are omitted here due to
their length. A recursive formula for all orders of the Magnus expansion is given
in [Bla+09], and a general analytic expression for each order is given in [ACC18].

Salzmann [Sal85] suggests an alternative formula, which expresses the orders
of the Magnus expansion in terms of different orders of the Dyson expansion.
Using his result, one can easily show that the relations between the first three
orders of Magnus and Dyson expansion are

Ẑ1 = iP̂1

Ẑ2 = iP̂2 −
i
2

P2
1

Ẑ3 = iP̂3 −
i
2
(P1P2 + P2P1) +

i
3

P3
1 .

(2.8)

If the first order of both Magnus and Dyson series are zero, Ẑ1 = iP̂1 = 0, the
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Chapter 2. Correction formulas for the Mølmer-Sørensen gate

expressions simplify, with the first five orders of the Magnus expansion being

Ẑ2 = iP̂2

Ẑ3 = iP̂3

Ẑ4 = i
(

P̂4 −
1
2

P̂2
2

)

Ẑ5 = i
(

P̂5 −
1
2
(

P̂2P̂3 + P̂3P̂2
))

.

(2.9)

Eq. (2.9), shows that if Ẑ1 = 0, that is, if the perturbation is unbiased, the first
two nonzero orders of the Magnus expansion equal the first nonzero orders of
the Dyson expansion, except for a phase. Starting at fourth order, the terms
for Dyson and Magnus expansion differ. This connection between Magnus and
Dyson expansion is quite powerful, because, unlike the terms of the Magnus
expansion, the terms of the Dyson expansion do not involve nested commuta-
tors. This avoids having to deal with commutators, and also avoids costly matrix
multiplications when calculating the terms numerically. Nevertheless, both ex-
pansions require calculations of nested integrals. In the following sections, we
calculate the Magnus expansion using Eq. (2.9), allowing us to efficiently and
analytically track the role of different errors.

For analytical calculations, it might be relevant to keep in mind that even though
Dyson and Magnus expansion have the same first terms if the first order is zero,
the difference between the expansions lies not only in the mathematical expres-
sions of each order, but also in the structure of the time evolution operator. While
the Dyson expansion expresses the time evolution operator in terms of a power
series, the Magnus expansion [Bla+98] provides an effective time-independent
Hamiltonian, which captures the same dynamics as the original time-dependent
Hamiltonian.

If Ĥ is bounded, then a sufficient convergence criterion for the Magnus expansion
is [Bla+09] ∫ t

t0

∥∥−iĤ(τ)
∥∥dτ < π. (2.10)
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Also we can set a bound on each order of the Magnus expansion

∥∥Ẑk
∥∥ ≤ π

(
1
ξ

∫ t

t0

∥∥−iĤ(τ)
∥∥

2 dτ

)k
, (2.11)

with
ξ =

1
2

∫ 2π

0

1
2 + x

2

(
1 − cot

( x
2

))dx ≈ 1.0869. (2.12)

Unfortunately, those convergence criteria are only sufficient criteria, whereas a
necessary criterion does, to the authors’ knowledge, not exist.

2.1.2. Perturbations to the driven harmonic oscillator

To underscore the existence of error mechanisms arising from low perturbation
yet higher-order scattering processes under strong driving, we first show how
they emerge under a generic driven Hamiltonian.

We consider a perturbative coupling between a coupler element, here harmonic
oscillator (HO), and another (computational) subsystem. The systems are treated
in an appropriate rotating frame or interaction picture. This encompasses the
Hamiltonian of the Mølmer-Sørensen gate, but also coupling mechanisms for
a wide variety of other fast two-qubit gates [Pai+16; HK21; LCM24; Bar+19;
Rea+18; Neg+21; Sch+03b; Ben+08b; Sch+18; Meh+19; Cla+21; KCM22; Web+24]
and readout [BGB10; Ree+10; Jer+24] mechanisms.

We start with generically expanding the interaction in orders of a small parame-
ter λ,

Ĥ = Ĥ0(t) + λĤ1(t) +O(λ2), (2.13)

which acts on the composite space HHO ⊗Hqubits. Now, we consider the effect of
different resonance offsets (ωk) accompanying the different perturbation orders
of the Hamiltonian (Ĥk), or more precisely

Ĥk(t) = h̄Ω(t)âke−iωkt ⊗ Ôk + H.c., (2.14)

where Ω is the drive amplitude, which we cannot always assume is smaller than
the resonance offsets ωk due to strong driving, Ôk are operators acting on the
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Chapter 2. Correction formulas for the Mølmer-Sørensen gate

qubit subspace, and â, â† are the annihilation and creation operators, respectively.
Note that we have fixed a common drive amplitude and specific powers of the
harmonic oscillator operators, but this is simply done for concreteness and read-
ability.

In the first-order Magnus expansion, we have Ẑ1 = 1
h̄

∫ T
0 dtĤ(t) corresponding

to oscillating (off-resonant) terms. Often these are enforced to integrate to zero,
but not strictly needed for our purposes in this subsection.

The second order of the Magnus expansion is given by

Ẑ2 =
i

2h̄2

∫ T

0
dt
∫ t

0
dτ
[
Ĥ(t), Ĥ(τ)

]
, (2.15)

where the commutator can be broken down as
[
Ĥ(t), Ĥ(τ)

]
=
[
Ĥ0(t), Ĥ0(τ)

]
+ λ2[Ĥ1(t), Ĥ1(τ)

]

+ λ
[
Ĥ1(t), Ĥ0(τ)

]
+ λ

[
Ĥ0(t), Ĥ1(τ)

]
+ . . .

(2.16)

The important point to note is that the first line of Eq. (2.16) corresponds to reso-
nant driving while the second does not, since the zeroth and first-order frequency
offsets are non-commensurate. In particular, in later sections the λ2 term will cor-
respond to the Mølmer-Sørensen gate interaction.

The third order of the Magnus expansion similarly contains a sum of commuta-
tors as in Eq. (2.7),

[[
Ĥ(t), Ĥ(τ)

]
, Ĥ(τ′)

]
+
[
Ĥ(t),

[
Ĥ(τ), Ĥ(τ′)

]]
, (2.17)

but which are always non-resonant, since there is an odd number of factors. Un-
like in the first order, these are generally not calibrated to integrate to zero, but
these errors will still be relatively small.

Meanwhile, going to the fourth order Ẑ4, the Magnus expansion will introduce
commutators of the form

λ2[[[Ĥ0(t), Ĥ1(τ)
]
, Ĥ0(τ

′)
]
, Ĥ1(τ

′′)
]
, (2.18)

and other permutations thereof, that is, where we have an even number of H0
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and H1 factors.

We see that we have a resonant coupling interaction of the same perturbation or-
der as the one arising from Ẑ2. Because we drive relatively strongly, the fact that
the interaction is fourth order in Ω does not in general suppress the transition.

The general takeaways are twofold: the first is that the perturbation order of
the Hamiltonian need not be linked with increasing expansion orders when the
driving itself is non-perturbative. This is especially true in many-level systems
where spurious resonances may arise. The second takeaway is that the expansion
is non-monotonic, for example, with the error increasing for the first four orders
before eventually reducing again.

Therefore, in this general case, it is insufficient to terminate the series at low order.
Fig. 2.1 shows the parameter scaling of errors in the Magnus expansion for the
Mølmer-Sørensen gate Hamiltonian studied in this work, where λ = η is the
Lamb-Dicke factor.

Nonetheless, such higher-order processes must be carefully dealt with when-
ever coupler elements are driven strongly to accelerate entangling operations
between subsystems.

2.1.3. Mølmer-Sørensen gate system Hamiltonian

We model the trapped-ion system as two qubits coupled to a harmonic oscillator
[Win+98]. The Hamiltonian of the uncoupled two-qubit system is

Ĥq = h̄ωq Ĵz (2.19)

with qubit transition frequency ωq and collective spin operator

Ĵi =
1
2
(1⊗ σ̂i + σ̂i ⊗ 1) , (2.20)

where σi, i = x, y, z are the Pauli operators. The modes of the ion motion are
modeled as harmonic oscillators (see Section 1.2.3)

Ĥmotion = h̄ ∑
p

νp â†
p âp (2.21)
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Chapter 2. Correction formulas for the Mølmer-Sørensen gate

with frequency νp, and lowering and raising operator, âp and â†
p, of the pth eigen-

mode, respectively.

The interaction between the systems is invoked by a monochrome classical light
field with drive envelope Ω(t) and wave number k along the trap axis. The entan-
gling operation of the Mølmer-Sørensen gate is generated by driving two laser
frequencies at the same time [SM00]. When each laser is detuned by a frequency
±δ from the qubit frequency ωq, the Hamiltonian total can be written as

Ĥ = h̄ωq Ĵz + h̄νâ† â + 2h̄Ω(t)∑
p

∑
µ=±1

cos
(
kq̂p − (ωq + µδ)t

)
Ĵx, (2.22)

where q̂p =
√

h̄
2Mνp

(
âp + â†

p

)
, with M the mass of a single ion, describes the

position operator for the ions in the pth motional mode.

As described in Section 1.2.3, the motion of two ions can be separated into the
center of mass mode and the breathing mode. Since the frequencies of those
modes differ by a factor of

√
3, it can be legit to neglect all motional modes but

one, as long as the drive detuning δ is close enough to the frequency νp = ν of
this mode.

Moving to an interaction picture with respect to both qubits and motional mode,
the Hamiltonian can be written in the RWA as

Ĥ = h̄Ω(t) cos(δt)
(

Ĵ+eikq̂(t) + Ĵ−e−ikq̂(t)
)

, (2.23)

where Ĵ± =
(

Ĵx ± i Ĵy
)

are the collective spin raising and lowering operators.
We describe the motional mode with kq̂(t) = η

(
âe−iνt + â†eiνt), where η is the

Lamb-Dicke factor, which describes the qubit-trap coupling strength.

In the following sections, we need to calculate integrals of products of the Hamil-
tonian at different times. Therefore, it is useful to expand the Hamiltonian as a
power series in the raising and lowering operators that act on the motional-mode
subspaces. We first express the operator for the motional mode in terms of the
creation and annihilation operators (â†, â). Then we use the Baker-Campbell-
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Hausdorff (BCH) formula [Hal15] to factorize the operator exponentials as

eikq̂(t) = eiη(âe−iνt+â†eiνt) = eiη â†eiνt
eiη âe−iνt

e
−η2

2 . (2.24)

Next, we expand both exponentials in Eq. (2.24) via Taylor series, introducing
two counting indices for higher powers of raising and lowering operators. A
change of variables ensures that the time-dependent part runs only over a single
index m:

eikq̂(t) = e−
η2
2

∞

∑
l=0

∞

∑
k=0

(iη)l+k

l!k!
(â†)l(â)keiν(l+k)t

= e−
η2
2

∞

∑
m=−k

∞

∑
k=0

(iη)2m+k

(m + k)!k!
(â†)m+k(â)keiνmt

(2.25)

The sums implicate that k ≥ 0 and m ≥ −k, which corresponds to m ∈ Z, k ≥ 0,
and k ≥ −m. Thus, the terms in Eq. (2.25) can be grouped together with the index
m for the sideband order (corresponding to the number of phonons created or
annihilated) and Eq. (2.25) can be rewritten as

eikq̂(t) =
∞

∑
m=−∞

eiνmt Âm, (2.26)

where we defined the mth sideband assisted transition operator

Âm = e−
1
2 η2

∞

∑
k=max(0,−m)

η2k+mi2k+m

(m + k)!k!
(â†)k+m(â)k (2.27)

Using that
(

Â−m
)†

= (−1)m Âm, one can show that the conjugate transpose of
Eq. (2.26) can be expressed as

e−ikq̂(t) = ∑
m

eiνmt(−1)m Âm. (2.28)

Inserting Eqs. (2.26) and (2.28) into Eq. (2.23) leads to the simplified Hamiltonian

Ĥ(t) = h̄Ω(t) ∑
m∈Z

∑
µ=±1

ei(mν+µδ)t Ĵm Âm, (2.29)

where operations on the qubit subspace are described by the collective spin op-
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erator,

Ĵm =
1
2
(

Ĵ+ + (−1)m Ĵ−
)
=





Ĵx if m even
i Ĵy if m odd

, (2.30)

which acts on both qubits. The transition in the motional mode under absorp-
tion or emission of m phonons is given by the mth sideband assisted transition
operator Âm, defined in Eq. (2.27).

In the following sections, we calculate the Magnus expansion for the Hamilto-
nian Eq. (2.29) order by order, discussing the effect of each term on the effective
Hamiltonian and gate fidelity, and discussing the conditions under which spe-
cific terms are suppressed.

2.2. Resonance conditions

The time-dependent part of the Hamiltonian that is given in Eq. (2.29) consists
of exponential functions and so do the integrands in the Magnus expansion. De-
pending on the factor in the exponential and the bounds of the integrals, these
integrals may rotate to zero. Regarding the Mølmer-Sørensen gate, our goal is
to set conditions on how to suppress certain transitions, as depicted in Fig. 2.1,
while controlling the electronic double-excitation transitions, which are required
for the entangling gate. For this purpose, we associate the resonance conditions
at time T with beat-note frequencies

N(m, µ) :=
νT
2π︸︷︷︸
K

m +
δT
2π︸︷︷︸

L

µ, (2.31)

with dimensionless gate duration K and dimensionless laser detuning frequency
L. As before, m is the sideband order and µ is the detuning sign. For better
readability, only the zeroth harmonic of the pulse (Ω(t) = Ω) is included in this
section. The general formulas for time-dependent drive amplitudes are provided
in Section 2.2.5. Using the notation for the beat-note frequencies, the Hamiltonian
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Eq. (2.29) takes the simplified form

Ĥ(t) = h̄Ω
∞

∑
m=−∞

∑
µ=±1

ei 2π
T N(m,µ)t Ĵm Âm. (2.32)

The Magnus expansion can be very cumbersome to calculate beyond second or-
der. In the following sections, we benefit from the relation between Dyson and
Magnus expansion, given in Eq. (2.8). In effect, this means that calculation of
the kth order Magnus expansion terms can be reduced in its time dependence to
solving nested integrals of the form

IN1,··· ,Nk =
∫ T

0
dtk

∫ tk

0
dtk−1 · · ·

∫ t2

0
dt1ei 2π

T ∑k
j=1 Njtj , (2.33)

where the exponent consists of the sum of the exponents of Eq. (2.32) evaluated
at different times tj and for different combinations of the beat-note frequencies
Nj ≡ N(mj, µj). Finding appropriate solutions to the conditions allows us then
to significantly simplify the time-ordered operators in Eq. (2.3), rewritten here as

P̂k(t) =
(
− iΩ

h̄

)k

∑
m1∈Z
µ1=±1

· · · ∑
mk∈Z
µk=±1

(
Ĵm1 Âm1

)
· · ·
(

Ĵmk Âmk

)
IN1···Nk , (2.34)

which factors out the time dependence.

We proceed to calculate the leading orders of the nested integrals analytically and
then verify their accuracy numerically. A main challenge is to ascertain whether
for single coefficients Nj the integrals are zero, and whether they combine to sum
up to zero, each corresponding to different resonance conditions.

In general, nested integrals of the form

INk,Nk−1,··· ,N1(t, b) =
∫ t

0
dtk

∫ tk

0
dtk−1 · · ·

∫ t2

0
dt1eb ∑k

j=1 Njtj (2.35)

can be hard to calculate, especially for fast oscillating numerics, because the value
of the integral depends on whether single coefficients Nj are zero, or whether
they sum up to zero, as can be seen in Eqs. (2.41) and (2.44).
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The integrals can however be simplified using integration by parts. The analyti-
cal forms and their numerical evaluation can then be calculated using the SymPy
[Meu+17] and NumPy [Har+20] python packages, respectively. A pseudocode
example for the calculation can be found in Section A.

2.2.1. First-order condition

The resonance condition for the first Magnus order results from the integral IN,
which produces Ẑ1 = iP̂1 given by

Ẑ1 = Ω
∞

∑
m=0

∑
µ=±1

ei(mν+µδ)T − 1
i (mν + µδ)︸ ︷︷ ︸
resonance term

Ĵm Âm. (2.36)

This term describes the phonon-assisted flipping of the qubits. For the entan-
gling gate, we want to suppress single-qubit flips at the final time T, hence we
tune the parameters such that Ẑ1 = 0. A straightforward solution is to set all the
resonance terms to zero, which requires the beat-note frequency to be a nonzero
integer

N(m, µ) ∈ Z∗, (2.37)

which implies that also K and L are integers. In the case of a constant drive am-
plitude, fulfilling Eq. (2.37) can be ensured with a laser detuning δ, which is not
a multiple of the motional mode frequency ν. Note that due to strong driving
(compared to the detuning), the motional mode will nonetheless be excited, and
only at the final time does it revert to zero. If, on the other hand, the laser de-
tuning is on resonance with the motional mode frequency δ = ν, the sideband
transition remains populated also at the final time [Win+98]. Small detuning of
the laser frequency from the sideband violates Eq. (2.37) and thus leads to errors
in Ẑ1 [Mar+22], but is beyond the scope of this work.

2.2.2. Second-order condition

If the parameters are chosen such that the first order of the Magnus expansion
is suppressed, Ẑ1 = 0, the second order of the Magnus expansion equals the
second order of the Dyson expansion: Ẑ2 = iP2, as shown in Eq. (2.9). Inserting
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the Hamiltonian in Eq. (2.32) into Eq. (2.7) yields

Ẑ2 = iΩ2
∞

∑
m1,m2=0

∑
µ1,µ2=±1

Ĵm1 Ĵm2 Âm1 Âm2 IN1,N2 , (2.38)

with the resonance integral

IN1,N2 =
∫ T

0
ei 2π

T N1tdt
∫ t

0
ei 2π

T N2τdτ , (2.39)

given by Eq. (2.33), where the beat-note frequencies are now defined as

Nj(mj, µj) = mjK + µjL. (2.40)

We focus on the case, where Nj ∈ Z ∀j. Then, the non-vanishing contributions
to the integral are:

IN1,N2 =





T2

2 N1 = 0, N2 = 0
iT2

2πN2
N1 = 0, N2 ̸= 0

− iT2

2πN1
N1 ̸= 0, N2 = 0

− iT2

2πN2
N1 ̸= 0, N2 ̸= 0, N1 + N2 = 0

(2.41)

Here, we have four resonance conditions. The first three conditions, where at
least one Nj = 0, are the resonance conditions for the unwanted single-photon
transitions. The fourth condition, where Nj ̸= 0 and N1 + N2 = 0, is the res-
onance condition for a two-photon transition. This is what creates the desired
entanglement for the Mølmer-Sørensen gate.

The expression for the second order of the Magnus expansion Eq. (2.38) can be
simplified further given that single-photon transitions are suppressed (Ẑ1 = 0).
Assuming that the detuning δ of the laser from the qubit frequency is of the order
of the trap frequency ν, which is required in any case to make sure that only a
single motional mode is excited, then the two-photon resonance condition can
be rewritten as

N1 + N2 = 0 ⇐⇒ (m1 = −m2) ∧ (µ1 = −µ2). (2.42)
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In Section 2.2.4, we discuss the conditions for the validity of Eq. (2.42) in more
detail.

The simplification Eq. (2.42) allows rewriting the second-order Magnus term in
Eq. (2.38) as

Z2 = −i
Ω2

h̄2 ∑
m∈Z

∑
µ=±1

Ĵ2
m Âm Â−m

−iT2

2π

(
1

mK + µL
+

1
mK − µL

)

︸ ︷︷ ︸
2mK

mK+µL

=
−Ω2T2

πh̄2

∞

∑
m=1

∑
µ=±1

Ĵ2
m
[
Âm, Â−m

] mK
mK + µL

.

(2.43)

Note that
[
Âm, Â−m

]
is diagonal in the motional-mode subspace, because the

matrix elements ⟨n′|Âm1 Âm2 |n⟩ are only nonzero if n′ − n = m1 + m2. Thus, Ẑ2

is diagonal in the motional-mode subspace as well. Therefore, as can be seen
from Fig. 2.1, the terms in Ẑ2 create simultaneous flips on the qubits. However,
these conditions alone do not ensure that the Hamiltonian generates the correct
gate. As we discuss next in Section 2.3, recalibrating the weights of these and
other terms affects the rotation angle about the Ĵ2

x and Ĵ2
y operators.

2.2.3. Higher-order conditions

When Ẑ1 = 0, the third order of the Magnus expansion simplifies to Ẑ3 = iP̂3.
Computing this term involves calculation of a triple integral. Assuming that we
suppress single-photon transitions (Nj ∈ Z∗ ∀j), the resonance integral of third
order is

IN1,N2,N3 =
T3

4π2N3

(
δN1+N2

N2
+

δN2+N3

N1

)
. (2.44)

This integral is zero unless N1 + N2 = 0 or N2 + N3 = 0, which are thus the
resonance conditions for the third order transitions. Because of the complexity
of Eq. (2.44), there is no compact form for Ẑ3 beyond Eq. (2.34), such as we have
derived for Ẑ2 in Eq. (2.43). The same applies for Ẑ4 and Ẑ5, but we provide the
leading analytical error terms for Ẑ3 and Ẑ4, for the typical case of a rectangular
pulse in Section 2.3.2. We then evaluate numerically the significance of those
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2.2. Resonance conditions

terms in Section 2.3.3.

2.2.4. Suppression of trivial resonances

The terms in Table 2.1 were calculated using computer algebra tools, assuming
that the detuning of the laser avoids certain sideband ranges, which is justified as
follows. In order to simplify the expression for Ẑ2, we have assumed in Eq. (2.42)
that

N1 + N2 = 0 ⇐⇒ (m1 + m2 = 0) ∧ (µ1 + µ2 = 0) (2.45)

To drive a single motional mode only, the laser detuning must be close to the
motional mode frequency K − L ≪ K. If µ1 + µ2 ̸= 0, then this condition can be
rewritten using the resonance condition N1 + N2 = 0:

1 +
m1 + m2

µ1 + µ2
=

K − L
K

≪ 1. (2.46)

Checking the condition for the allowed values of µ1 + µ2 yields:

1. 1− m1+m2
2 ≪ 1 for µ1 + µ2 = −2. This can only be fulfilled for m1 + m2 = 1

and yields the resonance condition K = 2L.

2. 1 − (m1 + m2) ≪ 1, which does not yield a result for integer m1, m2.

3. Nor does 1 + (m1 + m2) ≪ 1.

4. 1 + m1+m2
2 ≪ 1 can be fulfilled for m1 + m2 = −1 and yields the resonance

condition K = 2L.

Thus, as long as K − L ≪ K and specifically K ̸= 2L, condition Eq. (2.42) remains
valid.

One can make similar assumptions for the higher orders of the Magnus expan-
sion. If the expressions in Table 2.1 were completely general, they would con-
tain explicit case distinctions for certain resonances, which would make the table
even more unwieldy. Hence, in order to keep the expressions in Table 2.1 simple
and concise, we explicitly ignore those results with jK = lL at the kth order of
the Magnus expansion, as long as one of the following conditions on l−j

l = K−L
K

is true:
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Chapter 2. Correction formulas for the Mølmer-Sørensen gate

1. l−j
l ≤ 0, which does not appear in experiment by construction, because we

defined K > 0 and K − L > 0.

2. l−j
l ≥ 1

kmmax
, where mmax is the maximum value of m which is included in

the calculation of the Magnus expansion (for our calculations mmax = 3).

However, since the first condition is by construction never met and since the
second condition is false in most cases as long as K−L

K ≪ 1, exclusion of these
trivial resonances is mostly a formal step to avoid lengthy case distinctions of
unrealistic terms in Table 2.1. Still, if K−L

K is approaching 1, in order to assure the
validity of the terms in Table 2.1. one has to make sure that there is no j ≤ kmmax
and |l| ≤ k such that jK = lL (which is fine for K = 28 and K − L = 3, as
an example). Otherwise, there may be additional terms that must be taken into
account.

2.2.5. Generalization to shaped pulses

We can extend the calculations in the previous section easily to shaped pulses.

We Fourier-decompose the time-dependent parts in Eq. (2.23) and write the drive
amplitude over the time interval [0, T] as a Fourier series

Ω(t) = Ω ∑
M∈Z

cMei 2π
T Mt, (2.47)

with c−M = c∗M, and where in principle we truncate the series at a small fre-
quency for bandwidth considerations. The Hamiltonian can hence be written
as

Ĥ(t) = h̄Ω ∑
M,m∈Z

∑
µ=±1

cMei 2π
T N(M,m,µ)t Ĵm Âm, (2.48)

where the beat-note frequency is now defined as

N(M, m, µ) := M +
νT
2π︸︷︷︸
K

m +
δT
2π︸︷︷︸

L

µ. (2.49)

In order to suppress the first order of the Magnus expansion, we now need to take
into account corrections to the beat-note frequency induced by the additional
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2.2. Resonance conditions

term due to the pulse shape.

The corrections to the beat-note frequency modify the time-dependent part of the
effective Hamiltonian, which in turn changes the amplitude of the single error
contributions. However, they do not affect the structure or the properties of the
operators.

First-order condition

The general expression for the first order of the Magnus expansion with time-
dependent drive amplitude is

Ẑ1 = Ω
∞

∑
M,m=−∞

∑
µ=±1

cM T
ei 2π

T N(M,m,µ) − 1
2πiN(M, m, µ)︸ ︷︷ ︸

resonance condition

Ĵm Âm. (2.50)

As in the previous section, in order to ensure Ẑ1 = 0, the beat-note frequency
must be a nonzero integer: M+mK + µL ̸= 0 ∀M, m, µ. This implies for instance
that K − L ̸= M, setting additional conditions for the choice of K and L.

Second-order condition

The second order of the Magnus expansion for time-dependent drive amplitudes
is

Ẑ2 = iΩ2
∞

∑
M1,M2=0
m1,m2=0

∑
µ1,µ2=±1

cM1cM2 Ĵm1 Ĵm2 Âm1 Âm2 IN1,N2 , (2.51)

where the beat-note frequencies in the resonance integral of second order IN1,N2

are now defined as
Nj = Mj + mjK + µjL. (2.52)

The resonance integral takes the same values as described in Eq. (2.41). The ex-
pression for the second order of the Magnus expansion in Eq. (2.51) can be sim-
plified further if the two-photon resonance condition

M1 + m1K + µ1L + M2 + m2K + µ2L = 0

⇐⇒ (M1 = −M2) ∧ (m1 = −m2) ∧ (µ1 = −µ2)
(2.53)
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Chapter 2. Correction formulas for the Mølmer-Sørensen gate

is satisfied.

Trivial resonance conditions

For a rectangular pulse Ω(t) = Ω, the multipartite resonance condition Eq. (2.53)
is valid if the laser detuning is itself only slightly detuned from the motional
mode frequency: K−L

K ≪ 1, see Section 2.2.4. For a non-rectangular pulse how-
ever, the exact conditions are more complex. To keep the resulting analytic ex-
pressions simple and concise, our results for shaped pulses do not include terms
that satisfy

j1K + j2L + j3 ̸= 0 (2.54)

for the kth Magnus order with maximal sideband order mmax, where the integers
ji fulfill 0 ≤ |j1| ≤ kmmax, |j2| ≤ k, and |j3| ≤ max(M)k. Compared to rectan-
gular drive pulses, the number of trivial resonances that are excluded explicitly
is significantly larger, as the whole calculations of the Magnus terms for shaped
pulses requires computation of more terms and thus more calculation capacities.
The higher complexity of these resonance conditions requires more caution for
the choice of parameters. So is for example K − L ̸= 2 a trivial condition, which
should be avoided, for a sin2 pulse, since max(M) = 2.

2.3. Error terms for rectangular drive pulses

In this section, we present the leading order terms of the Magnus expansion in the
Lamb-Dicke parameter η for the Mølmer-Sørensen gate, driven with rectangular
pulses, and we examine the impact of each error term on the fidelity. Further-
more, we use analytical expressions for the fidelity, using the Magnus expansion
to different orders, to calculate optimized expressions for the drive amplitude.

2.3.1. Choice of fidelity

The Bell state fidelity, for an initial state ρ0 and a target qubit state
∣∣ψtarget

〉
, de-

fined as
FBell =

〈
ψtarget

∣∣Trmotion{Û(T)ρ0Û†(T)}
∣∣ψtarget

〉
(2.55)
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2.3. Error terms for rectangular drive pulses

is often used in experiments [SM00; Meh+20; Meh+19; Cla+21; Bal+16; Tin+21;
Gae+16] and therefore allows for straightforward comparison. The main advan-
tage of this metric is that it is a good measure of (maximally) achievable entan-
glement, while at the same time not taking into account relative phases which,
if necessary, can be corrected, for example with single qubit gates. Also, the Bell
state fidelity allows for straightforward calculation of the fidelity for Hamiltoni-
ans of the form

∑
n

∑
j=x,y,z

(
d(n)j Ĵ2

j

)
⊗ |n⟩⟨n| , (2.56)

which corresponds, as we describe in Section 2.3.2, in leading order to the ef-
fective Hamiltonian for the Mølmer-Sørensen gate. Since Ĵ2

x and Ĵ2
y are qubit

entangling operators, and Ĵz only affects the phase of the collective qubit state,
Eq. (2.56) describes an entangling operation on the qubits while leaving the of
the motional mode unaltered. The Bell state fidelity of a Hamiltonian of the
form Eq. (2.56) yields, considering an initial qubit state |ψ0⟩ = |00⟩, an entan-
gled qubit target state |ψt⟩ = 1√

2

(
|00⟩+ eiφ |11⟩

)
, and an initial motional mode

state ∑∞
n=0 Pn |n⟩⟨n|, where Pn is the initial probability for the motional mode to

be in state |n⟩,

FBell =
1
2

(
1 − ∑

n
Pn sin(φ) sin

(
d(n)x − d(n)y

))
. (2.57)

Hence, considering a target state |ψt⟩ = 1√
2
(|00⟩ − i |11⟩) with a rotation angle

φ = −π
2 , the optimal fidelity FBell = 1 is obtained if

∑
n

Pn sin
(

d(n)x − d(n)y

)
= 1 (2.58)

is fulfilled. This equation can be solved numerically, but to achieve an analytical
solution, further approximations are necessary. Assume, Pn decays quickly with
n, for example if Pn follows a thermal distribution Pn = (n̄)n

(n̄+1)n+1 with small aver-
age phonon number n̄ ≪ 1. In this case, the terms for n > 0 in Eq. (2.58) can be
neglected, and the condition for optimal fidelity becomes sin

(
d(0)x − d(0)y

)
= 1,

and thus
d(0)x − d(0)y =

π

2
. (2.59)
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Chapter 2. Correction formulas for the Mølmer-Sørensen gate

This equation is valid for the leading terms of the effective Hamiltonian for the
Mølmer-Sørensen gate.

A drawback of the Bell state fidelity is that it requires specification of initial and
target states. However, there are other measures which allow quantification of
the fidelity in quantum computing without need for these requirements. One of
those is the average (gate-overlap) fidelity, defined as

Fav =
1
4

∣∣∣∣∣Trqubits

{
∞

∑
n=0

Pn ⟨n|Û(T)Û†
target|n⟩

}∣∣∣∣∣ , (2.60)

which requires specification of a target unitary Ûtarget = exp(iϕ Ĵ2
y). For the

Mølmer-Sørensen gate, the angle is ϕ = π
2 .

The average fidelity yields nearly the same results as the Bell fidelity if the trace
over the motional modes is weighted by the Boltzmann distribution, Pn = n̄n

(n̄+1)n+1

ensuring that performance is measured accordingly for more likely initial states.
It is a more standard measure for quantum information settings [Ber+17], be-
cause it measures how close a gate is to the target gate, which is useful for imple-
mentation of quantum algorithms, where exact specification of the gate is rea-
sonable.

Comparison of the target propagator and the effective Hamiltonian of the form
Eq. (2.56) shows that retrieving a simplified expression for the coefficients at op-
timal fidelity, requires negligible values of dx and dz, and additionally

dy = −π

2
. (2.61)

So, for a Hamiltonian of the form Eq. (2.56), if all terms but those proportional to
Ĵ2
y are negligible, the average fidelity yields a straightforward result. However,

to calculate the impact of the Ĵ2
x- and Ĵ2

z -term as well, the Bell fidelity is more
suitable, since Eq. (2.57) is a concise expression containing both dx and dy.

Another measure which could be taken into account is the concurrence C, which
we defined in Eq. (1.8). It measures the amount of entanglement of the two-qubit
state (see Section 1.1.2) and thus can give insight into the impact of the gate.
Yet, the concurrence is more impractical for quantum computing applications,
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2.3. Error terms for rectangular drive pulses

because it is neither sensitive to the exact target state, nor to a specific target
unitary.

2.3.2. Analytical expressions

In this section, we calculate the analytical expressions for the terms of the Mag-
nus expansion one by one, by solving the time-ordered Dyson integrals for small
sideband orders |m|. Moreover, for the leading order terms, which we show to
be diagonal in the motional-mode subspace and to be of the form Eq. (2.56), we
can also derive analytical expressions for the fidelity (see Section 2.3.1) and solve
them with respect to Ω for optimal fidelity.

Errors and optimal drive amplitude at Ẑ2

In Section 2.2.2 and in particular with Eq. (2.43) we have shown that the second
order of the Magnus expansion can be written as

Z2 =
−Ω2T2

πh̄2

∞

∑
m=1

∑
µ=±1

Ĵ2
m
[
Âm, Â−m

] mK
mK + µL

. (2.62)

Evaluation of the commutator
[
Âm, Â−m

]
shows that Ẑ2 can be expressed in the

form
Ẑ2 =

∞

∑
n=0

(
d(n)x Ĵ2

x + d(n)y Ĵ2
y

)
⊗ |n⟩⟨n| , (2.63)

with the standard form factors [SM00] that are the sum over even m for dx and
over odd m for dy,

d(n)x,y = ∓Ω2T2

2π
e−η2

∑
m even, odd

∑
Mµ

|cM|2
M + mK + µL

(−η2)|m|

(
L|m|

min(n,n−m)
(η2)

)2 min(n, n − m)!
max(n, n − m)!

,

(2.64)

where L(b)
a is the associated Laguerre polynomial [Win+98], with the additional

condition that L(b)
a = 0 if a < b.

In first order in the Lamb-Dicke coefficient η, the propagator is diagonal in the
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â
+
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motional mode subspace. Moreover, it is independent of the average motional
mode population n̄. So, neglecting the third and higher orders of the Magnus ex-
pansion, and to the lowest order of the Lamb-Dicke expansion, the given system
produces a temperature-independent entangling operation on the qubits, while
not affecting the state of the motional mode.

The form factors dx and dy, given in Eq. (2.64), are O(η2|m|) at sideband order
|m|. Thus, for η < 1, it is sufficient to consider the first two sideband orders,
unless the terms are expanded up to the sixth order in η or further. In the first
and second sideband order |m| ≤ 2, the form factors become

d(n)x = −Ω2T2

π

K
(4K2 − L2)

(2n + 1)η4 +O(η6n2)

d(n)y =
Ω2T2

π

K
(K2 − L2)

(
(2n + 1)η4 − η2

)
+O(η6n2).

(2.65)

To the first nonzero order of η, taking k = 0 and the first sideband order |m| = 1,
the form factors in Eq. (2.65) simplify, such that d(0)x = 0 and the second order
Magnus term equals to

Ẑ2 = d(0)y Ĵ2
y = −Ω2T2

π

K
K2 − L2 η2 Ĵ2

y . (2.66)

The optimal parameters fulfill a π
2 -rotation around Ĵ2

y yielding an equation (c.f.
Eq. (2.61)) that can straightforwardly be solved, leaving us with

ΩLD =
π

Tη

√
(K2 − L2)√

2K
, (2.67)

where we assume that the motional mode is initially in the vacuum state n̄ = 0.

Taking the next order of the Lamb-Dicke expansion into account gives the Lamb-
Dicke error term

Ẑ(m=1)
2 =

iKΩ2T2η4(2n + 1)
π (K2 − L2)

Ĵ2
y = Ĵ2

yO(Ω2η4), (2.68)

which corresponds to the second row in Table 2.1. Taking additionally the next
sideband order into account, with |m| = 2, gives the sideband error term (third
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row in Table 2.1)

Ẑ(m=2)
2 = − iKΩ2T2η4

π (4K2 − L2)
(2n + 1) Ĵ2

x = Ĵ2
xO(Ω2η4). (2.69)

Both errors have already been studied in the original work, Ref. [SM00], and can
be minimized by further adjusting the drive amplitude

Ω2 =
π

Tη

√
(K2 − L2)(4K2 − L2)

2K (η2(2L2 − 5K2) + (4K2 − L2))
, (2.70)

which can be found by inserting the first four orders in η of the form factors in
given in Eq. (2.64), with n = 0 and |m| ≤ 2, into the condition for the optimal
Bell state fidelity (see Section 2.3.1 for more details). However, these errors are
only optimal in the approximation of zero motional mode population n̄ = 0 and
discounting the next orders of the Lamb-Dicke as well as the next orders in the
Magnus expansion, which we discuss next.

Errors at Ẑ3

In the following, we demonstrate the relevance of the higher orders of the Mag-
nus expansion. We restrict the discussion of the error terms to a description of the
operators appearing in the error terms and of which order in Ω and η the error
terms are. The first-sideband term of Ẑ3 (fourth row in Table 2.1) for a rectangular
pulse takes the form

Ẑ(m=1)
3 = Ĵy(â + â†)O(Ω3η5), (2.71)

which gives O(η2) at Ω = ΩLD. This term creates a phonon-assisted single-qubit
flip. The second-sideband term for Ẑ3 (fifth row in Table 2.1) is of order

Ẑ(m=2)
3 = Ĵx

(
1− Ĵ2

y

) (
â2 − (â†)2

)
O(Ω3η4), (2.72)

which is O(η) at Ω = ΩLD. This term causes squeezing [KCM22] and population
leakage into the motional mode. The energy level diagram in Fig. 2.1 depicts
how the processes in Ẑ3 cause population leakage in both the motional mode
and qubit subspaces.
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Errors and optimal drive amplitude at Ẑ4

The fourth order of the Magnus expansion is the sum of three entangling opera-
tions

Ẑ(m=1)
4 = Ĵxy

(
â + â†

)
O(Ω4η3)

+ Ĵ2
zO(Ω4η2)

+ Ĵ2
xO(Ω4η2),

(2.73)

where
Ĵαβ =

1
2
(
σ̂α ⊗ σ̂β + σ̂β ⊗ σ̂α

)
. (2.74)

The full expressions are listed in rows 6–8 of Table 2.1. As sketched in Fig. 2.1,
the first term in Ẑ4, Ĵxy

(
â + â†), creates entanglement, but also causes population

leakage in the motional mode. The second term, Ĵ2
z , adds a phase to the target

state. The third term, Ĵ2
y , contributes to the entangling gate.

The leading terms of the first sideband order terms Ẑ(m=1)
2 + Ẑ(m=2)

2 + Ẑ(m=1)
4 are

O(η4) and proportional to Ĵ2
y or Ĵ2

x . Inserting the resulting prefactor

d(n)y = −Ω2T2 Kη2(η2 − 1)
π (K2 − L2)

+ Ω4T4 Kη2

4π3L2 (K2 − L2)
(2.75)

into the condition for the average fidelity, given in Eq. (2.61), and setting F = 1,
yields a quadratic equation in Ω2,

−Ω2T2Kη2 (4π2L2(η2 − 1) + Ω2T2)

4π3L2(K2 − L2)
=

π

2
, (2.76)

whose solution is the corrected optimal drive amplitude

Ω2
4 =

√
2π2L

(
s −

√
s2 − (K2 − L2)

)

√
KT2η

, (2.77)

with s =
√

2KLη(1 − η2). Note that this analytical value for the drive ampli-
tude is calculated using various approximations and is therefore only valid for
regimes where s2 − (K2 − L2) ≥ 0. For K−L

K ≪ 1, this regime corresponds ap-
proximately to the condition K2η2 ≥ K − L. Hence, the expression for Ω4 in
Eq. (2.77) is only valid for sufficiently large η and K, otherwise the optimal value
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for Ω4 must be calculated numerically.

Since Ω4 is O(η− 1
2 ), in contrast to ΩLD and Ω2 which are O(η−1), the Lamb-

Dicke orders of the terms of the Magnus expansion change when driving at Ω4

instead of Ω2 or ΩLD, which is reflected in the last two columns of Table 2.1.

2.3.3. Numerical comparison

In the previous section, the analytical expressions for the leading error terms in
the Magnus expansion were presented, summarized in Table 2.1. This section
focuses on numerically analyzing the impact of these error terms on the average
fidelity of the Mølmer-Sørensen gate. We compare the infidelities 1 −Fav calcu-
lated with different time evolution operators. The fidelity representing the effect
of the nth order of the Magnus expansion is calculated with

Ûn := exp

{
−i

n

∑
k=2

Ẑk

}
. (2.78)

The first order Ẑ1 is always suppressed. The numerical expressions for the Mag-
nus terms Ẑn are calculated using the formulas shown in the previous sections.
The operators are implemented in matrix form with the operators acting on the
motional-mode subspace being truncated at Ndim = 8. The resonance integrals
are calculated recursively using computer tools as described in Section 2.2.

In the previous section, the analysis of the Magnus expansion orders was limited
to the second to fourth order. To ensure the adequacy of this restriction, we cal-
culate the infidelity including the fifth-order Magnus term as well, represented
as Û5. However, since the results show that the curves obtained with Û5 nearly
completely overlap with those calculated with Û4 (see Fig. 2.2), indicating that
Ûn converges, the fifth order terms are not included in Figs. 2.3 to 2.8 in order to
avoid visual clutter.

To evaluate the accuracy of a truncated propagator in representing the actual sys-
tem evolution, we estimate the propagator for infinite Magnus orders Û∞. This
estimation is accomplished through numerical calculation of the time evolution
operator using the Trotter expansion [Tro59], which decomposes the propagator
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Figure 2.2.: Comparison of the infidelities calculated with Û4 and Û5 to the in-
fidelities for Ûnum. The curves for U5 and Unum nearly completely
overlap, while the minimal predicted infidelity (approximately 3.5×
10−4) for Û4 differs slightly from the minimum of Û5 and num, which
lies at approximately 3.5 × 10−4.

into products of exponential operators, each corresponding to a small time step
(see Section 2.1.1). We define the numerical propagator as

Ûnum :=
Nt

∏
n=0

e−
i
h̄ H(n∆t)∆t. (2.79)

To ensure that the time steps are sufficiently small, they are set to ∆t = 1
10 fmax

,
where fmax = max{M + mK + L} 2π

T is the largest frequency appearing in the
Hamiltonian, Eq. (2.32). As the Magnus expansion terms for the numerical cal-
culations are truncated after the third sideband order, we set m = 3 in fmax.

The Figs. 2.3, 2.4 and 2.7 were created using the following typical parameters
[Meh+20; Zar+19; Won+17; Sch+18]: The Lamb-Dicke parameter is set to η =

0.18. The average trap population is chosen as n̄ = 2 × 10−2. For rectangular
pulses, the dimensionless gate duration is K = 28, which corresponds to a gate
duration of 28 µs for a trap frequency of ν/(2π) = 1 MHz. The dimensionless
laser detuning difference from the trap frequency, K − L, is set to 3, correspond-
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2.3. Error terms for rectangular drive pulses

ing to a detuning of 107 kHz, illustrating that the smallest detuning of K − L may
not always be optimal.
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Figure 2.3.: Predicted average infidelity as a function of the drive amplitude Ω
calculated with Ûnum and different Magnus expansion orders Û2, Û3,
Û4, and Û5 in Eq. (2.78). The parameters are η = 0.18, K − L =
ν−δ
2π T=3, K = 28, ν/(2π) = 1 MHz, and n̄ = 2× 10−2. The theoretical

prediction of Ω2, see Eq. (2.70), is depicted with the dashed orange
vertical line. The theoretical prediction of Ω4, see Eq. (2.77), is shown
with the solid red vertical line. The Magnus orders Ẑk are calculated
taking into account the first three sideband orders |mi| ≤ 3.

In Fig. 2.3, the predicted infidelities for the propagators Ûn and Ûnum are dis-
played as a function of the drive amplitude Ω. The minima of the predicted
infidelities calculated with Û2 and Û3, respectively, are approximately located at
the drive amplitude Ω2, whose value was calculated using Eq. (2.70). The curves
for Û4 and Ûnum are nearly indistinguishable at off-resonance and are closely
aligned around their minimum, which is approximately at the expected optimal
Rabi frequency Ω4, calculated with Eq. (2.77).

The predicted infidelity of Û3 at Ω2 is approximately equal to the infidelities of
Û4 and Ûnum at Ω4, indicating that Û3 is limiting the achievable infidelity. For
the sake of consistency, in Figs. 2.4, 2.5 and 2.7, we compare Ûn to Ûnum with the
drive amplitude set to Ω = Ω2, but it is worth noting that the results are similar
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for Ω = Ω4.
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Figure 2.4.: Predicted average infidelity as a function of the population of the
motional mode n̄ (Fig. 2.4a), the dimensionless gate duration K
(Fig. 2.4b), and the coupling strength η (Fig. 2.4c), respectively. The
parameters are (if they are not varied): η = 0.18, K − L = ν−δ

2π T = 3,
K = 28, ν/(2π) = 1 MHz, n̄ = 2 × 10−2, and Ω = Ω2, defined in
Eq. (2.70). The lines denoted with Un and Unum are the predicted in-
fidelities calculated with the propagators Ûn, given in Eq. (2.78) and
Ûnum, given in Eq. (2.79), respectively.

In the following, we provide a comparison between the infidelity calculated us-
ing different propagators as a function of various parameters, as shown in Fig. 2.4.
As a general observation, Fig. 2.4 shows that there is a strong agreement between
the curve calculated with Û4 and with Ûnum. The dependence of the infidelity
on the average motional mode population is plotted in Fig. 2.4a. At low temper-
atures, the curves calculated with Û2 and Û3 predict lower infidelity than those
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2.3. Error terms for rectangular drive pulses

calculated with Û4 and Ûnum, highlighting their lack of predictive power. How-
ever, at higher temperature, all predicted infidelities increase monotonically and
nearly converge. The infidelity is almost linear in the motional mode population
n̄, as expected from the terms that are linear in n, as shown in Table 2.1.

Figure 2.4b illustrates the predicted infidelity as a function of the dimension-
less gate time K = νT

2π , indicating a quantum speed limit around K = 100, be-
low which the predicted infidelity increases significantly as K decreases. For
gate times longer than K ≈ 100, the curves representing Û3 and Û4 converge,
whereas for gate times shorter than K ≈ 100, the predicted infidelities diverge,
as expected when the coherent errors increase and the ratio of Ω to the other
frequencies in the system is increased. In particular, the predicted infidelities
calculated with Û4 and Ûnum increase significantly as K decreases. Meanwhile,
the infidelities calculated with the lower orders of the Magnus expansion Û2 and
Û3 remain nearly horizontal, indicating an inability to capture the full dynamics
at short times, but the curve calculated with Û2 lies an order of magnitude below
the infidelity calculated with U3.

Figure 2.4c depicts the predicted infidelity as a function of the Lamb-Dicke pa-
rameter η. The curve calculated with Û2 lies approximately an order of magni-
tude lower than the curve calculated with Û3. The curves for Û4 and Ûnum do
approach the curve for Û3 around η = 0.3, but this is in the higher error regime;
on the other hand, they diverge significantly at smaller values of η, once again
disagreeing strongly with the standard predictions. Notably, the curves calcu-
lated with Û2 and Û3 increase monotonically with η, while the curves calculated
with Û4 and Ûnum have a minimum around η = 0.2. This indicates that making
the Lamb-Dicke parameter as small as possible does not improve the infidelity of
the Mølmer-Sørensen gate. Instead, there is an optimal value for the Lamb-Dicke
parameter for the Mølmer-Sørensen gate.

Fig. 2.5 shows that the value of the dimensionless detuning does not necessarily
change the fidelity significantly. It depends strongly on the other parameters,
whether an optimal value for K − L is smaller or larger. Nonetheless, the value of
K− L is still restricted by the condition K−L

K ≪ 1, which is crucial in the reasoning
throughout this work (see Section 2.2.4), so we recommend strongly to choose a
value for K − L that remains in this limit.
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Figure 2.5.: Predicted average infidelity as a function of the dimensionless de-
tuning K − L at K = 28 (Fig. 2.5a) and K = 45 (Fig. 2.5b), respec-
tively. The parameters are: η = 0.18, ν/(2π) = 1 MHz, n̄ = 2× 10−2,
and Ω = Ω2, defined in Eq. (2.70). The lines denoted with Un and
Unum are the predicted infidelities calculated with the propagators
Ûn, given in Eq. (2.78) and Ûnum, given in Eq. (2.79), respectively.

2.3.4. Discussion

Terms of the Magnus expansion

In Fig. 2.1, the terms of Section 2.3 are visually represented. Through our analysis
in the previous sections, it has become clear that the second order of the Magnus
expansion Ẑ2 is not the only term that significantly impacts the gate fidelity. In
fact, terms up to and including the fourth order Ẑ4 contribute significantly to
the fidelity. Although higher orders in the Magnus expansion may in principle
be relevant as well, in Section 2.3.3, we demonstrate that they are typically not
necessary for commonly used parameters.

In a model that accounts only for the second order of the Magnus expansion,
one might be tempted to choose a small value for the Lamb-Dicke parameter η

to minimize errors related to the Lamb-Dicke expansion. However, as demon-
strated in Table 2.1, reducing η decreases the error Ẑ2 and Ẑ3, but also increases
the error term in Ẑ4. This indicates the existence of a sweet spot for η, as shown in
Fig. 2.4c. The fourth order term Ẑ4 leads, due to the additional term proportional
to Ĵ2

y , to a shift in the optimal drive amplitude without significantly impacting
the fidelity compared to Ẑ3. Meanwhile, the contribution of Ẑ3, compared to Ẑ2,
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Figure 2.6.: Comparison of the results for concurrence and for Bell state and aver-
age infidelity as a function of the drive amplitude Ω, using the same
parameters as in Fig. 2.4.

increases the infidelity, as illustrated in Table 2.1 and Fig. 2.3.

The temperature dependence of the error terms, as presented in Table 2.1, reveals
that certain terms are proportional to n̄, consistent with the trend observed in
Fig. 2.4a.

According to [SM00], one can neglect Ẑ3, because the error in Ẑ2 is O(nη2), while
the error in Ẑ3 is O(η2). They argue that deviations of the Lamb-Dicke approx-
imation are typically caused by large values of n, rather than η, making Ẑ3 in-
significant compared to Ẑ2. Nevertheless, this perspective fails to consider that
error terms related to higher sideband orders, as well as higher orders in the
Magnus expansion, could have lower orders in the Lamb-Dicke expansion, as is
in the case of the second sideband of Ẑ3 and in Ẑ4. Moreover, due to improved
cooling methods [Meh+20] since then, it is increasingly crucial to have expres-
sions that remain valid also at low temperatures.
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Fidelity and optimal drive amplitude

As can be seen from Fig. 2.3, the drive amplitude leading to the lowest infidelity
depends on the Magnus terms that are taken into account for the fidelity cal-
culation. We show with the analytical expressions for the average and Bell fi-
delity, given in Eqs. (2.57) and (2.61), respectively, how the fourth order term
Ẑ4 contributes to the fidelity. The expression for the average fidelity only takes
the form factor dy into account. Thus, we used the average fidelity to derive
the optimal drive amplitudes ΩLD and Ω4, since the dominant terms in the re-
spective approximate effective Hamiltonians are proportional to Ĵ2

y . Because the
approximate effective Hamiltonian, which is used to calculate Ω2, contains terms
proportional to Ĵy2 as well as Ĵ2

x , the more general formula for the Bell fidelity
comes in handy here.

Although the Bell state fidelity requires specification of initial and target state
and the average fidelity requires a specific target gate, the results are nonetheless
quite similar: For the parameters used in Fig. 2.4 at Ω = Ω2, the Bell state infi-
delity is 1−FBell(Ûnum) = 1.3× 10−3 and the average infidelity 1−Fav(Ûnum) =

0.67 × 10−3. At Ω = Ω4 the infidelities are 1 − FBell(Ûnum) = 4.3 × 10−4 and
1 − Fav(Ûnum) = 2.4 × 10−4 for the Bell state infidelity and the average infi-
delity, respectively.

As plotted in Fig. 2.6, calculation of the concurrence, defined in Eq. (1.8), yields
lower values for the infidelity, but shows minima at the same values for the drive
amplitude Ω, indicating that the choice of fidelity does not affect the overall re-
sults of this work.

Beyond this discussion, the error budget terms presented in Table 2.1 provide the
precise Hamiltonian description and do not hinge on a particular fidelity metric.
As such, they are relevant to any particular cost function that is used.

2.4. Error terms for shaped drive pulses

So far, we have scrutinized the problem for a rectangular drive amplitude. How-
ever, the analysis in Section 2.2.5 shows that the results can be generalized to arbi-
trary finite-window, smooth pulse shapes. Amplitude modulation experiments
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on the Mølmer-Sørensen gate have already been performed [Zar+19; Ste+14], but
to the authors’ knowledge, no theoretical investigation has been realized so far.
A straightforward candidate for a smooth pulse is a Gaussian pulse, but since it
is not finite in time, we fall back on a similar, but well-behaved, pulse shape of
the form

Ω(t) = Ω sin2
(π

T
t
)

. (2.80)

The sin2 pulse shape also has a narrower bandwidth (i.e., smaller maximal value
of M), when compared to a truncated Gaussian pulse. This is potentially prefer-
able, since fewer unwanted transitions may be driven, and in general more com-
patible with keeping track of all the resonance conditions, which we discussed
in Section 2.2.

2.4.1. Analytic expressions

In order to keep the following analytical expressions simple, some trivial reso-
nances need to be avoided. As explained in Section 2.2.5, the resulting integer
conditions are a bit more tedious for shaped pulses than for rectangular pulses.
Hence, to avoid lengthy case distinctions in the general expressions for the Mag-
nus terms, the following expressions are only valid under the conditions that we
discuss in Section 2.2.5.

The second order of the Magnus expansion for a sin2 pulse shape is of the form

Ẑ2,sin2 = −KΩ2T2η2

π

(
py

qy

(
1 − (2n + 1)η2

)
Ĵ2
y

− px

qx
(2n + 1) η2 Ĵ2

x

)
,

(2.81)

where px,y and qx,y are polynomials in K and L, defined as

py = 3
(

K2 − L2
)2

− 4
(

5K2 + 3L2 + 8
)

(2.82)

qy = 8
(

K2 − L2
) (

(K − L)2 − 4
) (

(K + L)2 − 4
)

(2.83)

px = 0 (2.84)
qx = 0 (2.85)
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for the first sideband Ẑ(m=1)
2,sin2 .

The optimal drive amplitude (taking only the leading Lamb-Dicke order and the
first sideband into account) is then

ΩLD,sin2 =
π

ηT
√

2K

√
qy

py
(2.86)

For the second sideband Ẑ(m=2)
2,sin2 , the coefficients px and qx take non-zero values,

px = 8
(

6K4 − 3K2L2 − 10K2 + 4
)
+ 3

(
L4 − 4L2

)
(2.87)

qx = 8
(

4K2 − L2
) (

(2K − L)2 − 4
) (

(2K + L)2 − 4
)

, (2.88)

while the values for py and qy remain unchanged.

The third order of the Magnus expansion is of the form

Ẑ3,sin2 =
K2Ω3T3η5

π2
p3

q3
Ĵy

(
â + â†

)
, (2.89)

where p3 and q3 are again polynomials in K and L, defined as

p3 =
(

K2 + 3L2 − 4
)(

3
(

K2 − L2
)2

− 4
(

5K2 + 3L2 − 8
))

(2.90)

q3 = 2
(

K2 − L2
)2 (

(K − L)2 − 4
)2 (

(K + L)2 − 4
)2

. (2.91)

One can show that the resulting error terms at the optimal drive amplitude
ΩLD,sin2 are smaller than the error terms for a rectangular pulse, which have the
same form, but different prefactors. This is, because for most realistic choices of
K and L, the prefactor p3

q3
is smaller when the system is driven with a sin2 pulse

than the respective prefactor when driving with a rectangular pulse.

2.4.2. Numerical comparison

We now compare the average infidelity 1 −F using a rectangular pulse (Ω(t) =
Ω) to the infidelity using a sin2 pulse (Ω(t) = Ω sin2(π

T t
)
). Explicitly, we com-
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pare the propagators Ûn with n = 2, · · · , 4 to Ûnum for a system driven with a
sin2 pulse, while also comparing to Ûnum for a system driven with constant drive
amplitudes. The propagators Ûn, Ûnum are calculated using Eqs. (2.78) and (2.79),
respectively.
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Figure 2.7.: Predicted average infidelity of the Mølmer-Sørensen gate driven us-
ing sin2 pulses as a function of drive amplitude Ω, dimensionless
gate duration K and Lamb-Dicke factor η, respectively. For compari-
son the numerical predicted infidelity for a rectangular pulse is plot-
ted as well. The parameters are (if they are not varied): η = 0.18,
K − L = ν−δ

2π T = 3, K = 28, ν/(2π) = 0.1 MHz, n̄ = 2 × 10−2.
The data for Figs. 2.7b and 2.7c is calculated using Ω = Ω2,rect for
the rectangular pulse shape, calculated using Eq. (2.70), and using
Ω = 0.173 MHz, corresponding to the minimum of the infidelity of
Û2 in Fig. 2.7a for the sin2 pulse shape.

Comparing the predicted infidelities calculated with Ûnum as a function of Ω for
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a rectangular and a sin2 pulse, one can see in Fig. 2.7a that the optimal (highest
fidelity reached) drive amplitude differs for different pulse shapes, but that the
minimal predicted infidelity for a sin2 pulse is smaller than for a rectangular
pulse. Because the optimal drive amplitudes differ for different pulse shapes,
in Figs. 2.7b and 2.7c the fidelities are plotted at their respective optimal drive
amplitude Ω2, determined numerically from Fig. 2.7a.

In Fig. 2.7b, the infidelity is shown as a function of the dimensionless gate du-
ration K. In the low infidelity regime, the shaped pulses outperform the square
pulses considerably, with both the full numerics and the fourth Magnus order
closely agreeing. The graph also shows that inclusion for orders higher than
three in the Magnus expansion described by Û4 results in an increase of the pre-
dicted infidelity as the value of K decreases, but only below a certain threshold
that is dependent on η. At dimensionless gate times longer than K ≈ 50, the cal-
culation using a sin2 pulse predicts a lower infidelity compared to a rectangular
pulse, but at gate times shorter than K ≈ 50, the rectangular pulse yields a lower
infidelity. One can see that for the sin2 pulse, except for short gate times, there is
a close agreement between the curve calculated with Û2 and with Û3, unlike for
the rectangular pulse, as shown in Fig. 2.4b, which implies that pulse shaping
can probably compensate for the off-diagonal errors in Ẑ3.

For the Lamb-Dicke parameter η, we see once again that the contributions of the
higher orders in the Magnus expansion lead correctly to the existence of an op-
timal value for η, while instead the terms Ẑ2 and Ẑ3 decrease with decreasing
η. The data in Fig. 2.7c is not detailed enough to tell which pulse shape in gen-
eral leads to a smaller minimal predicted infidelity. For Lamb-Dicke parameters
larger than the minimal value, the sin2 pulse yields a much lower infidelity, but
for small η, the rectangular pulse provides a slightly smaller infidelity. The be-
havior of the infidelity as a function of η is similar for both rectangular pulses
and sin2 pulses.

2.4.3. Discussion

Figure 2.7 illustrates the potential for using shaped pulses to further reduce the
error in the Mølmer-Sørensen gate. At a quantitative level, we see that while in
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the previous plots parameter searches limited infidelities to the 10−3 range, there
are promising parameter regimes with sin2 pulses that lead to errors below 10−4.
This can be explained mathematically, through the Magnus expansion, as arising
out of generally smaller prefactors in front of the same error operators terms.

In Fig. 2.8, the minimal infidelity at gate duration T is shown. Each data point
depicts the lowest infidelity in the data set, which was used in Figs. 2.3 and 2.4,
at a given gate duration, optimized over ν, δ, and η. In Fig. 2.8a we see that with
small Lamb-Dicke factor η one can reach low infidelities, but only for longer gate
durations. Larger values of η allow for shorter gate durations, but at the cost of
higher infidelity. As shown in Fig. 2.8b, shaped sin2 pulses enable to decrease the
infidelity about one to two orders of magnitude, where the optimal Lamb-Dicke
factor takes larger values compared to the optimal results for rectangular pulses.

At a qualitative level, the behavior of the infidelity for varying parameters for
a sin2 pulse is similar to the behavior of the infidelity with a rectangular pulse.
Moreover, for certain parameter regimes, the rectangular pulses actually out-
perform the sin2-strategy. This is consistent both with conventional wisdom on
pulse shaping and the nuances of the Mølmer-Sørensen gate. Indeed, square
pulses are known to allow spectral hole burning through their characteristic
sinc spectrum, while smooth pulses offer the possibility of reducing bandwidth
overall and thereby avoid entire ranges of off-resonant errors. In the case of the
Mølmer-Sørensen gate, the spectral conditions on beat-note frequencies not only
reduce errors at low Magnus orders, but in certain cases also eliminate certain
other terms, and so for a fortuitous choice of parameters it may indeed offer
the best strategy. Smooth shaping allows nonetheless generally a safer option,
and indeed seem to perform optimally in the best case. Lastly, the latter can be
combined more easily with other control theoretic methods to potentially reduce
errors even further.
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Figure 2.8.: Minimal achieved infidelity, optimized over ν, n̄, and η, as a function
of the gate duration T. The value of η at minimal infidelity is color-
coded. Top: Calculated using the Trotter propagator Ûnum. Bottom:
Calculated using the Magnus propagator Û5.64



Chapter 3.

Conclusion

Error correction in quantum computing and NISQ devices requires the imple-
mentation of two-qubit gates, such as the Mølmer-Sørensen gate, with sufficiently
small infidelity. While some gate errors can be reduced with optimized experi-
mental conditions, as cleaning the surface of an ion trap, others can be controlled
via clever choice of parameters. A precise theoretical understanding of the error
budget is thus of great importance.

In this work, we provided a detailed description of the inherent limitations of the
Mølmer-Sørensen gate. We explained in detail the dependence of the different
errors on various system parameters. In particular, our analysis revealed that the
achievable infidelity increases as the gate duration decreases if the gate duration
drops below a certain threshold value. However, we also demonstrated that this
quantum speed limit can be mitigated with time-dependent drive-amplitude en-
velopes, specifically by employing a pulse of the form Ω(t) = Ω sin2(π

T t). Our
detailed description allows for more precise predictions on the infidelity and
hence significantly more educated choices for system parameters. Notably, we
give predictive expressions for the optimal drive amplitude Ω (up to experimen-
tal calibration), and show qualitatively that the achievable infidelity for a given
gate duration is nonlinear in η, hence an optimal value for η can be obtained—
for instance, through numerical calibration. Our numerical and analytical results
yield expressions for optimal parameter values while pointing out inherent lim-
itations on the Mølmer-Sørensen gate.

A detailed error budget for the Mølmer-Sørensen gate provides a solid founda-
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tion for the application of various optimal control techniques for gate fidelity
optimization. When the Mølmer-Sørensen gate is pushed towards its limit—
in terms of gate duration and fidelity—it becomes increasingly important to be
aware of higher order terms that have not been taken into account in previous
approaches. With the provided insight into the underlying error mechanisms, it
becomes possible to selectively suppress these errors.

Furthermore, the analysis of the Mølmer-Sørensen gate done in this thesis can
be as well repeated for multichromatic pulses or different pulse shapes, easily
assessing the utility of those methods.

Altogether, as a well-established gate, the Mølmer-Sørensen gate continues to
hold great potential and we hope that this work provides researchers with the
tools necessary to unlock its full capabilities.
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Appendix

A. Calculate nested integrals of products between

exponential and power functions

The analytical expressions presented in Table 2.1 for the nested resonance in-
tegral given in Eq. (2.35) were computed using the SymPy software package
[Meu+17]. The analytical evaluation of nested integrals with quickly oscillat-
ing integrands using computer algebra systems is a non-trivial task, particularly
when some exponents are equal to zero, suppressing conditionally some of the
oscillations, and thus making careful case distinctions necessary. To compute an
analytic expression of a general nested resonance integral with k integrands, we
applied the following algorithm:

function INk,··· ,N1(t,b)
if k=1 then

if N1 = 0 then
return t

else
return 1

bN1

(
ebN1t − 1

)

end if
else

Ik−1 := INk−1,··· ,N1(tk,b)
return prodint(t, ebNktk Ik−1)

end if
end function
function prodint(t, f (τ))

Decompose f (τ) into a sum of the form ∑ egτm

Integrate from 0 to t using integration by parts
return integration result

end function

This algorithm recursively evaluates the nested integral while taking care of the
oscillating terms. At each iteration, the term is decomposed into a sum of ex-
ponential functions multiplied by a polynomial. Each of these terms can be in-
tegrated using integration by parts. By keeping track of the arguments of the
exponential and the polynomial function, the function returns an expression con-
taining only exponential and polynomial functions, whose exact form depends
on the arguments of the nested integral. These calculations are employed using
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a custom-written Python class that implements integration by parts for func-
tions of this specific form. The resulting expression can then be simplified using
SymPy, which takes care of the case distinctions, making the final expressions
more concise.

B. Further numerical evidence

The predicted infidelity calculated with Ûnum, Û4, and Û2 is presented in Fig. B.1
as a function of η and K. Under identical parameter conditions, the results for
shaped pulses and rectangular pulses at Ω = Ω2 show a close similarity. Notably,
the results for U4 and Unum are nearly identical, suggesting a high degree of
accuracy of the analytical terms. As expected, the data indicates that longer gate
durations result in smaller infidelities. Furthermore, the results suggest that a
different optimal Lamb-Dicke parameter exists for each gate duration, a trend
that is not apparent in the data and analytical expressions obtained using solely
Û2.
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Figure B.1.: Predicted infidelity (color-coded) as a function of η and K. The fixed
parameters are K − L = ν−δ

2π T = 3, ν/(2π) = 1 MHz, n̄ = 2 × 10−2,
and Ω = Ω2, defined in Eq. (2.70). Top: results for squared pulses
Bottom: results for a sin2-shaped drive. From left to right, the results
for simulation using the Trotter propagator Ûnum, the propagator Û4,
and the propagator Û2 are shown.
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