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Abstract
New technologies such as quantum computers and associated networks can be used
to solve certain computational problems more efficiently and to make communication
between participants more secure. Superconducting qubits have established them-
selves as a promising platform in the field of computing, while vacancy centers with
elements from the fourth main group are the focus of current research for building a
quantum internet in the context of communication and distributed quantum comput-
ing.

In this work, we show characterization and optimal control of elementary building
blocks of such quantum systems. After the introduction, the first section is dedi-
cated to the characterization and simulation of vacancy centers with elements from
the fourth main group, using a germanium vacancy center as an example. These are
considered promising candidates for a quantum repeater.

In the second part, we present new possibilities for the efficient optimization of the
control of quantum systems. Here, we compare optimization methods in the context
of non-Gaussian noise processes with regard to precision and computational effort.
The goal is to better understand decoherence in quantum systems and to effectively
combat its causes.

In the final part, an experiment with a superconducting qubit is simulated and charac-
terized. Existing methods for parity detection are compared with the demonstration
of a new method.
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Zusammenfassung
Neue Technologien wie Quantencomputer und dazugehörige Netzwerke können genutzt
werden, um sowohl bestimmte Berechnungsprobleme effizienter zu lösen, als auch um
die Kommunikation zwischen Teilnehmern sicherer zu gestalten. Supraleitende Qubits
haben sich als vielversprechende Plattform im Bereich des Computings etabliert,
während Fehlstellen-Zentren mit Elementen der vierten Hauptgruppe für den Aufbau
eines Quanteninternets im Rahmen der Kommunikation und des verteilten Quanten-
rechnens im Fokus aktueller Forschung stehen.

In dieser Arbeit zeigen wir die Charakterisierung und optimale Kontrolle elementarer
Bausteine solcher Quantensysteme. Nach der Einleitung, widmet sich der erste Ab-
schnitt der Charakterisierung und Simulation von Fehlstellen-Zentren mit Elementen
der vierten Hauptgruppe, am Beispiel eines Germanium-Fehlstellen-Zentrums. Diese
gelten als vielversprechende Kandidaten für einen Quantenrepeater.

Im zweiten Teil präsentieren wir Möglichkeiten zur effizienten Optimierung der Kon-
trolle von Quantensystemen. Hierzu vergleichen wir Optimierungsmethoden im Kon-
text nicht-gaußscher Rauschprozesse hinsichtlich Präzision und numerischem Aufwand.
Ziel ist es, Dekohärenz in Quantensystemen besser zu verstehen und ihre Ursachen
effektiv zu bekämpfen.

Im letzten Teil wird ein Experiment mit einem supraleitenden Qubit simuliert und
charakterisiert. Dabei werden bestehende Methoden zur Paritätserkennung mit einem
neuen Verfahren verglichen.
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1. Introduction
We currently live in a time when sensors, secure communication and advanced com-
puter algorithms increasingly shape our lives. The technological developments of the
recent past made it possible to effectively monitor, interact and understand our envi-
ronment. Here, quantum technologies such as quantum sensors, quantum networks,
and quantum computers offer more precise measurements, secure communication pro-
tocols as well as quantum algorithms which scale (for some problems) better with
input size.

While the idea of harvesting quantum properties for technological advances was al-
ready present in the 1980s [Fey82; Fey86; Wie83], it took time to establish the field.
For example, vacancy centers have since their discovery in the late 1970s [DH76]
evolved into promising candidates for nodes in quantum networks [Pom+21; Bha+20].
Important discoveries on that way were the clarification of the spin structure in nitro-
gen vacancy centers (NV) [OG89], optically-detected magnetic resonance (ODMR)
measurements at room temperature [Gru+97], demonstration of long spin coherence
[JW04], the use of the NV center as a qubit [WJ06] and as quantum sensors [Tay+08].
In the following years silicon vacancy centers (SiV) which offer a more narrow line
width, reduced spectral diffusion and inversion symmetry were substantiated as a
good alternative platform [Rog+14; Sip+16]. Lately, there happened a switch to
other group IV centers (lead (PbV) [Wan+24], tin (SnV) [Iwa+17] and germanium
(GeV) [Iwa+15]) which offer a strong zero phonon line and high optical stability.

Today, the computing technology is at the state of Noisy Intermediate-Scale Quantum
(NISQ) computers, where systems with limited qubits face challenges such as envi-
ronmental interference, scalability, and reliability. These devices offer the possibility
for distributed computing through interconnected quantum networks, and thereby
hopefully enabling fault-tolerant quantum computers.

Indicating what might be ahead of us was demonstrated by the Google group in their
paper on “quantum error correction below the surface code” [Ach+24]. It showed that
a quantum algorithm which ran on their device outperformed any classical computer,
and it was estimated that the same computation would have taken ten septillion years
[Nev24] on classical hardware. This demonstrates which otherwise impossible tasks
can be made feasible by scaling up quantum technology. A good overview on the
readiness for quantum technology in general is given in [Aws+25].

With this thesis, we want to contribute to the field by investigating challenges in

1



1. Introduction

emulating quantum systems, concentrating on the noisy effects of the environment.
Furthermore, we will show how system parameters can be efficiently estimated and
how quantum control can be improved. The focus however will lie on understanding
qubit characterization and the influence of Non-Gaussian noise processes, with the
aim of reducing the gap between experimental capabilities and theoretical insights.

Structure

This thesis is organized as follows:

Chapter 1 introduces the concept of quantum systems, their emulation and that
of a noisy environment. Furthermore, it establishes the idea of quantum states, fi-
delities, controllability, optimal control and the Weyl chamber. At the end, it gives
an overview of the experimental platforms present in this work.

Chapter 2 concentrates on the coherent control of negatively charged group IV
color centers in diamond. In these systems, very stable, but therefore also difficult to
control nuclear spins are the target of operation. The chapter introduces the experi-
mental setup, continues with showing how to emulate the system, how to characterize
it and how to initialize the underlying spin system. It concludes by discussing speed
and fidelity limitations.

Chapter 3 Covers the investigation of correlated noise and the integration of it
into the optimization process. It addresses how to find robust control solutions which
can be found even without prior knowledge about the structure of the noise disturbing
the system.

Chapter 4 deals with the characterization of a superconducting nanowire experi-
ment and discusses improvements in parity detection schemes. It covers in detail a
derivation of the theoretical model and the emulation of noise in the system. Ad-
ditionally, in the chapter we match experimental data to the theoretical model by
adjusting system parameters and discuss single-qubit gate optimizations for parity
detection schemes.

Chapter 5 summarizes the main findings of this thesis and shows how it advanced
the research field in respect to qubit characterization, optimal control in noisy envi-
ronments and noise modeling.

Appendix A contains a proof for the controllability of the GeV center and pseu-
docode for generating noise traces.

Appendix B contains a detailed discussion on how different time evolution methods
for quantum systems are capable of governing driven dynamics under non-Gaussian
noise processes. It concludes with a discussion on how Gaussian process noise sam-

2



1.1. States, composite systems and density matrices

pling is related to Lindblad master equations using the example of a spin-star system.

1.1. States, composite systems and density matrices
States

Quantum computing is based on the smallest quantum unit, the qubit. Opposite to
classical bits, which can only take the discrete values 0 or 1, qubits are capable of
being in any complex superposition of the two states ∣0⟩ and ∣1⟩. This is a phenomenon
unique to quantum systems. In mathematical language, a qubit is described by an
object ∣ψ⟩ which lives in a two-dimensional Hilbert space H. It can be written as the
superposition of the underlying basis states

∣ψ⟩ = a ∣0⟩ + b ∣1⟩ , (1.1)

where a, b ∈ C are complex numbers which are characterizing the state of the qubit.
Here, a and b fulfill the normalization condition ∣a∣2 + ∣b∣2 = 1 ensuring a probabilistic
interpretation: If the qubit is measured in the computational basis (Z-basis), it leads
to a collapse of the wave function ∣ψ⟩ to either the state ∣0⟩ with probability ∣a∣2 or
to the state ∣1⟩ with probability ∣b∣2.

Composite Systems

Quantum systems which contain multiple, possibly interacting, smaller quantum sys-
tems are characterized by the tensor product space of the respective systems. For in-
stance, the Hilbert space of a two-qubit system H12 can be described by H12 = H1⊗H2.
Here, H1 and H2 are the Hilbert spaces of the individual qubits. The canonical basis
for this composite system is:

B12 = {∣0⟩ ⊗ ∣0⟩ , ∣0⟩ ⊗ ∣1⟩ , ∣1⟩ ⊗ ∣0⟩ , ∣1⟩ ⊗ ∣1⟩} = {∣00⟩ , ∣01⟩ , ∣10⟩ , ∣11⟩}. (1.2)

Thus, any state ∣ψ⟩ in H12 can be expressed as:

∣ψ⟩ = ∑
i,j∈{0,1}

cij ∣ij⟩ , (1.3)

where cij ∈ C and normalization requires ∑i,j∈{0,1} ∣cij ∣
2
= 1.

Composite systems introduce a second quantum phenomenon: entanglement. An
entangled state is one which cannot be written as a tensor product of individual
states. This means for example that the Bell state

∣Φ+⟩ = 1
√

2
(∣00⟩ + ∣11⟩) ≠ (a1 ∣0⟩ + b1 ∣1⟩) ⊗ (a2 ∣0⟩ + b2 ∣1⟩) (1.4)

can not be written as a combination of individual states for arbitrary ak, bk ∈ C.
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1. Introduction

Entanglement is the key resource for multi-qubit quantum systems because it expands
the dimensionality of the space significantly and therefore provides computational and
storing potential.

Density matrices

A more general approach to represent the information in a quantum system involves
the use of mixed states. Since we normally do not possess full knowledge about the
system’s state, we have to acquire it over multiple measurements with classical out-
comes. Thus, a formalism is required that encompasses both classical probability
distributions and quantum information. For this purpose, we adopt the density ma-
trix formalism.

A general density matrix ρ can be expressed as a linear combination of density oper-
ators ρi = ∣ψi⟩⟨ψi∣ which project onto the (orthogonal) pure state ∣ψi⟩:

ρ = ∑
i

pi ∣ψi⟩⟨ψi∣ , (1.5)

where pi is the probability that the system is in the state ∣ψi⟩. In this context the
expectation value of an operator A is given by:

⟨A⟩ = ∑
i

pi ⟨ψi∣A ∣ψi⟩ = Tr(ρA). (1.6)

A density matrix possesses two important properties: it is positive semi-definite,
meaning ⟨ψ∣A ∣ψ⟩ ≥ 0 for all ∣ψ⟩ ∈ H, implying it is Hermitian, and additionally it
is normalized, such that Tr(ρ) = 1. These two properties are both necessary and
sufficient for any operator to be interpreted as a density matrix.

The purity is defined as γ = Tr(ρ2) = ∑i p
2
i ≤ 1, with equality, if only one state is

present in the ensemble. Any non-pure state is called mixed, and the purity shows
how indecisive a measurement with the operators ∣ψi⟩⟨ψi∣ would be. Also, important
to note is that a measurement can be used to purify the state. Further details can be
found in [NC00].

1.2. Quantum Computing
At the core of quantum computing are quantum gates, which manipulate qubits in
a reversible manner. Here, we introduce one- and two-qubit gates, which form the
foundation of more complex quantum algorithms. These are the elementary parts
in quantum circuits, similar to classical computing, where the fundamental logical
functions like OR, AND, NOT etc. are used to implement more complex functions
[Bar+95].
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1.2. Quantum Computing

1.2.1. Single-Qubit Gates
Single-qubit gates perform unitary operations on a single qubit. Some essential single-
qubit gates include the Hadamard Gate (H) which creates equal superposition if
acting on a basis state, H ∣0⟩ = ∣0⟩+∣1⟩√

2 , where

H =
1
√

2

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 1

1 −1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (1.7)

the Pauli Gates (X,Y,Z) which equate to a quantum analog of classical bit or phase
flip

X =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0 1

1 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, Y =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0 −i

i 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, Z =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 0

0 −1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(1.8)

and the Phase Gates (S,T ) which apply specific phase shifts two the qubit

S =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 0

0 i

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, T =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 0

0 eiπ/4

⎤
⎥
⎥
⎥
⎥
⎥
⎦

. (1.9)

Any single qubit gate U ∈ SU(2) can be decomposed as

U = RZ(α)RY (β)RZ(γ) (1.10)

where α,β, γ ∈ R and RK(Θ) = exp(−iΘ
2K),K ∈ {X,Y,Z}.

However, the physical hardware might be limited to only a few basic operations. In
this case, the Solovay-Kitaev theorem shows us that any single qubit gate U ∈ SU(2)
can be approximated astonishingly well by a sequence of few single qubit gates from
a dense, generating set G (for example G = {H,T}) [DN05].

1.2.2. Two-Qubit Gates
Two-qubit gates enable interaction between qubits and introduce quantum entangle-
ment. The most prominent examples are the CNOT (Controlled-NOT) Gate which
inverts the second (target) qubit if the first (control) qubit is in the state ∣1⟩

CNOT =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (1.11)

5



1. Introduction

The CNOT, H, and S generate the Clifford group. The Clifford group combined with
the T gate forms a universal quantum gate set, meaning any unitary operation can be
decomposed into a combination of these [For+15]. The next two interesting two-qubit
gates are the SWAP Gate which switches two qubits

SWAP =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (1.12)

and the Controlled-Phase (CZ) Gate which introduces similar to the CNOT a phase
shift on the target qubit based on the control qubit’s state

CZ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (1.13)

These gates need to be implemented as precisely as possible but for potential scaling
at least below the error correction threshold to guarantee that an algorithm will result
in the intended state most of the time [Bar+14].

1.3. Fidelity Measures
Quantifying the similarity between quantum states, operations, and channels, which
are completely positive, trace preserving maps between density matrices, is a fun-
damental task in quantum information theory. Various fidelity measures have been
developed to evaluate the distance between desired and achieved states, implemented
and ideal quantum gates, and quantum channels. This section introduces the fidelity
measures used in this work and discusses their relevance.

State Fidelity

The fidelity between two density matrices ρ1 and ρ2 is known to be written as [Uhl76]

F (ρ1, ρ2) = (Tr[
√√

ρ1ρ2
√
ρ1])

2
. (1.14)

This measure quantifies how close in a metric sense these two quantum objects are.
It is motivated from classical probability theory, where the fidelity describes the sim-
ilarity of two different probability distributions X, and Y . For single-qubit density
matrices it simplifies to [Joz94]:

F (ρ1, ρ2) = Tr[ρ1ρ2] + 2
√

det(ρ1)det(ρ2) (1.15)
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1.3. Fidelity Measures

and in the case of pure states to

F (ρψ1 , ρψ2) = ∣⟨ψ1∣ψ2⟩∣
2
. (1.16)

State fidelity is a widely used metric for assessing the quality of quantum state prepa-
ration, and is closely connected to the trace distance

D(ρ1, ρ2) =
1
2∥ρ1 − ρ2∥1

=
1
2 Tr[

√
(ρ1 − ρ2)†(ρ1 − ρ2)].

(1.17)

where ∥.∥1 is the trace norm and the connection is [FV02; BC94]

1 −
√
F (ρ1, ρ2) ≤D(ρ1, ρ2) ≤

√
1 − F (ρ1, ρ2). (1.18)

Unitary Fidelity

To compare unitary operations U1, U2 it is useful to introduce the unitary fidelity,
which is inspired by the Frobenius norm. It is stated as:

F (U1, U2) =
1
d2 ∣Tr[U1U

†
2]∣

2
, (1.19)

where d is the Hilbert space dimension on which the unitaries are acting on.
It is independent of the involved density matrices and therefore provides a powerful
measure for comparing gate performance.

Process and Average Gate Fidelity

The process fidelity Fp provides a more general fidelity measure. It is suitable to
compare a non-unitary quantum channel E to a perfect unitary operation U . It is
defined as:

Fp(U,E) =
1
d2∑

k

∣Tr[UV †
k ]∣

2
, (1.20)

where {Vk} are the Kraus operators of the quantum channel E , that is Eρ = ∑k VkρV †
k .

The average gate fidelity, closely related to the process fidelity, is writable as [Nie02]:

Faver(U,E) =
dFp(U,E) + 1

d + 1 . (1.21)

A main advantage is that the average gate fidelity allows us to compare noisy exper-
imental data with theoretical implementations of quantum gates.
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1. Introduction

Diamond distance

A more general, mathematical tool to compare quantum channels is given by the
diamond distance [AKN98]. For any two quantum channels E ,F it takes the form

d◇(E ,F) ∶= ∥E − F∥◇ =max
ρ
∥(E ⊗ 1n)ρ − (F ⊗ 1n)ρ∥1. (1.22)

The maximum is taken over all density matrices resident in the respective space and
∥.∥1 denotes the trace norm. It has the advantage that it can be calculated from the
maps itself and therefore is a rigorous metric for characterizing noise and optimizing
quantum protocols, independent of the initial density matrix ρ0 [WS15; Lin+19].

Sanders et al. [SWS15] link the average gate fidelity to the true error rate and warn
that a high average fidelity does not imply a low error rate. In there, it is argued
that the diamond distance is the meaningful way two distinguish ideal and actual
quantum channels. Furthermore, they also introduce the Pauli distance which gives
deeper insight on the expected error rate and where the errors likely come from.

1.4. Emulating quantum systems
In order to understand the dynamics of a quantum system, we can use different
techniques to model it. In this section, we will shortly recapitalize how interactions
between subsystems are modeled and briefly discuss how we can classically emulate
the time evolution. This section is inspired, and larger parts are taken from [Fre20].

1.4.1. Interaction between two systems
Interactions between quantum systems can be modeled by introducing operators that
act either locally on individual systems or jointly across multiple systems. For two
systems S1 and S2, local operators affect only their respective systems, while inter-
action operators act on both, encapsulating the coupling between the systems. The
total Hamiltonian of such a composite system is given by:

Htot =HS1 ⊗ 1 + 1⊗HS2 +HInt, (1.23)

where HS1 (HS2) consists of operators acting solely on S1 (S2), leaving the other
system unaffected. The interaction Hamiltonian HInt can generally be expressed as:

HInt = ∑
ij

Ai1 ⊗A
j
2, (1.24)

where Ai1 and Aj2 are operators acting on S1 and S2, respectively.
S1 is considered the observed quantum system (S), while S2 represents a larger, unob-
servable environment or ‘bath’ (B). The bath often has a much higher dimensionality
than the system, allowing information initially localized in S to dissipate into B. The
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1.4. Emulating quantum systems

other way is also allowed, but in general more unlikely due to the different system
sizes. Thereby, the effect of information becoming inaccessible or irretrievable in the
larger bath system is called decoherence.

1.4.2. Time Evolution
The system’s dynamics of a state ∣ψ⟩ are described by Schrödinger’s equation, which is
(in natural units h̵ = 1 which we use for the rest of the thesis except stated otherwise)
given by:

i ∂
∂t
∣ψ(t)⟩ =H(t) ∣ψ(t)⟩ , (1.25)

where H(t) is the time-dependent Hamiltonian describing the energy observable of
the system at time t. This equation is formally solved by:

∣ψ(t)⟩ = T exp
⎛
⎜
⎝
−i

t

∫
t0

H(t′)dt′
⎞
⎟
⎠
∣ψ(t0)⟩ , (1.26)

where T is the time-ordering operator and t0 is the initial time. Here, the time-
ordering can be omitted if the Hamiltonian commutes with itself at different times,
i.e. ∀t1, t2 ∈ [t0, t] we have [H(t1),H(t2)] = 0.

The time evolution operator U(t, t0) is defined as:

U(t, t0) = T exp
⎛
⎜
⎝
−i

t

∫
t0

H(t′)dt′
⎞
⎟
⎠
. (1.27)

It is often very difficult or even impossible to obtain the exact unitary map analyti-
cally. However, it can be computed numerically via multiple methods. A simple but
sufficient algorithm to achieve this is trotterization. In this algorithm we divide the
evolution time in N steps of equal length ∆t and approximate the time propagator
as

U(t) =
N

∏
j=1
Uj(t). (1.28)

Here, the product is ordered such that U1 is the first unitary acting on the initial
state, and

Uj(t) = exp{−iH(t0 + j∆t)∆t}. (1.29)

We keep this notation for the rest of the thesis.

For the more general case where we describe the system by a density matrix ρ, the
Schrödinger equation can be used to derive the von Neumann equation:

i
∂

∂t
ρ = [H,ρ]. (1.30)
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The formal solution for the density matrix is

ρ(t) = U †(t, t0)ρ(t0)U(t, t0). (1.31)

It is often advantageous to move to a linearized version of the von-Neumann equation
by using the vectorization map

ρ =
⎛
⎜
⎝

ρ00 ρ01

ρ10 ρ11

⎞
⎟
⎠
→ ρ′ =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ρ00

ρ01

ρ10

ρ11

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (1.32)

This trick allows us to rewrite Equation (1.30) as a first order linear differential
equation

ρ̇′(t) = L(t)ρ′(t). (1.33)

In the rest of this thesis we will omit the ′ as it will be clear from the context
which form is used. Furthermore, L(t) is the Liouville superoperator, which in this
representation can be written as.

L(t) = −i[H(t) ⊗ 1 − 1⊗HT (t)]. (1.34)

The formalism enables us to approximate a solution for the time-dependent Liouville
equation by

U(t) ≈
N

∏
j=1

exp{−iL(t0 + j∆t)∆t}. (1.35)

However, in many cases it is more advantageous to emulate the usual time propagator
from Equation (1.28) and average over stochastic trajectories to get an estimate for
the resulting quantum channel E , i.e.

E(t) =
1
N

N

∑
k=1

U (k)(t) ⊗ (U (k))∗(t). (1.36)

where U (k) is the unitary evolution resulting for a single realization. The dynamics
of the observed system can thus be approximated by

ρ(t) = E(t)ρ0. (1.37)

1.5. Noise characterization and modelling
In quantum computation, noise can be modeled by assuming that the properties of
a noise process closely reflect those of the underlying experimental noise sources.

10



1.5. Noise characterization and modelling

Various models and techniques have been developed to describe and analyze the
decoherence of quantum systems, each offering unique insights into specific aspects
of noise behavior. While early contributions established dynamical decoupling as
a tool for quantum noise spectroscopy [VKL99; Cyw+08; AS11], there has been
made much progress in the recent past. For instance, [Sun+21] introduced spin-
locking quantum noise spectroscopy, which “extends the spectral range of weakly
anharmonic qubit spectrometers”, [Sun+21, p. 1] and [Vez+24] introduced Fourier
Transform Noise Spectroscopy (FTNS). This method reduced the number of Laser
pulses required for noise characterization, while [Lüp+20] introduced “a protocol for
two-qubit dephasing noise spectroscopy" [Lüp+20, p.1]. It addressed correlated noise
across multiple qubits. Additionally, [NPV16] introduced a method for quantifying
higher order cumulants. In the following sections we will explore different noise models
and focus on their respective limitations and advantages. More details on the effect
of noise models can be found by the interested reader in [Kra+21] which is also what
we follow in the next few sections (until subsection 1.5.5).

1.5.1. Unitary Errors
We start by dividing the Hamiltonian which describes our system of interest into two
parts

H =Hc(t) +Hn(t) = ∑
k

αk(t)Ck +∑
l

Bl(t). (1.38)

Here, αk are the control functions, Ck are the control operators and Bl are the noise
operators acting on the system. Unitary errors are present if the applied control de-
viates from the intended one.
For example, in an experiment, the control line amplitude which is received by a qubit
is differing from the wanted one or the drive frequency might be slightly off-resonant
to the targeted frequency transition. For instance, in superconducting qubits, this
might be the case if the applied voltage does not correspond to the effective coupling
received by the qubit.

Unitary errors are strongly influenced by the specifics of the used platform. Thank-
fully, most of these errors can be mitigated by techniques like dynamical decoupling,
composite pulses or other self-correcting mechanisms. This is due to the fact that
most of the time such incorrect estimates of system or control parameters are con-
sistent through repeated applications of the used pulses. However, Born’s rule still
applies, meaning the outcome of individual measurements will still be intrinsically
probabilistic [CLJ03].

1.5.2. T1 Decay
Longitudinal relaxation, due to noise acting along the quantization axis, leads to a
decay with a characteristic decay time T1 [Kra+21]. The environment thereby ex-
changes energy with the qubit system, which results in a relaxation (and sometimes
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excitation) of the quantum system, such that the information on the qubit state is
lost. Most of the time thermal fluctuations are the cause of this. This is also ex-
plaining why the excitation and relaxation processes are often considered Markovian,
i.e. fast and memoryless. Therefore, the processes can be modeled as white Gaussian
noise. It is characterized by a flat power spectrum, or equally by no correlation in
time. Equivalently, these processes can be described quantum mechanically within
the framework of a Lindblad master equation (LME),

ρ̇ = −i[H,ρ] + Γ1D[σ−]ρ, (1.39)

where σ− = ∣0⟩⟨1∣ is the lowering operator, Γ1 =
1
T1

is the decay rate and D[L]ρ =
LρL† − 1

2{L
†L,ρ} denotes the Lindblad dissipator.

An experiment to measure T1 typically involves preparing the qubit repeatedly in
the excited state ∣1⟩, waiting for a time t, and performing a readout measurement.
The mentioned effects lead to an exponential decay of the probability of remaining in
the exited state

P∣1⟩ = exp(−Γ1t). (1.40)
Here, the decay constant Γ1 =

1
T1

is typically ranging from 40 µs for superconducting
qubits to 200 s for qubits based on nuclear spin states [Abd+24; Hui+23]. Since the
underlying noise is memoryless, it cannot be directly mitigated to reduce its effect on
the system. However, error mitigation techniques can be applied, where measurement
results are modified by artificially increasing the Gaussian noise component and then
extrapolated in the opposite direction to estimate how results would appear in the
absence of decay [Maj+23]. The underlying assumption here is that the measurements
are performed at very low temperatures T , because else we have

dP∣1⟩
dt = −Γ↓P∣1⟩ + Γ↑(1 − P∣1⟩) (1.41)

(1.42)

where Γ↓ = Γ0(n + 1), Γ↑ = Γ0n ,n = (exp( h̵ωq

kBT
) − 1)

−1
is the thermal distribution of

the bath and Γ0 is the spontaneous decay rate at zero temperature. This would mean
that the decay is shortened and only happens to the equilibrium population.

1.5.3. T2 Decay
Another significant source of information loss is transverse relaxation, also known as
dephasing, as it affects the phase of the qubit in the Bloch sphere representation.
Dephasing arises due to the interaction of the qubit with its environment, leading to
a loss of phase information. Unlike T1 decay, the environmental effects causing T2
decay are typically slow and require more complex modeling to account for memory
effects, which happen because of information back-flow from the environment into the
qubit system. The memory effects can also be thought of in terms of correlations of
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|0>

t

τ
π/2π/2 |0>

t

τ/2 π/2π/2 π τ/2

Figure 1.1.: Schematic of the Ramsey and echoed Ramsey sequences. Left: Standard
Ramsey experiment. The qubit is initialized in ∣0⟩, rotated to the equato-
rial plane of the Bloch sphere by a π/2 pulse, allowed to evolve freely for
a time τ , and finally rotated to the exited state for measurement. Right:
Echoed Ramsey sequence, identical to the standard Ramsey experiment
but including a π refocusing pulse applied halfway through the free evo-
lution.

information in time. These memory effects, referred to as non-Markovianity, compli-
cate the emulation and modeling of the system, as the quantum state depends not
only on its present state but also on its past states.
The standard procedure for characterizing dephasing is the Ramsey experiment (com-
pare left part of Figure 1.1). In this experiment, the qubit is initialized in the ground
state, followed by the application of a rotation Rx(

π
2 ) to place the state on the equa-

torial plane of the Bloch sphere. After waiting for a time τ , another Rx(
π
2 ) rotation

is applied to bring the qubit into the excited state, and the qubit is subsequently read
out. The observed decay in the Ramsey experiment can be described by:

P∣1⟩ = exp(−χ(τ)), (1.43)

where χ(τ) is the decoherence function. In this case, both the transverse pure de-
phasing component Tϕ and the longitudinal relaxation T1 contribute to the overall
decay.
If we assume that the dephasing noise can be modeled as white Gaussian noise pro-
cess which acts on the transversal axis of the Bloch sphere, an assumption that is not
always valid, the decay can be approximated as:

PRamsey
∣1⟩ = exp(−Γ2t), (1.44)

where the decay constant Γ2 is given by [NC00]:

Γ2 =
Γ1

2 + Γϕ, (1.45)

and the factor 1/2 is coming from evaluating

D(ρ) = Γ1(σ−ρσ+ − 1/2{σ+σ−, ρ}) (1.46)

for ρ01.
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1.5.4. T ∗2 and T Echo
2

The combined dephasing time T ∗2 describes the effective loss of coherence in a qubit
system. Its value is typically extracted from Ramsey measurements and is influenced
by both intrinsic noise and external factors, such as control field stability. By contrast,
TEcho

2 is obtained using Hahn echo experiments (compare right part of Figure 1.1).
It represents the intrinsic coherence time of the system after removing low-frequency
noise contributions. In a Hahn echo sequence, a π pulse (a 90-degree rotation around
Y) is applied midway during the free evolution time of a Ramsey measurement to
refocus phase errors caused by slow environmental fluctuations. Improving both pa-
rameters is crucial for enhancing qubit performance in quantum computing applica-
tions.

1.5.5. Semi-Classical pure dephasing model
A full quantum mechanical treatment would assume that the environment can be de-
scribed by a bath with a given bath-Hamiltonian and a given bath-system interaction.
These systems are often described by Lindblad master equations, detailed derivations
of those can be found for example in [BP02; GZ04; Wei12]. In such a picture, the
bath correlations are given as

Ckl(t, t
′) = TrB{Bk(t)Bl(t

′)ρSB(t)} (1.47)

where Bk(t) is an interaction operator and ρSB is the density matrix of the joint
system [VMB24]. We see that this correlation function is in general not symmetric and
not necessarily wide-sense stationary, i.e. the auto-covariance function can explicitly
depend on time and not just on the time difference t − t′. However, it is enough to
treat the system semi-classically, if the relevant operators commute or if the system is
in a regime of large quantum numbers. Nevertheless, the correlation functions often
resemble those of classical stochastic processes, and sometimes coherence has occurred
sufficiently to render quantum noise effects negligible.
In the case of semi-classical dephasing for one qubit the Hamiltonian of the qubit in
the rotating frame can be expressed as

Hk(t) = βk(t)Z, (1.48)

where βk is the k-th realization of a random process. Any pure state ρk(t) will evolve
due to the von-Neumann equation ρ̇k = −i[Hk, ρ] which is formally solved by

ρk(t) = Ukρ0U
†
k (1.49)

where

Uk = exp
⎧⎪⎪
⎨
⎪⎪⎩

−i
τ

∫
0

βk(t)dtZ
⎫⎪⎪
⎬
⎪⎪⎭

= exp{−iΦk(τ)Z}. (1.50)

Here, we defined the accumulated phase Φk(τ) = ∫
τ

0 βk(t)dt.
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If we look at the evolution averaged over a large number of N noise realizations
βk(t) we see that for an initial density matrix

ρ0 =
1
2(1 +X) (1.51)

the dynamics are given as

ρ(τ) = lim
N→∞

1
N

N

∑
k=1

exp{−iΦk(τ)Z}ρ0 exp{iΦk(τ)Z}

=
1
2[1 + ⟨cos(2Φ(τ))⟩X + ⟨sin(2Φ(τ))⟩Y ].

(1.52)

This means for the respective expectation values

⟨X⟩ = Tr(Xρ(τ)) = ⟨cos(2Φ(τ))⟩ (1.53)

and

⟨Y ⟩ = Tr(Y ρ(τ)) = ⟨sin(2Φ(τ))⟩ . (1.54)

If we look at the characteristic function φΦ(τ)(z) = ⟨exp[izΦ(τ)]⟩ of the random
process Φ we notice that

φΦ(τ)(z = 2) = ⟨exp{iΦ(τ)2}⟩
= ⟨cos(2Φ(τ))⟩ + i⟨sin(2Φ(τ))⟩
= ⟨X⟩ + i ⟨Y ⟩ .

(1.55)

This means we can, in the case of pure dephasing, use the characteristic function of
a random process instead of averaging over realizations for describing the dynamics
of a control free quantum system.

We will now shortly discuss different types of semi-classical noise:

Gaussian white noise dephasing

We start with the simplest case of pure dephasing which is white noise. For this kind
of noise, the autocorrelation function reads

C(t, t′) = ⟨β(t)β(t′)⟩ = σ2δ(t − t′) (1.56)

hence β(t) is uncorrelated in time. This means, that for each time t, β(t) is drawn
from a normal distribution with zero mean and variance σ2. This implicates that Φ
is described by a Wiener process i.e.

Φ(τ) = σWτ

∼ N(0, σ2τ).
(1.57)
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The characteristic function is therefore given as that of a time-dependent normal
distribution:

φΦ(τ)(z) = exp(−1
2σ

2τz2). (1.58)

Hence, the decay function of a Ramsey experiment under pure white dephasing noise
can be written as

Tr{σxρ(τ)} = φΦ(τ)(2) = exp{−2τσ2}. (1.59)

which would imply a dephasing rate of

Γ2 = 2σ2, (1.60)

leading to a characteristic decay time of

T2 =
1
Γ2
=

1
2σ2 . (1.61)

Ornstein-Uhlenbeck (OU) process

The Ornstein–Uhlenbeck (OU) process is commonly used to model noise in spin sys-
tems [Fah+23], as it reproduces experimental observations with high accuracy. The
fluctuations predominantly originate from the surrounding spin bath, where the dy-
namics of a few nearby spins induce small perturbations in the qubit frequency, leading
to dephasing. A single noise trajectory is hereby given as a solution to the stochastic
differential equation (SDE)

dXt = −κXt dt + σ dWt (1.62)

where Wt is the standard Wiener process. In the physics context, the SDE is some-
times written as a Langevin equation of the form

dXt

dt = −κXt + ση(t) (1.63)

where η(t) is Gaussian white noise, and represents an approximation of the non-
existing derivative of the Wiener process. If the random process starts with some
initial value X0 the solution of the above SDE reads

Xt =X0 exp(−κt) + σ
t

∫
0

exp(k(s − t))dWs. (1.64)

Here, we introduced the Itô-integral ∫
t

0 f(t, s)dWs. Its mean is zero and its variance
is given by ∫

t

0 (f(t, s))
2ds, i.e. if Y = ∫

τ

0 g(s)dWs, then Y ∼ N(0, ∫
τ

0 g(s)
2)ds). For

the process to be wide-sense stationary, we have to choose X0 ∼ N(0, σ
2

2κ) randomly
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1.5. Noise characterization and modelling

and independent of Wt. This implicates that the correlation function for this type of
noise is given as

COU(t, s) =
σ2

2κ exp{−κ∣t − s∣}. (1.65)

The time integrated noise process Φ can be calculated using the Fubiny rule for Itô
integrals, allowing us to interchange the integration order

Φ(τ) =
τ

∫
0

Xtdt

=

τ

∫
0

⎡
⎢
⎢
⎢
⎢
⎣

X0 exp{−κt} + σ
t

∫
0

exp{κ(s − t)}dWs

⎤
⎥
⎥
⎥
⎥
⎦

dt

=X0
1 − exp{−κτ}

κ
+ σ

τ

∫
0

τ

∫
s

exp{κ(s − t)}dtdWs

=X0
1 − exp{−κτ}

κ
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∼ 1−exp{−κτ}

κ
N(0,σ2)

+σ

τ

∫
0

1 − exp{κ(s − τ)}
κ

dWs

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∼σN(0,∫ τ

0 (
1−exp{κ(s−t)}

κ
)

2
ds)

=
1 − exp{κ(s − t)}

κ
N(0, σ

2

2κ) + σN(0,
4e−κτ − e−2κτ + 2κτ − 3

2κ3 )

=X1(τ) +X2(τ).

(1.66)

From this we can get the characteristic function of Φ since the characteristic function
of the sum of two independent random variables is just the product of the individual
characteristic functions such that

φΦ(τ)(z) = exp(− σ
2

4κ3 (1 − exp(−κτ))2z2) exp(−σ
2

2
4e−κτ − e−2κτ + 2κτ − 3

2κ3 z2)

= exp(−σ
2z2

2κ3 (e
−κτ + κτ − 1)) z=2= exp(−2σ2

κ3 (e
−κτ + κτ − 1)) .

(1.67)

Squared Ornstein-Uhlenbeck process
Sometimes an environment does not interact linearly with the system. For example,
in superconducting circuits the charge fluctuations interact quadratically with the
system, this is why we consider the centered squared Ornstein-Uhlenbeck

Yt =X
2
t − ⟨X

2
t ⟩ . (1.68)

The correlation function can be calculated and is the same as that of an OU process
with κ′ = κ/2 and σ′ = 4

√
σ2

4κ

C(t, s) = 2σ′4 exp{−2κ′∣t − s∣} (1.69)
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The characteristic function of the integrated process is given [KSK21] by

ϕΦ(τ)(z) =
eκt

2 −
iσ2t

κ

¿
Á
Á
ÁÀ

(κ2−iσ2z) sinh(κt
√

1− 2iσ2z
κ2 )

κ2
√

1− 2iσ2z
κ2

+ cosh(κt
√

1 − 2iσ2z
κ2 )

, (1.70)

where the real part of the function is responsible for the decay and the imaginary
part introduces oscillations in the expectation values over time. The oscillation can
be interpreted as a Lamb shift.

Random telegraph process

A common reasoning for explaining 1/f noise in superconducting qubits is a collection
of two level fluctuators (TLF) which interact with the qubit system. A noise trajectory
is given as a signal which takes two values, ±g where a flip occurs randomly after
a characteristic flip time τ = 1

λ . This random trajectory is also referred to as a
symmetric Poisson process, since the probability of switching is equal for both values.
Furthermore, it is a non-Gaussian noise process. The autocorrelation function for this
stochastic process is given through,

CRTN(t, s) = g2 exp{−2λ∣t − s∣} (1.71)

which is the same as for the OU process with g =
√

σ2

2κ , λ = κ/2. However, the
characteristic function looks quite different and is known to be [Fer06]

φΦ(t)(2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e−λt (λ sinh(t
√
λ2−4g2)

√
λ2−4g2 + cosh (t

√
λ2 − 4g2)) , λ > 2g

e−λt(λt + 1), λ = 2g

e−λt (λ sin(t
√

4g2−λ2)
√

4g2−λ2 + cos (t
√

4g2 − λ2)) , λ < 2g.

(1.72)

Multiple random telegraph noise processes

We notice that we get the characteristic function for multiple (independent) TLSs by
using the properties of the characteristic functions:

φa1X1+⋯+anXn(z) = φX1(a1z)⋯φXn(anz). (1.73)
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1.5. Noise characterization and modelling

Which means that the characteristic function of N TLSs with amplitudes gk = g/
√
N

(to keep the spectral density the same), is given as

φΦN RTNs(t)(2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e−λt (λ sinh(t
√
λ2−4g2/N)

√
λ2−4g2 + cosh (t

√
λ2 − 4g2/N))]

N

, λ > 2g/
√
N

[e−λt(λt + 1)]N , λ = 2g/
√
N

[e−λt (λ sin(t
√

4g2/N−λ2)
√

4g2/N−λ2 + cos (t
√

4g2/N − λ2))]

N

, λ < 2g/
√
N.

(1.74)
Furthermore we see that for large N we will always find us in the case λ > 2g/

√
N

and we have

lim
N→∞

⎛
⎜
⎜
⎜
⎝

e−λt
⎛
⎜
⎜
⎜
⎝

λ sinh(t
√

λ2 − 4g2

N )

√

λ2 − 4g2

N

+ cosh
⎛

⎝
t

√

λ2 −
4g2

N

⎞

⎠

⎞
⎟
⎟
⎟
⎠

⎞
⎟
⎟
⎟
⎠

N

= e
g2
(−2λt−e−2λt

+1)
λ2 (1.75)

which is again the characteristic function of the Ornstein-Uhlenbeck process with
g =
√

σ2

2κ , λ = κ/2. This is not a coincidence but the central limit theorem at work.
However, this also indicates that we can use the number of fluctuators N as a measure
for the amount of Gaussianity given a certain spectral density. From a physical point
of view, this indicates that the non-Gaussian effects of noise will only appear in
systems where the environment has only few and strong interacting quantum systems
surrounding the control system.

Comparing different noise models

Experimentally, it is often challenging to identify the precise origin of noise, the num-
ber of fluctuators interacting with the system, or their microscopic properties. In
Appendix B, we investigate how different emulation methods are capable of showing
this difference. Furthermore, we show how closely related stochastic description and
Lindblad-like expansions really are. While our original goal was to use optimal control
to increase the separation for different noise models, this seems to be very difficult
since driving the system already decouples important information, but nevertheless
lead to some interesting insights: Modeling non-Gaussian effects in driven environ-
ments is very difficult, but often not necessary. Since the drive already decouples
many of these effects, secondly the two regimes where the noise is only slowly varying
or constant and the very fast noise are connected, but the intermediate regime seems
to offer no or very little room for improving experimental outcomes and adding more
orders will capture the dynamics for longer times, but similar to fitting functions with
polynomials it overshoots the solution when looked further. Here the proper solution
would be probably something similar to spline interpolations.
In Figure 1.2 we show a comparison of the different noise models for a suited pa-
rameter range. We see that the random telegraph noise with N two level fluctuators
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converges very quickly to the Gaussian case, indicating that "few" really means 1-
3 nearby spins. What we also notice is that the non-Markovian behaviour is only
observed in non-Gaussian environments. And since all processes displayed have the
same spectral density, the observed dynamics allows us to distinguish noise effects
coming from cumulants of order m > 2. While each individual process and its charac-
teristic function can be found in the literature, a direct comparison of the four with
identical spectral densities is, to the best of our knowledge, missing.

1.6. Controllability of quantum systems
An important question in quantum information is whether a given system is control-
lable. This is the case if every unitary transformation can be efficiently implemented
on the quantum system up to arbitrary precision, i.e. if some infidelity measure (com-
pare section 1.3) can be brought arbitrary close to zero. In a mathematical framework,
we could formulate the problem as the following: Given a set of operators acting on
a Hilbert space H, namely S0 = {A1,A2,⋯,An}. What part of the Hilbert space is
reachable with the given set of operators? And further: What assumptions do we
need to satisfy for the decoherence times of the qubit system compared relative to the
control capabilities of the system? To answer these questions, we refer the interested
reader to the book [DAl07]. For the first question, we notice that the problem is
related to the Lie-Algebra generated by the given operators that is defined as the
span of continuously applying the commutator between the elements of the set. We
define

Sk = {[Ai,Aj] ∣ ∀Ai,Aj ∈ Sk−1} ∪ Sk−1. (1.76)

Then the Lie-closure of order k of S is given as

AS = {Sk ∣k is the smallest natural number such that Sk+1 = Sk}, (1.77)

meaning that adding more commutators will not increase the size of the set anymore.
We say that a system where the span of Sk is equal to the set of Hermitian, linear,
and bounded operators B† ∶ H → H is fully controllable, i.e.

B†(H) = ⟨Sn⟩. (1.78)

Simple Example

Let us consider the most simple case, where we have a single qubit with the following
Hamiltonian:

H1 =
ω0

2 σz +Ω(t)σx, (1.79)

where ω0 is the qubit’s energy splitting and Ω(t) is a time-dependent control field.
The set of control operators here is, S0 = {σz, σx} and the Lie-closure is AS = S1 =
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Figure 1.2.: Comparison of non-driven single qubit dynamics under different pure
dephasing noise models. The blue lines correspond to an Ornstein-
Uhlenbeck noise process, the orange curves to a squared Ornstein-
Uhlenbeck process, the green curves to a single TLF and the red curves
to a noise signal generated by two TLFs. Upper left: Single noise real-
izations amplitude over time, Upper right: power spectral density, which
is the same for all of these noise types. Bottom: Time evolution of ⟨σx⟩.
The solid lines correspond to evaluating the characteristic functions, while
the dashed curves are averaged over N = 10000 noise realizations. The
parameters of the noise were κ = 1, σ = 0.5, g =

√
σ2

2κ , λ =
κ
2 ,dt = 0.01.
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1. Introduction

{σx, σy, σz} , since [σz, σx] = iσy. Thus, if Ω(t) can be chosen freely, we are able to
implement any single-qubit operation. If, on the other hand, the Hamiltonian takes
the form

H = Ω(t)σx +Ω(t)σy (1.80)

then the accessible set of operators is given by AS = S0 = {σx + σy}. In this case, the
system would no longer be fully controllable.

1.7. Cartan decomposition
Local transformations are unitaries of the form

Ulocal = U1 ⊗U2, (1.81)

where Uk act independently on the respective system. They do not affect the entan-
glement capabilities of a given gate. Any arbitrary gate U can be split into local and
non-local parts [Wat+15], that is

U = eiαk1Ak2. (1.82)

Here, we have k1, k2 ∈ SU(2) ⊗ SU(2), α ∈ R and

A = exp{− i
2(c1σx ⊗ σx + c2σy ⊗ σy + c3σz ⊗ σz)}. (1.83)

With these definitions we arrive at several equivalent classes for the choice of the
coordinates since many gates are equivalent up to local rotations. If we want to
guarantee a unique set of coordinates for a given gate U we have to restrict the
coordinates to the Weyl-chamber (compare Figure 1.3) that is [Wat+15]

0 ≤ c3 ≤ c2 ≤ c1 ≤
π

2 . (1.84)

Here we follow [Wat+15] to implement an algorithm which calculates the matrix A
from a given unitary U . We start by moving everything into the magic basis which
is done with the matrix

Q =
1
√

2

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 i

0 i 1 0

0 i −1 0

1 0 0 −i

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(1.85)

in this basis we define

UB = Q
†UQ (1.86)
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and from that

m = UT
BUB. (1.87)

This gives us the three invariances

g1 = Re{ Tr{m}2

16 det(U)} (1.88)

g2 = Im{ Tr{m}2

16 det(U)} (1.89)

g3 =
Tr(m)2 −Tr(m2)

4 det(U) . (1.90)

We numerically solve the polynomial equation

z3 − g3z
2 + (4

√
g2

1 + g
2
2 − 1)z + g3 − 4g1 = 0. (1.91)

The solutions z1, z2 and z3 are related to the unordered Weyl coordinates via

c̃j =
1
2 arccos zj. (1.92)

The Weyl coordinates cj are obtained by ordering c̃j by size. Given a physical system,
with this it is sometimes easier to realize an equivalent two-qubit gate. Furthermore,
we can use the theory to understand speed limits in the Germanium vacancy system
(see section 2.11).

1.8. Optimal Control
Often, the respective multi-qubit systems is steered by several control lines. In terms
of Hamiltonian, we add the control operators Ck with time dependent amplitude ck
to the system

Hc =
N

∑
k=1

ck(t)Ck. (1.93)

The experimental implementation depends on the qubit system, for example in super-
conducting qubits these could be implemented over microwave signals transmitted via
inductive or capacitive coupling [Tc24]. In photonic systems, state manipulation hap-
pens over phase plates and beam splitters, while in color centers the control includes
both photonic and microwave manipulation implemented via lasers and a system of
wires [CCK24].
To realize a gate-based quantum computer, it is necessary to implement the basic
operations such as single and two-qubit gates with high precision. Optimal control
tries to find control amplitudes ck(t) such that a given objective function such as the
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Figure 1.3.: Shown is the Weyl chamber, as the blue region, fulfilling Equation (1.84).
The black dots show where a few two-qubit example gates are located.
At (π/2,0,0) are the controlled Pauli operations, at (π/2, π/2,0) we have
the iSWAP operation which is a SWAP up to a phase on the diagonal
entries, at (π/4, π/4, π/4) is the

√
SWAP operation which is halfway on

the diagonal of the Weyl chamber, we need to apply it twice to reach
the top corner of the Weyl chamber (π/2, π/2, π/2) where the SWAP
operation which swaps two qubits is located.
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infidelity 1-F is minimized. All of this is needed because errors in quantum computers
accumulate with the depth of the circuit and make the results unreliable. To fight
these errors, there exists a bunch of techniques to mitigate and decouple some sorts
of errors, however the main reason why large scale quantum processors could become
reality is the existence of quantum error correction (QEC).
It is shown that the error rates for the gates in physical qubits need to surpass a
certain threshold to make QEC work. Furthermore, additional reduction of physical
gate errors reduce the number of required qubits [SR20]. To tackle this problem,
the task of optimal control is to find for a given target operation Utarget a good set
of functions ck which implement the required operation [Koc+22]. To measure the
success probability of implementing such a task, one typically uses fidelity measures
familiar from quantum control and information theory.
One of the main difficulties of optimal control, similar to machine learning, is to de-
fine a suited figure of merit (FoM) which should be optimized for. Also, it is not
a priori clear how different constrains and which kind of functions have to be ful-
filled by the control fields ck(t) [GWK15]. Once a parametrization for ck(t) is found,
these parameters can be modified to reduce successively the FoM. To achieve this,
different optimization algorithms have been developed. To name the most important
ones: Krotov [MP19], which iteratively updates the control function sequentially in
time to improve the figure of merit, GRAPE [Kha+05] which uses forward and back-
ward propagation to compute gradients and updates the amplitudes for a piece-wise
constant control and GOAT [Mac+15], which uses an analytic parametrization of
control functions and integrates the time-evolution gradients into the optimization.
For the update of the control function these algorithms use gradient-based methods
like ADAM or LBFGS, which are used if there exists already some knowledge about
the system’s behavior or differentials [ASK19] and stochastic search algorithms like
Nelder-Mead based methods or CMA-ES, which are the options if no gradient infor-
mation is available [Sør+18]. We will use the dCRAB algorithm which we introduce
in the next section.

1.8.1. The dCRAB algorithm
One possibility to parameterize and put in the pulse constraints is the use of the
dCRAB algorithm [Mül+22]. We proceed according to the instructions specified
therein. The algorithm expands the envelope functions (we omit the index k here)
c(t) in a basis {fi}i=1,⋯,Nc such that the total envelope takes the form

c(t) = E(t)
Nc

∑
i=1
cifi(t) (1.94)

where ci are the coefficients of the respective basis functions and E(t) is some general
envelop function which can be used to enforce the pulse to start and end at zero
amplitude.
The optimization of the parameters ci can now be done by choosing a suited opti-
mization algorithm. However, the arbitrary choice of Nc basis functions can lead to
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additional artificial minima in the control landscape and further constrains the pos-
sible functions ck(t) to the part of the infinite dimensional space which is reachable
with the set of basis functions {fi}i=1,⋯,Nc . This can be addressed by introducing
super-iterations j = 1,⋯,N such that in the j-th super iteration we optimize the
coefficients cji of

f j(t) = cj0f
j−1(t) +

Nc

∑
i=1
cjif

j
i (t) (1.95)

where f j−1(t) is the result of the optimization of the previous super iterations and
f ji (t) are new basis functions which are chosen such that they do not have a great
overlap in the search space.

1.9. Superconducting Qubits
Among the various physical realizations of qubits, circuits involving superconducting
elements have emerged as one of the most advanced platforms due to their scalability,
rapid gate operations, and strong interaction with microwave photons [CW08]. These
artificial atoms, based on Josephson junctions, allow for precise quantum control and
integration with classical electronic systems.

Unlike naturally occurring two-level systems, superconducting qubits are tunable in
their frequency and coupling. This is mainly because the nonlinearity introduced
by the Josephson effect enables anharmonic energy levels, allowing the isolation of
two levels for qubit operations. The superconducting qubits are affected by charge
noise, flux noise, and dielectric losses, leading to a limited coherence time of about
T2 ≈ 100 ns. There are two main circuit designs, each of which we will briefly discuss
here. More details on the different types of superconducting qubits can be found here
[Bun25] and in chapter 4 of this thesis.

1.9.1. Flux based qubits
The flux qubit derived architectures encode quantum information in circular super-
currents, where the direction encodes the qubit’s basis states. Flux qubits have a
high connectivity and are heavily used for quantum annealing. However, since the
non-classic part highly depends on the tunneling coupling and is exponential in the
fabrication parameters [Bun25] it is hard to reproduce good flux qubits and hence the
platform is not very scalable.

1.9.2. Charge based qubits
Charge based qubits use the charge states as basis states, meaning the presence of
excess Cooper pairs on the metallic electrode. Charge based qubits have the advantage
that they are less sensitive to flux noise, which results in longer coherence times. The
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transmon additionally reduces the amount of charge noise disturbing the system, such
that it shields the qubit successively from the main sources of environmental noise.
Further details can be found in [Kra+21].

1.10. Vacancy color center qubits
Vacancy center qubits use the spin states of a central electronic spin system as a qubit,
while “surrounding nuclear spins could provide a range of functionalities such as act-
ing as long-lived resources for information storage, deterministic entanglement, and
error correction” [Gun+25, p.1]. They stand out because of “efficient photonic inter-
faces [. . . ], coherence times up to seconds for electronic spins and minutes for nuclear
spins, and solid-state hosts that are amenable to on-chip integration with semicon-
ductor electrical and photonic circuits” [Aws+25, p. 3]. While they are promising
candidates for quantum nodes, the number of qubits per node is very limited and
hard to control [Gun+25]. Nevertheless, the platform is offering solid-state robust-
ness with high-coherence, even at room temperature, leading to practical application
in sensing and communication.

1.10.1. Nitrogen-vacancy center
Nitrogen-vacancy (NV) centers are build by substituting a nitrogen atom for a carbon
atom in the diamond lattice, which leads to an adjoined vacancy. Additionally, the
local defect is transformed into a NV− state, which can be done by shifting the Fermi
energy level with an external voltage. The resulting defect behaves as an electronic
spin-1 system which can be initialized, manipulated and read out optically by the use
of tailored laser systems. A good review on such a system is given in [Rem+20].

The Hamiltonian of the charged spin system can be written as [Sch+14; Rem+20]

H =D(S2
z −

2
3) + γeB ⋅ S +Hstrain +Hel +Hhf (1.96)

where D is the zero field splitting due to spin-spin interactions, S = (Sx, Sy, Sz)T is
the vector of spin operators, γe is the electron’s gyromagnetic ratio, B is the external
magnetic field, Hel accounts for electric interactions, Hstrain for crystal strain effect
and Hhf represents hyperfine interactions with the 14N and or surrounding 13C nuclear
spins, the nuclear Zeeman interactions and the nuclear quadrupole interactions.

The spin-triplet ground state ∣mS = 0⟩ and ∣mS = ±1⟩ can be coherently manipulated
using microwave fields that drive transitions between ∣mS = 0⟩ and ∣mS = +1⟩, and
∣mS = 0⟩ and ∣mS = −1⟩, while readout and initialization can be done optically. If the
system is viewed as a qubit, where ∣−1⟩ and ∣0⟩ are interpreted as the common ground
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state and ∣1⟩ as the excited state, NV-centers can reach exceptional coherence times
with T ∗2 exceeding 100 µs [Her+19]. Using dynamical decoupling, this can be pushed
to T2 ≈ 0.6 s at cryogenic temperatures (77K) [Bar+13].

1.10.2. Germanium-vacancy center
Germanium-vacancy (GeV) centers in diamond belong to the class of group-IV va-
cancy centers, which caught scientific interest in the recent past [Iwa+15; HE24]. It
consists of a germanium atom occupying an interstitial position between two adjacent
vacancies, forming a split-vacancy configuration [Bra+19]. This symmetric structure
results in reduced susceptibility to electric field noise and therefore enhanced optical
properties, especially the strong zero-phonon line (ZPL) [Iwa+15]. Furthermore, the
level structure of the spin orbits in this case is a doublet state.

While NV centers are widely used in quantum sensing, group IV vacancy centers
such as SiV, GeV and SnV provide a higher optical coherence since the ZPL im-
proves photon indistinguishability and allows for faster optical cycling, which leads
to improved initialization and readout quality and duration [Bra+19]. However, GeV
centers typically have decreased spin coherence times than NV centers, due to en-
hanced electron-phonon interactions [Bar+20] and because of their spin-1/2 rather
than spin-1 ground state. This makes them less suitable for quantum memory but
ideal for fast, optically mediated quantum gates and photonic quantum networks
[Sen+24; Gri+25; Bra+19].
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Node

2.1. Preface

This chapter relates to the publication [Gri+25] and its supplemental material, larger
parts of this chapter contain information and formulations from there. While the
experiment was done by the coauthors, the optimal control part was exclusively done
by the author. The content of gate optimization onwards (subsection 2.8.2) goes
beyond the scope of the paper. Two more publications from J.Frey et al. related to
this are in preparation.

2.2. Motivation

Quantum computation and communication require the achievement of multiple tech-
nological and physical milestones. One of them is building a reliable repeater node,
which can store quantum information for long timescales compared to the computa-
tional operations. Group-IV color centers in diamond serve as promising candidates,
since the electronic spin of these systems have a coherent spin-photon interaction,
which can be harvested to exchange quantum information between far distant sys-
tems via connection over optical fibers. One such spin system is a Germanium vacancy
center, surrounded by 13C carbon atoms. Ultimately, these nuclear spins should be
used as storage for quantum information, since they naturally have great shielding
of decoherence, allowing for coherent operation and long memory times of up to
T ∗2 = 2.57 s [Gri+25]. These have a nuclear spin which interacts with the spin of the
vacancy via Zeeman interactions. This in combination with optimal control allows us
to manipulate the nuclear spin indirectly via the electron spin. This was first inves-
tigated in this thesis.
The goal of this chapter is to show how an experimental setup [Gri+25; Sen+24], can
be described in a mathematical framework which explains the main features of the
measurements done in a real world experiment. Furthermore, we want to show how
to operate the system in such a way that we can efficiently transfer information from
the spin of the vacancy to a surrounding nuclear spin and vice versa.
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2.3. The experimental setup
In the experiment, a negatively charged GeV-center which is strongly coupled to a
nearby nuclear spin is located in a diamond sample. A system of lenses combined
with laser pulses are used for optical initialization and readout. The system is coupled
to the control via copper wires which act as microwave antennas and incorporate the
control lines. The sample is placed inside the magnetic field generated by vector
magnet, which produces a variable magnetic field. The whole system is operated
inside a dilution fridge, which cools down the system to a temperature of T ≈ 4 K. A
more detailed description of the experimental setup can be found in [Gri+25] and its
supplementary material.

2.4. The model
We model the experimental system as an effective two-qubit spin system, which are
coupled to each other due to Zeeman-interactions. In the following sections, we will
call the spin of the negatively charged vacancy the electron spin and refer to the
strongly coupled 13C system as the nuclear spin.

2.4.1. Static Hamiltonian
We model the two-qubit spin system, by a relatively simple model which describes
both electron spin and nuclear spin as two-level systems, where ∣↑⟩ =̂ ∣0⟩ and ∣↓⟩ =̂ ∣1⟩.
The static Hamiltonian in this context can be written in natural units(h̵ = 1) as

H0 = −
γeBz

2 σz ⊗ 1 (2.1)

−
γnBz

2 1⊗ σz (2.2)

+
1
4 ∑i=x,y,z

Aziσz ⊗ σi, (2.3)

where Bz, is the z-component of the magnetic field at the color center, γe and γn are
the gyro-magnetic ratios of the Germanium vacancy and the nuclear spin and Azi are
tensors describing the coupling between the two systems. Furthermore, we can always
define our frame of reference such that there is no Azy contribution. In section 2.5 we
try to extract the parameters directly from experimental data. Due to a non-Zero Azx
coupling, the Hamiltonian is not diagonal, and we rewrite it in the energy eigenbasis
to get the transition frequencies between the energy levels. The four eigenvalues of
the Hamiltonian are

ϵ±± =
1
4(±2γeB ±

√
A2
zx + (Azz − 2γnB)2) (2.4)
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and they are related to eigenenergies over
MW1 = ϵ++ − ϵ−−
MW2 = ϵ+− − ϵ−+
RF1 = ϵ−+ − ϵ−−
RF2 = ϵ++ − ϵ+−.

(2.5)

Figure 2.1 illustrates the level structure related to the eigenenergies ϵ±±. The indicated
microwave (MW) and radio-frequency (RF) transitions are given by the corresponding
energy splittings between eigenstates, as in Equation (2.5). The respective normalized
eigenvectors are thereby given through

v1 =
⎛
⎜
⎝

1

0

⎞
⎟
⎠
⊗

1
√

1 + c2
−−

⎛
⎜
⎝

c−−

1

⎞
⎟
⎠

(2.6)

v2 =
⎛
⎜
⎝

1

0

⎞
⎟
⎠
⊗

1
√

1 + c2
−+

⎛
⎜
⎝

c−+

1

⎞
⎟
⎠

(2.7)

v3 =
⎛
⎜
⎝

0

1

⎞
⎟
⎠
⊗

1
√

1 + c2
+−

⎛
⎜
⎝

c+−

1

⎞
⎟
⎠

(2.8)

v4 =
⎛
⎜
⎝

0

1

⎞
⎟
⎠
⊗

1
√

1 + c2
++

⎛
⎜
⎝

c++

1

⎞
⎟
⎠
, (2.9)

(2.10)

where

c±± =
Azz ± 2γnB ±

√
A2
zx + (Azz − 2γnB)2
Azx

. (2.11)

We notice that the nuclear spin states depend now on the electron spin state. This
means that if we prepare the state in one of the computational basis states we observe
oscillations on the nuclear spin state and the strength of the oscillation depends on
the electron spin state. However, the eigenstates are still product states, where the
main difference is now that the nuclear spin has different eigenstates depending on
the electron spin.
We further define the vectors

ṽ1 = v1 (2.12)
ṽ2 = v2 (2.13)
ṽ3 = (σx ⊗ 1)v1 (2.14)
ṽ4 = (σx ⊗ 1)v2 (2.15)

which we can use to characterize the polarization along the quantization axis if the
electron is in the down-state.
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13C

12C

(c)

(d)

GS

ES

MW1 MW2

RF1

RF2

(b)(a)

Figure 2.1.: a) Reduced level structure of the system. The simulation only refers to
the light blue part of the figure. The laser transitions c1 and c2 are used
to optically (re-) initialize the electron spin. b) Schematic of GeV aligned
with external magnetic field, showing electron spin-state-dependent nu-
clear spin quantization axis (adapted from [Gri+25],
© American Physical Society).
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2.4.2. Drive Hamiltonian
The drive Hamiltonian in our model can be described via:

HD = ΞMW (t)σx ⊗ 1 +ΞRF (t)1⊗ σx. (2.16)

We assume the driving fields have the form

Ξk = Ωk(t) cos(ωkt − ϕ), k ∈ {MW, RF}, (2.17)

where Ωk(t) is the time-dependent Rabi frequency of the drive and is set to a constant
value for simple pulses, ωk is its frequency and ϕ is its phase which we set to ϕ = 0
until further notice.
The amplitudes of the respective drives are here experimentally limited to ΩMW ≤

2π × 12 MHz and ΩRF ≤ 2π × 50 kHz.
The envelope function Ωk(t) will later be modified to allow for gate and population
transfer optimizations. To further improve the fidelity of those operations, it might
also be useful to define more than two drive lines at a time in order to allow for
driving all possible transitions apparent in the qubit both resonant and off-resonant
at the same time.

2.4.3. Controllability
The total Hamiltonian of the system is now given as

H =H0 +HD (2.18)

= −
γeBz

2 σz ⊗ 1 (2.19)

−
γnBz

2 1⊗ σz (2.20)

+
1
4 ∑i=x,z

Aziσz ⊗ σi (2.21)

+ΞMW (t)σx ⊗ 1 (2.22)
+ΞRF (t)1⊗ σx. (2.23)

With this, the control operator set has three independent elements,

S = {H0, σx ⊗ 1,1⊗ σx}. (2.24)

According to the methods introduced in section 1.6, the system is fully controllable
if there are no constraints on the driving fields. An interesting observation is that
even the Lie closure of the set without the drive on the nuclear spin already spans the
entire space of two-qubit operations, su(4). This implies that slow RF control is not
required to efficiently control the nuclear spin qubit (see Appendix A.1 for a detailed
proof).
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2.4.4. Rotating frame
We now transform the system to a frame which is rotating at the drive frequency,
ωd = ωe +∆ i.e.

R = exp{−iωdt2 σz ⊗ 1}, (2.25)

where ∆ is the detuning to the electron transition frequency when there would be
no interactions present. The static Hamiltonian (because σz ⊗ 1 commutes with the
static Hamiltonian) changes in the rotating frame to

H ′(t) = iṘ(t)R†(t) +R(t)H(t)R(t)† (2.26)

=
∆
2 σz ⊗ 1 −

γnB

2 1⊗ σz (2.27)

+ ∑
i=x,y,z

Aziσz ⊗ σi (2.28)

However, the MW drive Hamiltonian does not commute with the frame transforma-
tion, and we get for the rotating drive term

H ′D = ΞMW (t)
⎛
⎜
⎝

0 e−iωdt

eiωdt 0

⎞
⎟
⎠
⊗ 1 +ΞRF (t)1⊗ σx (2.29)

instead.
If we now assume that our drive frequency is close to the electron transition, we can
use the rotating wave approximation (RWA) and get

H ′D = ΩMW (t) cos(ωdt − ϕMW )
⎛
⎜
⎝

0 e−iωdt

eiωdt 0

⎞
⎟
⎠
⊗ 1 +ΞRF (t)1⊗ σx (2.30)

=
ΩMW (t)

2
⎛
⎜
⎝

0 e−iϕMW + e−2iωdt+iϕMW

eiϕMW + e2iωdt−iϕMW 0

⎞
⎟
⎠
⊗ 1 +ΞRF (t)1⊗ σx

(2.31)

RWA
≈

ΩMW (t)

2
⎛
⎜
⎝

0 e−iϕMW

eiϕMW 0

⎞
⎟
⎠
⊗ 1 +ΞRF (t)1⊗ σx (2.32)

=
ΩMW (t)

2 [cos(ϕMW )σx ⊗ 1 + sin(ϕMW )σy ⊗ 1] +ΞRF (t)1⊗ σx (2.33)

= ΩX(t)σx ⊗ 1 +ΩY (t)σy ⊗ 1 +ΞRF (t)1⊗ σx. (2.34)

2.5. System characterization
There are many different schedules and experiments which can be done to charac-
terize the system. The most common ones which were also performed in the related
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Parameter Measured value

T ∗2,RF1 (2.00 ± 0.18)ms

THahn
2,RF1 (274 ± 16)ms

TXY8
2,RF1 (1.49 ± 0.10) s

TCPMG8
2,RF1 (1.36 ± 0.14) s

TCPMG16
2,RF1 (2.57 ± 0.19) s

Tmem
2 18.1 s

Parameter Measured value

T 4K
1,e (3.41 ± 0.20)ms

T1,∣↓e⟩ (20.7 ± 2.0) s

T ∗2,e 1.43 µs

THahn
2,e 440 µs

TCPMG
2,e (24.1 ± 0.9)ms

TXY8
2,e (18 ± 3)ms

Table 2.1.: Nuclear (left) and electron (right) spin coherence times, Tmem
2 is a realistic

estimate for an achievable memory time. The numbers are taken from
[Gri+25] and [Sen+24].

experiment will be introduced and explained shortly in this section. We keep in mind
that all readouts are done optically on the electron spin. The initialization fidelity in
the upstate ∣↑e⟩ here is 98 % [Gri+25]. Since the nuclear spin state has such a long
coherence time, it is also very difficult to read it out directly. What is done instead
is to transfer the information of the nuclear spin state to the electron spin and read
this out instead.

T1 and T2 measurements

To measure the average lifetime of a qubit, we usually characterize it with two different
decay times, i.e. T1 and T2. The first one describes how long the information of being
in the excited state is preserved. In the related experiment, a coherence time of
T1,e = (20.7 ± 2.0) s [Gri+25] was measured. The second time T2 characterizes how
long the phase information of a qubit is conserved. For this, one does a Ramsey
experiment. I.e. if we apply a πx

2 -pulse, wait for a time τ , apply another πx

2 -pulse
and measure the qubit, we can say something about the lifetime of a transverse spin
state. In the experiment, T ∗2,e = 1.43 µs [Gri+25] was observed. Another important
information is how much of the measured dephasing noise can be decoupled by the use
of decoupling sequences like CPMG or XY-sequences. Here, the application of well-
timed π-pulses is used to remove the part of the noise which has some memory effect.
This is possible because a single π-pulse inverts the phase accumulation direction.
In the experiment, it was concluded that the highest achievable memory time for
a transverse electron spin state is T2,e = 440 µs [Sen+24]. The same measurements
can be done for the nuclear subspace, and the experimentally measured values are
summarized in Table 2.1.
We conclude that the most important source of noise is dephasing noise, which is
present on the electron. It is so strong compared to the other noise sources that
we can in good approximation ignore the other noise sources for our simulation. We
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further saw that the noise has a high memory component, since dynamical decoupling
techniques showed that T2,e ≫ T ∗2,e. To incorporate this into our model, we add semi-
classical pure dephasing noise on the electron qubit Hamiltonian to our model

Hnoise = β(t)σz ⊗ 1 (2.35)

where β(t) is a random field whose statistics are governed by that of an Ornstein-
Uhlenbeck process. The two parameters of the process, namely the coherence rate κ
and the coupling strength σ can be derived from T2, T ∗2 :

σ =

√
2

2T ∗2
(2.36)

κ =
6(T ∗2 )

2

T 3
2

(2.37)

The detailed discussion of the random processes is done in section 1.5.

Measuring the nuclear transition frequencies RF1 and RF2

Instead of doing a Ramsey experiment, we can phase-shift the final π/2-RF pulse by
π and extract from the resulting oscillation the radio transition frequencies ωRF1 =

2π × (493.62 ± 0.04)kHz and ωRF2 = 2π × (2489.73 ± 0.06)kHz [Gri+25]. These are
directly related to the values of the coupling tensor through

Azz =
ω2

RF1 − ω
2
RF2

2γnBz

(2.38)

and

Azx =
√

4ω2
RF2 − (Azz − 2γnBz)

2
. (2.39)

which makes it easier to extract the remaining free parameters γn and B.

ODMR-fits

A common technique for characterizing color center systems is to scan the system
with a pulsed optically-detected magnetic resonance (pODMR). A good review on
that is [Car09]. For each frequency step, the Germanium vacancy center is optically
initialized, then a π-pulse is applied at the corresponding microwave frequency and
the electron spin gets read out optically. This scheme is then repeated many times and
the resulting florescence signal is plotted against the frequency signal. In Figure 2.2
(taken with description from supplementary material of [Gri+25]). We show how such
an experimentally generated ODMR-sweep looks like and that we can reproduce the
experimental data with high accuracy (with R2 values ranging from 0.9328 to 0.9854)
[Gri+25].
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(a) (b)

(c) (d)

Figure 2.2.: R2 of the model for different values of γeff
e and Bi. The images differ

by their electron spin state of ∣↑e⟩ for (a) ascending frequency sweep
direction, (b) for descending frequency sweep direction and ∣↓e⟩ for (c)
ascending frequency sweep direction and (d) for descending frequency
sweep direction. (e) Mean R2 of the highest individually achieved R2 of
all four ODMR measurements for the respective γeff

e . The cross indicates
the best mean R2 value achieved in the simulation, which is slightly higher
than the mean R2 values in the sweep due to the finite sampling size of
the sweep (adapted from [Gri+25], © American Physical Society.)
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2.6. Narrowband pulses and gate synthesis
When we drive the system on resonance with one of the MW-transitions, we observe
Rabi-oscillations. If there were no Azx-coupling and no noise present in the system,
the solution of the time dependent Schrödinger equation could be (after doing a RWA)
solved analytically, and we would get for the time dependent populations (if we start
in ρI = 0.5 ∣v1⟩⟨v1∣ + 0.5 ∣v2⟩⟨v2∣)

c1(t) = Tr(ρ ∣v1⟩⟨v1∣) =
1
2 cos2 (

Ωt
2 ) (2.40)

c2(t) = Tr(ρ ∣v2⟩⟨v2∣) =
Ω′2
2Ω2 cos2 (

Ω′t
2 ). (2.41)

Here, Ω is the Rabi-frequency (drive strength), Ω′ =
√

Ω2 +∆2 is the detuned Rabi-
frequency and ∆ is the frequency difference to the other transition frequency ∆ =
ω00,10 − ω01,11.
If we now want to do a π-pulse on one of the transitions and no rotation on the other
transition we have to fulfil the following conditions:

Ωt
2 =

π

2 + kπ (2.42)
Ω′t
2 = lπ. (2.43)

This is the first time the case for k = 0, l = 1 leading to

Ω
√

Ω2 +∆2
=

1
2 (2.44)

⇒ Ω = ± ∆
√

3
(2.45)

meaning we can achieve a good inversion on the electron if we choose the Rabi-
frequency as Ω = ∆√

3 . In Figure 2.3 we show and discuss the simulations on how this
can be used to implement a projective SWAP gate in the experimental setup.

2.7. Nuclear spin pumping
As we already saw in the pODMR plots, the polarization of the nuclear spin can be
affected by applying a combination of pulses on the electron spin transitions and on
the optical transitions. We can capitalize on this effect by searching for a sequence of
optical and electron pulses which allow us to initialize the nuclear spin. The reason
that this should be possible is that the strong hyperfine coupling (compared to the
Larmor frequency), allows us to simultaneously alter the electron and the nuclear
spin state, which is normally forbidden [Jef60]. In section 2.10 we show in more
detail how this works. We start by initializing the nuclear spin state in ∣↓e⟩. We
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Figure 2.3.: Simulation of a projective SWAP gate realized by three consecutive pro-
jective CNOT gates. The electron is initially in ∣↓e⟩ and the nuclear spin
is in a completely mixed state. In the top row we show an implemen-
tation with a drive amplitude of Ωe = 2π × 0.360 MHz, while the second
row shows the time evolution with the constant but optimized drive am-
plitude Ωe =

∆√
3 = 2π × 1.722 MHz. The simulated resulting polarization

of the nuclear spin improves from 85.6 % for the top row to 94.2 %. The
imperfections likely stem from a combination of Azx and the dephasing
present on the electron. In the experiment the bottom row strategy was
implemented to initialize the nuclear spin.
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then apply a π-pulse on the MW1 or MW2 transition and re-initialize the electron
spin with a suited laser pulse and repeat this process N times. Afterward, one can
look at another pODMR-measurement and observe only one peak, indicating the
nuclear spin state is indeed initialized. However, since the pODMR itself changes
the nuclear spin polarization, it is not easy to estimate a fidelity with it. Instead, in
the experiment, the nuclear spin state was equally initialized with a projective SWAP
operation (compare Figure 2.3) by applying a sequence of narrowband microwave and
radio frequency pulses which lead to conditional flips on the electron and nuclear spin
states. With this strategy an estimated fidelity of 95 % for N = 15 (+1 readout pulse)
is achieved, while the simulation gives a similar polarization estimate of 94 % and
estimates that a polarization of 98.7 % is achievable if N = 50 [Gri+25]. In Figure 2.4
the dynamics of the spin states during such a spin pumping scheme are shown and
discussed.

2.8. Optimal Control for GeV-Center
We will use optimal control to optimize given experimental procedures by modifying
the shape of the control pulses. After using the rotating wave approximation, the
drive Hamiltonian on each of the electron transitions can be written as

Hd(t) =
Ωe(t)

2 [cosϕ(t)X ⊗ 1 + sinϕ(t)Y ⊗ 1]. (2.46)

We now implement the dCRAB algorithm (compare section 1.8) for the two accessible
control fields Ωe(t) and ϕ(t) to achieve different goals.

2.8.1. Optimizing MW-Pulse for polarizing the nuclear spin
The first goal we want to achieve with optimal control is to successfully polarize the
nuclear spin. The nuclear spin eigenstate depends on the electron state, so we have
to decide along which of the electron states we want to polarize. We decide for the
quantization axis which aligns with the electron spin down ∣↓e⟩ and we can now define
a figure of merit as

FoM = 1 − ⟨v2∣ρ ∣v2⟩ − ⟨v
′
2∣ρ ∣v

′
2⟩ (2.47)

where v2 is the eigenvector of the Hamiltonian corresponding to ∣↓e↑n⟩ and v′2 = (X ⊗
1)v2, which points for the nuclear subspace in the same direction as the eigenvectors
in the ∣↓e⟩-subspace but has a flipped electron spin state. For the optimization we
search in the Fourier basis of functions, set the number of superiterations toNsuper = 10
and evaluate the function up to neval = 1000 times per superiteration and repeat this
process for different pulse durations. The results are discussed in Figure 2.5. The
simulations suggest that we can indeed initialize the nuclear spin with a high average
polarization of 99.9 %. Furthermore, this approach has in contrast to nuclear spin
pumping (section 2.7) the advantage that we do not need to repetitively reinitialize
the electron, which allows not only for more precise but also faster operation.
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Figure 2.4.: Simulated nuclear spin pumping scheme with electron resets. (a) and
(c) show the dynamics of the system if we trace out the other spin for
N(a),(b) = 15+1 andN(c),(d) = 50+1 while in (b) and (d) the dynamics in the
eigenbasis within the ∣↓e⟩ sub-manifold, with vi denoting the eigenvectors
and v′i their electron flipped counterpart (adapted from [Gri+25],
© American Physical Society.)
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Figure 2.5.: Optimization of the nuclear spin state polarization with a single optimized
MW pulse. (a) Resulting polarization infidelity of the nuclear for different
pulse durations, where each point was optimized separately (averaged
over 5000 OU noise realizations). (b) Optimization progress for a fixed
pulse duration (Optimization is done for 100 fixed OU noise realizations).
(c) Resulting driving pulse shapes for one optimized duration. (d)-(e)
Time evolution (d) while tracing out the other spin, (e) populations along
the nuclear quantization axis defined by ∣↓e⟩ during the application of an
optimized pulse. (b) - (e) relate to the pulse with the minimal FoM which
occurred at a duration of 2950 ns (adapted from [Gri+25],
© American Physical Society).
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2.8.2. Optimal Control for phase-accurate CNOT gates
We already saw in section 2.6 that the projective CNOT gates work well if we choose
the drive amplitude accordingly. Here, we want to see if we can even do phase-
accurate operations on the qubits. The controlled NOT operation acts only on the
second qubit if the first qubit is in the ∣1⟩-state. In the computational basis its unitary
takes the form,

CnNOTe =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (2.48)

This is the first time we care about relative phases. Therefore, it is important to
specify in which rotating frame the gates are realized. Since we want to ideally
implement multiple gates, they should all refer to the same frame of reference. We
choose the frame such that it rotates with the mean of the two microwave transitions
ωf = ωe = (MW1 +MW2)/2. We use the Frobenius measure to define the figure of
merit in this case as

FoM = 1
N

N

∑
k=1
[1 − 1

16
∣Tr{U †

k(T )CnNOTe}∣
2
] , (2.49)

where Uk is the unitary resulting from a single noise trajectory. In Figure 2.6 we dis-
cuss the result of the pulse optimizations. The inversion on the nuclear spin however
has the more familiar matrix representation

CeNOTn =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (2.50)

The corresponding results are discussed in Figure 2.7. We note that by using the
internal strong Azx coupling we can use the MW drive to control the nuclear spin,
allowing both for faster and more accurate manipulation as it is possible with the
traditional narrowband RF control.

2.8.3. Optimal Control for phase-accurate SWAP gate
Another important operation in quantum communication is the SWAP gate which
allows swapping states between different qubits, i.e.

SWAP ∣ϕ1⟩ ⊗ ∣ϕ2⟩ = ∣ϕ2⟩ ⊗ ∣ϕ1⟩ . (2.51)
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Figure 2.6.: Optimization process for the CnNOTe gate (a) shows the reached figure of
merit for different gate durations, the best reached fidelity is F = 99.7 %
at a gate duration of 3.7 µs, (b) is the progress of one optimization, (c)
shows the resulting pulse, (d) the populations tracing out the other spin
and (e) the populations in the eigenbasis of the electron.
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Figure 2.7.: Optimization process of a CeNOTn gate (a) shows the reached fig-
ure of merit for different gate durations, the best reached fidelity was
F = 98.82 % at a gate duration of 4.075 µs (b) is the progress of the opti-
mization for the best reached infidelity, (c) shows the resulting pulse, (d)
the populations tracing out the other spin and (e) the populations in the
eigenbasis of the electron.
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This is especially useful for moving quantum information into a subspace where they
are not as strongly affected by the environment, e.g. from the electron to the nu-
clear spin. The previously optimized CNOT gates allow us to implement a SWAP
operation by using three of them in a series. Building a swap gate this way would
result in a fidelity of FSWAP,1 ≈ F (CeNOTn)F (CnNOTe)F (CeNOTn) ≈ 97.3 % with
a duration of TSWAP,1 ≈ 11.775 µs or FSWAP,2 ≈ F (CnNOTe)F (CeNOTn)F (CnNOTe)

≈ 98.2 % with a duration of TSWAP,2 ≈ 11.475 µs (result is obtainend by mutliplying
the respective fidelities). However, if specifically this gate is required in a greater
circuit, we might also implement a version by optimizing it directly. We again use
the Frobenius measure to define the figure of merit in this case as,

FoM = 1
N

N

∑
k=1
[1 − 1

16
∣Tr{U †

k(T )V }∣
2
] (2.52)

where V = SWAP and Uk is the unitary resulting from a single noise trajectory. In
Figure 2.8 we discuss the process of pulse optimization for the coherent SWAP gate.
While the fidelities are slightly worse we can implement the gate much faster. Later
optimizations (compare chapter 3) showed that there was still room for improvement,
by allowing for more oscillations in the regarded intervall, increasing the function
evaluations per superiteration and increasing the number of optimized parameters.

2.8.4. Robust Optimal Control
The optimized gates here are already robust against dephasing noise. However, since
in a real experiment we have to deal also with other uncertainties in the system’s
parameters, we try to incorporate these as well. We estimate uncertainties ∆j in
the four Hamiltonian parameters ωd,B,Azx,Azn (the value for γn is well known in
the literature and γe is strictly known if B is certain, so both do not influence the
fidelities too much). With that we can define the robust FoM as

FoM = 1 − 1
M
∑

j∈{±}4

1
N

N

∑
k=1
[

1
16
∣Tr{U †

k,j(T )V }∣
2
] (2.53)

where Uk,j is the resulting unitary assuming for each Hamiltonian parameter
P = P0 ± ∆j, the number of noise realizations was reduced to N = 8 because the
machine used has 16 × 8 = 128 cores such that the figure of merit can be evaluated
in parallel. In Figure 2.9, we compare the performance of a pulse optimized with
the normal FoM and the robust FoM. We notice that including uncertainties into the
optimization process is a good idea when precise control can be applied.

2.9. Decoupling gates for Germanium Vacancy centers
For the following section, we ignore for a moment the influence of the dephasing and
look at the basic math describing our system. First, we demonstrate how dynamical
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Figure 2.8.: Optimization process of a SWAP gate (a) shows the reached figure of
merit for different gate durations, the best reached fidelity was F = 97.0 %
at a gate duration of 8.275 µs but there is also a much faster and only
slightly worse implementation available with a fidelity of F = 96.5 % at a
gate duration of 4.825 µs (b) is the progress of the optimization for the
best reached infidelity, (c) shows the resulting pulse, (d) the populations
tracing out the other spin and (e) the populations in the eigenbasis of the
electron.
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Figure 2.9.: Robustness check of a SWAP gate which was optimized with different
figures of merit. We compare three different optimization processes The
green lines represent the result were the FoM included an average over
the most relevant parameters of the experiment, the orange line included
an average over the magnetic field fluctuations and the blue one did only
acknowledge the presence of dephasing noise. a) Shows the robustness
against the Azx deviations, (b) against Azz deviations, (c) against mag-
netic field (d) against the amplitude error of the drive and (e) against
the frequency deviation of the drive. We observe that it is in general a
good idea to include robust figures of measure, the only case where it un-
derperforms the normal figure of merit is regarding the drive amplitude,
since it seems to rely on precise execution of the found pulse.
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decoupling can be used to implement a ZX gate. This was already done for other
spin quatum systems [Bar+25; CWP17]. We transform into the interaction frame in
which the Hamiltonian takes the form

H̃(t) = eiωI tIzHe−iωI tIz − ωIIz (2.54)
= AzzSzIz +Azx(cos(ωIt)SzIx − sin(ωIt)SzIy).

We see that the hyperfine interaction terms oscillate with the nuclear Larmor fre-
quency. This suggests that properly timed control pulses can selectively average into
an effective ZX coupling [MG58]. However, if we do not apply control fields, the os-
cillating terms will average out over a full period and therefore implement an effective
ZZ gate. The conditions for implementing such a ZZ/2 gate are

ωI = 2Azz, T =
π

Azz
. (2.55)

The new part here is that we allow the magnetic field to be tuned and thus enabling
the first condition, this unfortunately only works for one nuclear spin. To get a
method for implementing the interacting gate we can use average Hamiltonian theory
[HW68], the Hamiltonian over a pulse interval δj ≤ t ≤ δj+1 is

Havg(δj+1, δj) =
1

δk+1 − δk

δk+1

∫

δk

H(t)dt

= AzzSzIz +
AzxSz

ωt(δj+1 − δj)
(2.56)

[cos(ωIδj+1) − cos(ωIδj)Ix
+ sin(ωIδj+1) − sin(ωIδj)Iy].

Our target is to generate the gate

ZX/2 = ei π
4 σz⊗σx = eiπSzIx , (2.57)

which is achieved by a n-pulse Carr–Purcell–Meiboom–Gill (CPMG) sequence with
pulse locations δj = T j−1/2

n , δ0 = 0, and δn+1 = T . In this case, the toggling-frame
Hamiltonians add up to

T

∫
0

H(t)dt ≈
n

∑
j=0
(−1)jHavg(δj, δj+1). (2.58)

If the magnetic field and therefore the Lamor frequency are tuned such that TωI

n

!
= π

and the number of pulses n is even, this expression simplifies to
T

∫
0

H(t)dt ≈
2
π
AzxTSzIx

!
= πSzIx. (2.59)
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Figure 2.10.: Population dynamics during a dynamical decoupling gate implemented
with n = 8 instantaneous π-pulses. The gate realizes the entangling ZX/2
operation. The purple line shows the unitary fidelity, which reaches
F = 99.87% for only eight pulses, and can be systematically improved
by increasing n.

Thus, the required Larmor frequency and gate duration have to be chosen as

ωI =
2nAzx
π

, T =
π2

2Azx
, (2.60)

showing that the achievable gate speed is in this case limited by the transverse cou-
pling Azx. In practice, however, the usefulness of this approach is restricted by ex-
perimental limitations: high-fidelity DD gates require rapid and precise π-pulses on
the electron spin, which are challenging to realize with available microwave control in
strongly coupled systems [Gri+25; Res+25; Klo+22]. As a result, while conceptually
appealing and useful for weakly coupled systems (there the dynamics are much slower
and thus the MW-π pulses are fast enough) DD-based entangling gates are unlikely
to be the most practical route for strongly coupled group IV systems.

2.10. Double-Quantum-Transition (YY) Gate
Now, we want to focus on the Double-Quantum-Transition (DQT) mechanism, which
couples electron–nuclear spin states through simultaneous spin flips, mediated by the
transverse hyperfine term Azx. We care because they enable direct, noise-robust and
spectrally selective control of two-spin-flip dynamics providing access to entangling
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operations and give deeper inside in the fundamental limitations regarding gate speed.
We will now show how the interaction is providing a resource for entangling gates.
The static Hamiltonian in the electron frame reads

Hstatic = −ωIIz +AzzSzIz +AzxSzIx (2.61)

=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

a b 0 0

b −a 0 0

0 0 c −b

0 0 −b −c

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(2.62)

with
a =

1
4(Azz − 2ωI), b =

1
4Azx, c = −

1
4(Azz + 2ωI). (2.63)

This form is block-diagonal, reflecting the fact that the nuclear spin Hamiltonian
depends on the electron spin state.
For the electron ∣↑e⟩ subspace, the eigenenergies are

E±↑e = ±
√
a2 + b2, (2.64)

with eigenvectors

v
(+)
↑e =

⎛
⎜
⎜
⎝

cos(Θ↑e/2)

sin(Θ↑e/2)

⎞
⎟
⎟
⎠

, v
(−)
↑e =

⎛
⎜
⎜
⎝

sin(Θ↑e/2)

− cos(Θ↑e/2)

⎞
⎟
⎟
⎠

, (2.65)

where tan(Θ↑e/2) =
E+
↑e
−a
b .

For the ∣↓e⟩ subspace, we obtain

E±↓e = ±
√
c2 + b2, (2.66)

with corresponding eigenvectors

v
(+)
↓e =

⎛
⎜
⎝

cos(Θ↓e/2)

sin(Θ↓e/2)

⎞
⎟
⎠

and v
(−)
↓e =

⎛
⎜
⎝

sin(Θ↓e/2)

− cos(Θ↓e/2)

⎞
⎟
⎠

(2.67)

and tan(Θ↓e/2) = (c−E+↓e)/b. Thus, in the joint eigenbasis of the nuclear-spin Hamil-
tonian, the diagonalized static Hamiltonian reads

H̃ = V †HV = diag(E+↑e ,E−↑e ,E+↓e ,E−↓e) (2.68)

where V is the matrix diagonalizing H in the shown way. Thus, the Sx-control is in
this basis given as

V †ΩSxV = Ω[cos(ϑ/2)Sx − 2 sin(ϑ/2)SyIy], (2.69)
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meaning dependent on the drive we are not only driving the normal Sx part but also
introduce, depending on ϑ, entangling operations. This is remarkable because driving
double-quantum transitions is otherwise forbidden in the absence of Azx [Gri+25;
Pat+24]. For large nuclear Larmor frequencies ωI , the effective Rabi frequency of the
DQT channel is approximately

ΩDQT ≈
Azx
ωI

Ω, (2.70)

driving ΩDQTSyIy, where the sign of Ω is chosen accordingly. If ∣ΩDQT∣ is small enough
such that we can drive DQT selectively and not also the single quantum transition
Sx, we can implement the corresponding two-qubit entangling gate

U = exp(iπ4 σy ⊗ σy) (2.71)
which thus can be implemented in a characteristic time

Tg ≈
π

∣ΩDQT∣
. (2.72)

A lower bound on the time required to implement the target operation is given by

T ≥
π

√
A2
zx +A

2
zz

≈ 170 ns, (2.73)

derived using results from [BJG23] and [IG25]. This bound assumes that simultane-
ous control over both the electron and nuclear spins allows the combined hyperfine
interaction to be rotated to the YY direction, thereby achieving an efficient evolution.
In our case, however, we restrict ourselves to limited power microwave control of the
electron spin, as fast nuclear spin manipulation is experimentally unfeasible. For the
investigated GeV center rectangular microwave pulses with Ω = 2π × 11 MHz lead to
gate durations of a few microseconds. This is below the coherence times reachable
in the experimental setting and therefore testable. In Figure 2.11 this behavior is
shown. The fidelity of a DQT gate increases with increasing nuclear Larmor fre-
quency, consistent with the scaling expected by Equation (2.70) and Equation (2.72).
The corresponding dynamics for a Larmor frequency of ωI = 10 MHz and a gate du-
ration of T = 1.9 µs is displayed in Figure 2.12. The figure shows coherent oscillations
between ∣↑e↑n⟩ and ∣↓e↓⟩n which are driven by the DQT. We see fast oscillations in
both the populations and in the Fidelity, likely stemming from the Larmor frequency,
and a slower modulation with a frequency of approximately 1 MHz. Furthermore, we
also did an optimization of the DQT YY-gate. First, we modulated the envelope of
the applied pulses by a Gaussian raise time of 100 ns to ensure that the pulse starts
and ends at zero amplitude, second, we limited both Ω and ωI to 15 MHz, and pre-
optimized these two values for a flat-top pulse. Afterward, we optimized this initial
guess envelope with dCRAB, for reaching better fidelities. The Larmor frequency
ωI was also included in the optimization process, since it is important to time the
respective peak of the fidelity. The results are depicted in Figure 2.13. We see that
we can significantly improve the reached fidelity to F = 99.85%, while at the same
time gaining insight in what is limiting the speed in which we can implement the
gate. This is what we will investigate in more detail in the next section.
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Figure 2.11.: Shown is the performance of the double-quantum transition (DQT) gate
as a function of the nuclear Larmor frequency ωI . In the top panel,
the maximum gate fidelity reached with rectangular microwave pulses
with a Rabi frequency of Ω = 2π × 11 MHz is shown. Thereby, the
gate duration is varied between 0 and 4 µs. In the bottom panel, the
corresponding gate times at which the highest fidelity was achieved is
shown. The dashed orange line represents the characteristic time from
Equation (2.72) showing good agreement with the observed scaling.
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Figure 2.12.: Time evolution of a two-qubit system under DQT driving, shown in the
rotating frame of the electron spin after applying the RWA. The con-
trol field is of the form Ω(t) = Ω0 cos(ωIt) cos(ωet), leading to coherent
population oscillations between ∣↑e↑n⟩ and ∣↓e↓n⟩ mediated by the Azx
coupling.

2.11. Speed-Limits
Finding the limitations in operating quantum systems has been and still is an in-
teresting field of research, since it covers the fundamental rules of how our universe
works, a good overview over the topic is given in [DC17], where quatum speed-limits
and relativistic information flow touch. Coming back to our system if we assume that
arbitrary strong drive fields are available, we can discuss how the interaction strength
still limits the time we need to implement a desired non-local operation. A speed
limit for an arbitrary state-transfer with constant Hamiltonian is given by a result
from Giovannetti, Lloyd, and Maccone [GLM03a; GLM03b; GLM04]

τQSL =max(Θ(ρ0, ρτ)

∆H ,
2

π ⟨H⟩
Θ2(ρ0, ρτ)) . (2.74)

Here, Θ is the Bures angle [Kak48; Bur69].

Θ(ρ0, ρτ) = arccos(
√
F (ρ0, ρτ)) (2.75)

pure states
= arccos(∣⟨ψ0∣ψτ ⟩∣) (2.76)

and ∆H is the variance of the Hamilton operator, and ⟨H⟩ is its expectation value.
Under the assumption of infinitely fast single qubit operations we can implement the
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Figure 2.13.: Optimization of a YY/2 gate with the optimal control method. The
top plot shows the resulting optimal control pulses which were band-
with limited to Ωmax = 15 MHz, the start was a DQT gate with smooth
envelope and a pure X-drive. The lower plot shows the population of
the two-qubit system, as well as the fidelity during the pulse. It peaks
at 99.85% at the end of the evolution.

55



2. Optimal Microwave Control of a Multi-Qubit Germanium-Vacancy Node

CNOT, iSWAP and SWAP operations in:

τCNOT =
π

√
A2
zx +A

2
zz

(2.77)

τ iSWAP = 2 π
√
A2
zx +A

2
zz

(2.78)

τSWAP = 3 π
√
A2
zx +A

2
zz

(2.79)

we note that for iSWAP this is the speed limit calculated in [BJG23]. We can visu-
alize this behavior by looking at the dynamics modulo single qubit rotations, i.e. in
the Weyl representation introduced in section 1.7. Therefore, we take the undriven
Hamiltonian and calculate the resulting unitary evolution U(t). For each unitary we
then calculate the Weyl coordinates via the algorithm introduced in section 1.7. We
notice that the result is a sawtooth like oscillation in c1, where its value is building
up till a CNOT equivalent gate is reached and afterward drops again with the same
speed. At the first peak, the resulting native unitary is very close to a controlled,
phase shifted Z gate (CiZ). If we now want to implement another gate in the Weyl
chamber we have to apply corresponding local-rotations such that after reaching the
peak, c2 can be increased. If we wait till c2 ≈ c1 ≈ π/2 we have implemented a iSWAP
equivalent, now we again have to perform single qubit rotations, to move the entan-
gling power of the interaction to the third Weyl coordinate c3. After again waiting for
a time τCNOT we have implemented a SWAP equivalent. This can be accomplished
by implementing three CNOTs with single-qubit rotations

SWAP = CeNOTnCnNOTeCeNOTn, (2.80)

where

CeNOTn = (S
† ⊗H)(CiZ)(1⊗H) (2.81)

CnNOTe = ((HS
†) ⊗ 1)(CiZ)(H ⊗ 1). (2.82)

We notice that this strategy not only implements a very fast SWAP operation but
also should give reasonable fidelities, furthermore since fast single-qubit rotations are
required we suggest this method to be used in weakly coupled systems, because there
fast single qubit operations are easier to implement.

2.12. Conclusion and Outlook
In this chapter, we showed that optimal control can be used to implement arbitrary
gate operations with reasonably high fidelity, in a robust manner. We find that instead
of relying on gate decomposition as it is done in earlier works, it is often advantageous,
i.e. shorter gate time and potential gain in fidelity, to directly optimize the gate which
is needed in an algorithm. This observation is consistent with recent trends in the
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Figure 2.14.: Shown is the evolution of the Weyl coordinates without any drive. At
the position of the dashed vertical lines τCNOT
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qsl we applied

accordingly chosen, instantaneous single-qubit rotations.

quantum computing literature. Additionally, we showed that if all other control con-
straints are saturated, the limitation of gate times for nonlocal gates is ultimately set
by the strength of the interaction. Physically, the shown gate-time bounds reflect the
fact that entangling operations require exchange via the interaction terms. In a weak
coupling system this exchange becomes very slow compared to local dynamics and
therefore waiting strategies combined with fast local operations become preferable.
While this is intuitively clear, we also derived exact formulas for the speed limit of the
most important two-qubit gates. Summarizing, we learned three important insights:
strongly coupled systems are a useful resource for realizing high-fidelity gates. The
Larmor frequency and maybe potentially other system parameters should be included
in the optimization process, or at least it is a resource to look at. If the system is
weakly coupled instead, waiting, combined with fast local operations, might be the
best way to implement two-qubit operations.

Building on these results, several avenues for future research emerge to further en-
hance the capabilities of these systems. One immediate direction involves extending
the current methods to address and control multiple 13C nuclear spins. See [Gun+25]
where two more 13C spins were found in the discussed setup. This opens the possi-
bility to implement a small quantum register, and thereby enable advanced protocols
such as entanglement purification in quantum networks. Furthermore, a photon-
nuclear entanglement (PHONE) gate was already demonstrated and used in [Sta+22;
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Kna+24]. Larger quantum networks heavily rely on these gates because they enable
the possibility of generating entanglement between distant nodes. Together, these
improvements can lead to the future realization of a reliable quantum network on a
large scale [Kna+24].
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3. Noise dependent optimization of
few qubit systems

3.1. Motivation
Many quantum devices are solid-state devices, including superconducting quantum
chips, quantum dots and vacancy centers in diamond. All of them suffer from slow
and correlated noise originating from the coupling to the environment. These noise
sources disturb the computational operations and effectively limit the number of com-
putations which can be applied until the information about the gate or the current
state of the device is unrecoverable [Reb+09]. Over the last decades, numerous tech-
niques and protocols have been invented to accommodate this type of problem. This
includes pulsed protocols such as dynamical decoupling, NMR inspired techniques
such as composite pulses and last but not least quantum optimal control in a variety
of new algorithms such as GOAT [Mac+15; Mac+18], GRAPE [Kha+05; Sch+05]
and dCRAB [Rac+15; Mül+22]. While the community got a better understanding of
quantum speed limits and the controllability of quantum systems, there are still open
questions such as how can we effectively detect and circumvent the slow, intermedi-
ately slow and fast noise, all at the same time. The following chapter is organized as
follows, first we shortly discuss a few existing techniques and show their implementa-
tion. Afterward, we discuss the application of optimizing single qubit gates under the
effect of different noisy environments, show how this technique can be used to opti-
mize a gate for an experimental demonstration in a Germanium vacancy center and
round of with the demonstration of optimizing random state transfers in a n-qubit
Ising chain.

3.2. Compensation for Off-Resonance with a Pulse
Sequence (CORPSE)

The CORPSE family of composite pulses [CLJ03] mitigates first-order off-resonance
errors by expanding the single-qubit dynamics in the presence of a constant but un-
known detuning and canceling the leading-order contributions. In contrast, composite-
pulse schemes such as BB1 target systematic pulse amplitude errors. In the following
we show the detailed implementation of CORPSE: For a general controlled Hamilto-
nian with detuning ∆

H(t) = Ωx(t)X +Ωy(t)Y +∆Z (3.1)

59



3. Noise dependent optimization of few qubit systems

the target rotation U(Θ,Φ) = exp(−iΘ
2 [cos(Φ)X + sin(Φ)Y ]) is split into three dis-

tinct pulses with equal duration T /3:

U(Θ,Φ) = U(Θ3,Φ3)U(Θ2,Φ2)U(Θ1,Φ1). (3.2)

Where the parameters are chosen as:

Θ1 =
θ

2 − κ + 2ν1π (3.3)

Θ2 = 2ν2π − 2κ (3.4)

Θ3 =
θ

2 − κ + 2ν3π (3.5)

Φ1 = ϕ (3.6)
Φ2 = ϕ + π (3.7)
Φ3 = ϕ (3.8)

κ = arcsin(sin(Θ/2)
2 ) . (3.9)

such that the control takes the form

Ωk(t) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

Ω(1)k , 0 ≤ t ≤ T
3 ,

Ω(2)k , T
3 < t ≤

2T
3 ,

Ω(3)k , 2T
3 < t ≤ T, k ∈ {x, y}

(3.10)

with Ω(j)x = 3Θj

2T cos(Φj) and Ω(j)y = 3Θj

2T sin(Φj). For short-CORPSE we choose ν1 =

0, ν2 = 1, ν3 = 0 [KKK22]. A very nice introduction to the technique and some con-
structional details can be found in [AJ07]. We use this as a reference point for our
optimization strategy, since the so constructed sequence is robust against detuning er-
ror ∆ which is constant in time for a single realization, but randomly chosen between
distinct realizations.

3.3. Gate optimization for a single qubit
We assume to have a single qubit under pure dephasing noise, its dynamics for a
single noise realization is described by the Hamiltonian

H = βk(t)Z +Ωx(t)X +Ωy(t)Y, (3.11)

where βk(t) is the k-th realization of a random process and Ωk, k ∈ {x, y} are the
respective control functions. The time evolution Uk for a specific noise realization
βk(t) is found by solving the Schrödinger equation for unitaries and average over the
super operators induced by Uk, such that the implemented channel is given as

SE =
1
N

N

∑
k=1

U∗k ⊗Uk. (3.12)
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3.4. Random N-qubit state transfer

The goal is to find control functions Ωk, k ∈ x, y such that on average we get as close as
possible to a target operator SF which is usually the superoperator originating from
a specific unitary SF = U∗target⊗Utarget. The closeness is measured by the average gate
fidelity, which can be written as

F =
R(TrS†

ESF) + d

d(d + 1) , (3.13)

where d is the dimension of the underlying Hilbert space. We do the optimization
for two different gates, namely the identity operation, such that the qubit state is
protected from the influence of the semi-classical noise source, and a NOT operation
(X gate). The optimization is performed using the dCRAB algorithm with automatic
differentiation and using the gradient descent L-BFGS algorithm. Further details are
provided in section 1.8. For the optimization, we use two different strategies, the first
is to implement the noise traces from an Ornstein-Uhlenbeck process. This involves
generating many random numbers and also needs a high number of realizations until
the found channel converges to a stable operator. The second strategy is to work with
constant but distributed noise, this has the advantage that less random numbers are
needed and therefore less quantum trajectories have to be simulated. In Figure 3.1 and
Figure 3.2 we show and discuss the parameters and details of the optimization, once
the noise power, i.e. the prefactor in the power spectrum (σ2

2κ) is kept constant (see
Figure 3.1) and once where the decay function of the undriven Ornstein-Uhlenbeck
process is constant (see Figure 3.2).

In these figures we compared four different optimization strategies for realizing the
identity gate and the Pauli X gate. These are: the naive strategy where we just use
a constant pulse to implement the gates, CORPSE, an optimization with constant
noise and an optimization with OU noise. In the figures, we evaluate the performance
of the so gained pulses against OU noise, constant noise (labeled const OU noise)
and random telegraph noise (RTN). We see that in almost all cases the optimized
pulses outperform CORPSE and the simple strategy. Interestingly, the pulses which
were optimized with random constant noise seem to perform similarly to the ones
optimized with the full noise knowledge. The full OU optimization seems to only
have an edge for a small regime of very fast noise. In the concluding sections, we
want to investigate this further.

3.4. Random N-qubit state transfer
Another task for finding pulses is to implement state transfers efficiently. This is
needed for state preparation and allows us to study larger systems. We start with the
example of a N qubit Ising chain Hamiltonian which takes the form

H = Ωx(t)
N

∑
i=1
Xi +Ωy(t)

N

∑
i=1
Yi +

N

∑
i=1
(∆i + βk(t))Zi +

N−1
∑
i=1

ZiZi+1 (3.14)
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Figure 3.1.: Comparison of different strategies for realizing an identity operation (left)
and an X gate (right) under the influence of different noisy environments.
The green curves show the reached infidelities for the intuitive solutions
(For Id: Ω1 = Ω2 = 0, X ∶ Ω1 =

π
2T ,Ω2 = 0), the red lines show the result for

the CORPSE technique, the blue (orange) curves were found by using
dCRAB with automatic differentiation under averaging N = 5000 OU
(N = 100 constant) evolutions on an A100 GPU. The noise was designed
such that the ratio σ2

2κ = 0.1 was kept constant, and the 100 constant
noise traces were sampled from a normal distribution ∼ N(0, σ2

2κ). For
evaluating the RTN noise, the parameters were chosen such that the
spectra of the OU-process and the RTN noise coincided. We see that it
is most of the time sufficient to optimize with constant noise realizations,
since this is enough to integrate a robustness. The parameters for this plot
were Tgate = 10,dt = 0.01, ∣ΩX,Y

max∣ = 200 and for the optimization Nsuper = 10
and Nbasis = 5 sigmoid basis functions per super iteration.
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Figure 3.2.: Same as in 3.1 but the condition for the noise amplitude σ was
both during the optimization and the evaluation chosen such that the
free decay after the gate time without drive was constant, meaning
2σ2

κ3 (e−κTgate + κTgate − 1) = 1. This did lower the average noise strength
but did not change the observation, that optimizing with constant noise
does not perform much worse than optimizing with the full OU process.
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where Ωx(t) and Ωy(t) are the control functions, ∆i is the frequency of the i-th qubit
and βk(t) is a random dephasing field acting globally on every qubit in the same way,
this could for example origin from some globally fluctuating magnetic field.
The goal is to optimize a random state transfer where both the initial state and the
final state are chosen uniformly out of all possible n qubit states. To measure the
success of the optimization, we define the following figure of merit which directly
corresponds to the infidelity between the reached state ρ = 1

N ∑k ∣ψk⟩⟨ψk∣ and the
target state ρtarget = ∣ψtarget⟩⟨ψtarget∣:

FoM = 1 −Re{Tr{ρρtarget}}. (3.15)

From this we use the strategy of optimizing the figure of merit with constant noise
and evaluate the resulting pulses against many realizations of the Ornstein-Uhlenbeck
process for different correlation times. The results are shown in Figure 3.3. We
notice two main things: while the controls were optimized just at the red dot, the
resulting pulses are robust also for other correlation rates. Second, we notice that
the performance when replacing the constant noise with OU noise does not suffer
significantly, indicating again that for finding a good pulse the exact structure of the
noise is not important.

3.5. Application: Germanium vacancy center
We redid the optimization of the SWAP gate to show two things, first in section 2.8
we did not go to the limits of the optimization problem because of time constraints
and second we wanted to show that optimization with constant noise works equally
well. We increased the number of allowed oscillations during the gate time from n = 10
to n = 40, doubled the number of basis vectors per superiteration and increased the
number of function evaluations per superiteration from Neval = 1000 to Neval = 5000.
The results are depicted in Figure 3.4.

We observe, that the reached fidelity indeed increased from F ≈ 97% to, F ≈ 99.90%
just by the changes made in the optimization process and improved this to F ≈ 99.95%
with constant noise optimization. Overall, the optimization with constant noise works
comparably well to that of the optimization with the full OU process, which again
confirms our main statement that the exact structure of the noise is often not needed
for building robust gate implementations.

3.6. Conclusion
In this chapter we have shown, in agreement to previous works, that optimal control
offers little to no advantage against fast fluctuating noise, and is very effective against
quasi-static, slow noise. From the physics perspective, this can be understood in the
following way: noise which is fast compared to the control averages out, and the in-
formation contained in the system is reduced. However, if the noise is slow it can be
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Figure 3.3.: Shown is the average performance (averaged over m = 10 random state
transfers) of an optimized pulse compared in different noisy environments.
In (a) the noise strength is set to σ = 0.1 and the correlation rate κ is
varied. The red dot indicates the noise level at which the pulses were
optimized. Each optimization stopped if the reached infidelity dropped
below 1 − F = 1 × 10−3. (b) shows the average performance of the pulses,
while in this case the noise amplitude was chosen such that the decay
after the gate time was kept constant, i.e. σ =

√
κ3

2(exp(−κTgate)+κTgate−1) .
(c) shows the performance of the pulses while the noise ratio σ2

2κ is kept
constant, i.e. σ =

√
0.2κ. We notice two things first optimizing at a

single constant noise point, gives robust pulses over a wide range of noise
parameters, second the exact structure of the noise does not matter much,
but it is enough to optimize over an average of constant detunings for
design of robust pulses.
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Figure 3.4.: Optimization process of a SWAP gate (a) shows the reached figure of
merit for different gate durations, evaluated with 5000 independent OU
realizations, ones optimized with OU noise and once with constant noise,
the best reached fidelity was F = 99.95 % at a gate duration of 5.575 µs
reached with the pulse which came from the constant noise optimization.
(b) is the progress of the optimization for the best reached infidelity (for
the constant noise), (c) shows the resulting pulse, (d) the populations
tracing out the other spin and (e) the populations in the eigenbasis of the
electron.
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interpreted as an effective parameter shift, which can be corrected or accounted for.
Additionally, we have shown that between the two extreme cases of very fast and very
slow or even constant noise, there is not much room for optimal control to leverage
the structure of the underlying noise correlations. While this is mostly a new but
negative result for using optimal control in the intermediate noise regime, it at least
gives a clear instruction plan on choosing the suitable control strategy dependent on
the noise correlation timescale.

As a positive result, at least from a numerical perspective, we found out that while the
exact structure of noise is physically eventually interesting, the full knowledge is not
needed for reducing its impact. Indeed, for the intermediate correlation time regime,
the shown examples suggest making the found solution robust by incorporating con-
stant shifts into the optimization process. Summarizing, we found that against fast
noise we can essentially do nothing but being faster or use error mitigation [Cai+23],
for slow noise we can incorporate techniques such as CORPSE or dynamical decou-
pling and for the intermediate regime we propose robust pulse optimization by adding
multiple, constant parameter shifts.

Overall, the found results imply that future work should focus less on exploiting tem-
poral noise structure, but instead on choosing the control strategy accordingly to the
noise timescale. Another interesting research direction would be to focus on deriving
analytic performance limitations considering interaction strength, noise correlation
timescale and noise strength.
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4. Superconducting qubit/Nanowire

4.1. Motivation
Superconducting qubits are a leading platform for quantum computing due to their
excellent coherence and controllability properties [Kja+20; Kra+19; Sid21]. Recent
research has made significant progress in developing bigger and more reliable super-
conducting quantum circuits [NKa24; Abu25]. One of the interesting platforms are
qubits based on superconducting nanowires because they may include Majorana zero
modes, which Microsoft recently claimed to use for their scalable quantum computing
chip [Agh+25; Aas+25]. These are theoretical quasi-particles, which might provide
robustness against local decoherence due to topological protection, making them a
candidate for fault-tolerant quantum computing. This chapter should provide an in-
troduction to key concepts and models necessary for characterizing these kinds of
quantum circuits. It is structured in the following way, first we derive and discuss the
model of a Cooper-Pair-Box, including noise simulation. Afterward, we characterize
the experiment and choose the model parameters such that we can reproduce the
experimental data. Next, we show how the system can be operated, do gate opti-
mizations for single qubit gates and discuss different strategies to detect the parity
state of the system.

4.2. Experimental Setup
The experimental setup is in detailed explained in Figure 1 and Appendix A of
[Kra+24]. Here, we just give a short summary of what is published there. The
system consists of a 3D transmon embedded in a copper cavity, with dispersive read-
out and gate biasing to enable charge dispersion measurements. The transmon is
realized as a SQUID with asymmetric Al/AlOx/Al tunnel junctions, leading to dif-
ferent superconducting gaps across the junction. A vector magnet provides both flux
bias and in-plane magnetic field control, enabling exploration of parity switching un-
der magnetic fields of up to B = 0.41 T. To probe single-quasiparticle tunneling events
(parity changes), Ramsey-type pulse sequences are employed on charge-sensitive tran-
sitions, from which parity lifetimes are extracted. The measured lifetimes show a
non-monotonic dependence on the in-plane field, with a maximum around B = 0.2 T,
consistent with competing quasiparticle tunneling and photon-assisted pair-breaking
mechanisms. Additional temperature-dependent measurements reveal a cascade-like
reduction of parity lifetime beginning already near 50 mK [Kra+24].
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4.3. General derivation of a model for
superconducting qubits

To provide some intuition about superconducting circuits, we start with an introduc-
tory derivation of the energy relations for several relevant circuits, thereby arriving at
a model that describes our experiment. The section follows the corresponding chapter
in [Kra+19].

4.3.1. Harmonic Oscillator
The simplest electronic system is an LC-circuit, which contains only a capacity C and
an inductance L as components. We can calculate the energy of each component EC ,
EL by integrating the power of each component over time.

EL/C(t) =

t

∫
−∞

dt′V L/C(t′)IL/C(t′). (4.1)

where V L/C(t′) and IL/C(t′) “denote the voltage and current of the capacitor or
inductor” [Kra+19, p.3]. We introduce our generalized coordinate flux via

ΦL/C(t) =

t

∫
−∞

V L/C(t′)dt′. (4.2)

Now, we define V L/C = LdIL/C

dt and IL/C = C dV L/C

dt . With these we can write the
potential and kinetic energy of the system as

TC =
1
2CΦ̇2 (4.3)

VL =
1

2LΦ2. (4.4)

The Lagrangian of the system can now be calculated as

L = TC − VL (4.5)

=
1
2CΦ̇2 −

1
2LΦ2. (4.6)

We define the charge Q as the conjugate variable of the flux:

Q =
∂L

∂Φ̇
(4.7)

= CΦ̇. (4.8)

Therefore, the Hamiltonian of our LC-circuit can now be written as

H = QΦ̇ − L = 1
2CQ

2 +
1

2LΦ2. (4.9)
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If we introduce the reduced flux ϕ = 2π Φ
Φ0

and the reduced charge n = Q
2e we can

rewrite this Hamiltonian as

H = 4ECn2 +
1
2ELϕ

2, (4.10)

“where EC = e2/(2C) is the charging energy required to add each electron of the
Cooper-pair to the island and EL =

Φ2
0

4π2L is the inductive energy, where Φ0 = h/2e is
the superconducting magnetic flux quantum” [Kra+19, p.4].
Reformulating this in second quantization with ωr =

√
8ELEC/h̵ the Hamiltonian

takes the well known form of a harmonic oscillator

H = h̵ωr(a
†a +

1
2) (4.11)

where we used the definitions

n = i[EL/(32EC)]
1
4 (a − a†) (4.12)

ϕ = [2EC/EL]
1
4 (a + a†). (4.13)

or equivalently

a = 4

√
EL

32EC
Φ − i 4

√
2EC
EL

n. (4.14)

This first simple model contains already quantum levels and introduces creation and
annihilation operators to switch between them. However, the levels are all separated
by the same energy Er = h̵ωr and can therefore not be addressed individually, disabling
the possibility of implementing individual quantum bits.

4.3.2. Josephson circuit
To solve the problem of individual addressability of the energy levels in the harmonic
oscillator, we have to introduce some non-linear component into our circuit. One way
of doing this is to replace the linear inductance of the quantum harmonic oscillator
by a Josephson junction. Such a component is described by the Josephson relations

I = IC sin(ϕ) (4.15)

V =
h̵

2e
dϕ
dt . (4.16)

We can use Equation (4.1) to see that the energy of the replaced inductor EJ is now
given through,

EJ(t) =

t

∫
−∞

V (t′)I(t′)dt′ (4.17)
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=

t

∫
−∞

Ich̵

2e sin(ϕ(t′))ϕ̇(t′)dt′ (4.18)

= −
Ich̵

2e cos(ϕ). (4.19)

Therefore the Hamiltonian of the Cooper-Pair-Box takes the form

H = 4ECn2 −EJ cos(ϕ) (4.20)

where EC = e2/2(Cs +CJ) and EJ = IcΦ0/2π.

By tuning EJ and EC we can differentiate between different regimes with different
properties. We will now go through these possible choices and discuss the properties
of the different designs.

4.3.3. Transmon
Choosing Cs ≫ CJ is resulting in an energy regime EJ ≫ EC (typically EJ/EC ≈ 10),
which makes the circuit less sensitive to charge noise, because the circuit behaves in
this regime much more like an inductive element and not like a capacity. This design
is called transmon qubit or just transmon and had tremendous success in the field of
quantum computation because it effectively suppresses flux noise [Koc+07].

To understand this design a bit better, we rewrite the Hamiltonian in terms of creation
and annihilation operators

ϕ̂ =
√
η(â† + â) (4.21)

n̂ =
i

2√η (â
† − â) (4.22)

where η =
√

2EC/EJ is a dimensionless smallness parameter of the perturbation
Ansatz for the harmonic oscillator. Since we will most likely not excite any state
higher than the 3rd energy level, we can assume that the operators are bounded
through

∥a∥ ≤
√

3 (4.23)
∥a†∥ ≤

√
3. (4.24)

With this bound we perform a Taylor expansion of the cosine from Equation (4.20)
up to the fourth order (this is valid because EJ ≫ EC ) and get

H ≈ ωqa
†a +

α

2 a
†a†aa. (4.25)

Where ωq = (
√

8EJEC − EC)/h̵ is the qubit frequency and α = −EC is called its
anharmonicity.
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4.3. General derivation of a model for superconducting qubits

A more detailed description of this calculation and other models can be found in
[Jon+21]. To give a reason that you have to be cautious with such approximations
we will now show how many orders we have to include for sufficient convergence, if
we assume to guess the qubit frequency with a precision of at least ∆fmax = 1 MHz.
This means that we have to (dependent on the ratio EC/EJ) include many different
orders. The error we make by expanding the cosine to 2k-th order is given as

R2k+2(ϕ) = ∣T2k cos(ϕ,0) − cos(ϕ)∣ (4.26)

≤
∣ϕ∣

2k+2

(2k + 2)! (4.27)

=
(2
√

3η)2k+2

(2k + 2)!
!
≤ ωmaxh̵/EJ , (4.28)

where R2k+2 denotes the error of the 2k-th Taylor expansion T2k. For example, if our
ratio is η = 10 and EJ ≈ 1 × 10−22 J we would have to include at least

2
√

302k+2

(2k + 2)! ≤ 6.7 × 10−6 (4.29)

⇒ k ≈ 18 (4.30)

terms in our calculation demonstrating that one should either consider a higher
EJ/EC-ratio or use different ways of computing the energies. While transmons are
in general more insensitive to charge noise, it comes at the cost of decreased anhar-
monicity leading to longer gates and more leakage into unwanted levels. However,
there exist techniques like optimal control to counteract these disadvantages.

4.3.4. Charge qubit
A charge qubit operates in the regime EC ≫ EJ . If the ratio is large enough, we can
completely neglect the Josephson energy, which leads to a trapping of the Cooper
pairs on the superconducting island. The Hamiltonian then takes the form

Hcq ≈ EC(n − ng)
2
. (4.31)

Using again the ladder operator representation this can be rewritten as

Hcq ≈ −
1
2
(ϵ(aa† − a†a) +∆(a + a†)) (4.32)

= −
1
2
(ϵ1 +∆(a + a†)) (4.33)

with ϵ = −2
√
EJEC/8 and ∆ = −ing

√
8EJEC . Instead, projecting the full Cooper-

Pair-Box Hamiltonian onto the two charge states ∣0⟩ , ∣1⟩ leads to the very simple, but
also very well known expression

Hcq ≈ −
1
2(ϵσz +∆σx) (4.34)
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where ϵ = EC(1 − 2ng) and ∆ = EJ , showing again how careful we have to be if a
harmonic approximation is justified.

However, even though this seems to be an easily controllable system, the leading
energy contribution EC is highly affected by charge noise which is hard to circum-
vent because it is present in all electric devices and therefore is in terms of coherence
outperformed by transmon designs. Instead, the system can be used as a great quasi
particle detection tool.

4.3.5. Quantronium
There have been made many attempts to improve the transmon design in coherence.
One approach was to combine multiple junctions. For example, the quantronium
design included two small junctions in a loop with a larger junction. Its Hamiltonian
is given as [Sid+06]

Hqtr = 4EC(n̂ −
1
2 +

CgU(t)

2e ) −EJ cos( δ̂2) cos(Θ̂), (4.35)

where δ̂ and Θ̂ are the generalized positions. The so gained increase in parameters
can be tuned such that if the device is operated at its sweet spot it is both first-
order insensitive to charge and flux fluctuations, leading to an increased coherence.
However, the design complexity (three instead of one junction) and the sensitivity
apart from the sweet spot made it less attractive in terms of scalability.

4.3.6. Cooper-Pair-Box (CPB)
The design of the intermediate regime EJ ≈ EC is often referred to as Cooper-Pair-Box
qubits. This design is also sensitive to charge noise, which leads to strong dephasing
and therefore short T ∗2 times, indicating that transmons perform way better regarding
stability and gate fidelity [NPT99; Ith+05; Pal+14].
However, the increased charge sensitivity can also be advantageous for charge sensing
and for studying quasi particle effects [Aum+04]. In the subsequent sections, we will
use this model (with a few modifications) to describe an experiment which tries to
detect the parity state of a nanowire system at the University of Cologne.

Analytic expression for the energy states

Because we cannot use any harmonic approximations because of the EJ/EC ratio, we
have to find different ways of calculating the systems energies. We start again with
the CPB Hamiltonian Equation (4.20) which has the form

HCPB = 4EC(n̂ − ng)2 +EJ cos(φ̂). (4.36)
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With [φ̂, n̂] = i, the phase representation leads to the differential equation

[4EC (−
∂2

∂φ2 + 2ing
∂

∂φ
+ n2

g) −EJ cos(φ)]ψ(φ) = Eψ(φ). (4.37)

The static Schrödinger equation is solvable analytically in terms of Mathieu functions
in the following way. First we make the Ansatz

ψ̃(φ) = e−iφngψ(φ). (4.38)

Then we have
∂

∂φ
ψ̃ = −inge−ingφψ(φ) + e−ingφ

∂

∂φ
ψ(φ) (4.39)

and therefore
∂2

∂φ2 ψ̃ = e−ingφ[
∂2

∂φ2 − 2ing
∂

∂φ
− n2

g]ψ(φ). (4.40)

If we put this back in our differential equation and multiply it with e−ingφ from the
left we get

[−4EC
∂2

∂φ2 −EJ cos(φ)]ψ̃(φ) = Eψ̃(φ). (4.41)

This is a known differential equation and the eigenenergies are given by Mathieu
functions

En = ECMA(µn,−
EJ

2EC
) (4.42)

and the wave functions can be expressed as [Did+18]

ψ̃n(φ) =
1
√

2π
[MC(

En
EC

,−
EJ

2EC
,
φ

2 ) − i2n+1MS(
En
EC

,−
EJ

2EC
,
φ

2 )] . (4.43)

where “MA is the Mathieu characteristic value, MC is the even Mathieu function,
MS is the odd Mathieu function, and µn = (−1)n+1n+ [ng mod 2] the indexes for the
eigenenergies” [Did+18, p.2].

Numeric approximation

Instead of solving the eigenvalue problem analytically, we can also use a numeric
method. This is especially needed because the Mathieu functions are not easy to
evaluate, and they depend heavily on the boundary conditions. Therefore, we move
to the so-called charge basis, where we count the number of charges on the island in
terms of cooper-pairs. The charge operator is defined in this representation as

n̂ ∣N⟩ = N ∣N⟩ (4.44)
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⇒ n̂ =
∞
∑

N=−∞
N ∣N⟩⟨N ∣ . (4.45)

Because ϕ̂ and n̂ are conjugated variables, they obey the commutation relation [ϕ̂, n̂] =
−i. Which we can use to see that eiϕ̂n̂e−iϕ̂ = N + 1. This is useful because we can now
find the expression

n̂e−iϕ̂ ∣N⟩ = e−iϕ̂eiϕ̂n̂e−iϕ̂ ∣N⟩ (4.46)
= (N + 1)e−iϕ̂ ∣N⟩ (4.47)

⇒ e−iϕ ∣N⟩ = ∣N + 1⟩ . (4.48)

This allows us to reformulate the cosine of the phase operator in the charge basis, as

EJ cos(ϕ) = −EJ2
∞
∑

N=−∞
(∣N⟩ ⟨N + 1∣ + ∣N + 1⟩ ⟨N ∣) . (4.49)

We can then truncate this representation and diagonalize the resulting Hamiltonian.
The eigenenergies are now given by the eigenvalues of the resulting matrix, and the
populations in the energy basis can be calculated by projections to the respective
eigenspace. This approach yields good agreement with existing theory and gives con-
vergence within N = 20 included symmetrical levels. However, recent developments
showed that there are small discrepancies in the level splitting and one might include
higher orders of charge tunnelling. The adjusted Hamiltonian in this case takes then
the form

Ĥ = 4EC(n̂ − ng)2 +
∞
∑
k=1

EJ,k cos(kϕ̂). (4.50)

where EJ,k is the k-th Josephson energy, which has alternating sign. Nevertheless, it
is often sufficient, to just include one or two orders. In the charge basis, this can then
be written as

Ĥ =
∞
∑

N=−∞
N ∣N⟩⟨N ∣ −

∞
∑
k=0

EJ,k
2

∞
∑

N=−∞
(∣N⟩ ⟨N + k∣ + ∣N + k⟩ ⟨N ∣) . (4.51)

4.4. Specifics of the Cooper-Pair-Box setup

4.4.1. Dispersion relation and driving the system
First, we look at how the EC/EJ ratio affects the system’s energy levels. In figure
Figure 4.1, we vary the EJ/EC-ratio and the plot the four lowest energy eigenlevels
dependent on ng. We can also measure the qubits frequencies in the experiment to
gain insight to the existent EJ/EC-ratio.
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Figure 4.1.: Shown is the dispersion relation of the Cooper-pairbox with only the four
lowest Josephson-energy considered for different EJ/EC-ratios. The top
left plot corresponds to a Cooper-Pair-Box setup, the upper right plot
shows some intermediate regime and the lower row is in the transmon
regime. While the transmon is clearly insensitive to charge fluctuations
in ng, the price paid is loosing anharmonicity and interesting dynamics.
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4.4.2. Dynamics
In reality, there are noise sources disturbing our ideal system. In order to simulate
this behavior, we have to adjust our model in such a way that it can reproduce data
from a real world experiment. In this chapter, we will introduce methods of simulating
(quantum) noise. The first method averages over certain noise realizations, which will
be either implemented by approximating a given spectrum by two level fluctuators
(with a Lorentzian spectrum) or generate a time series directly from a spectrum by
using inverse Fourier transformation with random phases.

Another method of introducing (Markovian) noise is to do a Lindblad evolution. We
will here do a combination of those two with the benefit of still being able to model
non-Markovian dynamics and at the same time let some experimental insights like
T1, T ∗2 influence the system, but have the drawback of computationally costly time
evolution.

4.4.3. Charge Noise
Charge noise is probably generated by charges sitting at the surface of electronic de-
vices and shows normally a pink power spectrum [Chr+19]. For example, in electron
transistors (SETs) and first generation charge qubits the power-spectrum has the form
S(ω) = A/fα with α = 1.0− 1.25 and a noise magnitude of S(1 Hz) = 10−5–10−7 e2/Hz.
Charge noise directly influences the ng-parameter in our Hamiltonian. We will simu-
late it by setting

ng = n
p
g + n

n
g (t) + n

d
g(t). (4.52)

Where npg = 0 ∨ npg = 0.5 define the even/odd parity case (because the number of
electrons on the island is even or odd), nng (t) is a single noise realization which can
be treated as a random field and ndg(t) is the signal we apply via an external voltage.
In Figure 4.2 we compare the measured and generated noise spectra. The algorithms
to generate the noise traces are found in Appendix A.2.

4.4.4. Flux noise
Flux noise has a smaller influence on our system, especially if the system is operating
at the sweet spot n0

g = 1/2. This is why we will not consider it here. However,
in other situations, one might simulate flux noise by treating EJ as a non-constant
system parameter.

4.4.5. Parity noise
Parity noise is most likely induced by the creation of quasi particles (QP) by high
energy radiation [Pan+22; Liu+24]. In difference to charge noise, the effect of parity
noise is not only to shift ng by 1/2, but also to relax the underlying qubit. However,
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Figure 4.2.: Comparison of measured vs simulated charge noise spectral density, the
simulation noise traces were generated via inverse Fourier transform with
random uniform phases. While the simulated noise seems to capture the
overall behavior, for very low frequencies, the simulated gate time is not
enough to have enough data to sample, which explains the deviation from
the original data.
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the power spectrum of QP parity noise is also given in [Chr+19] and we can do a fit
with a single Lorentzian spectrum. The fit with its parameters is shown in Figure 4.3.

4.5. Emulating the experiment

4.5.1. Hamiltonian
We let N = 10 be the number of charge values we look at in the simulation of the CPB-
Hamiltonian. Then the truncated CPB-Hamiltonian with two Josephson energies
takes the form

H = 4EC
N

∑
j=−N
(j − ng)

2 ∣j⟩⟨j∣ −
EJ,1

2
N

∑
j=−N
∣j + 1⟩ ⟨j∣ + ∣j⟩ ⟨j + 1∣ (4.53)

+
EJ,2

2
N

∑
j=−N
∣j + 2⟩ ⟨j∣ + ∣j⟩ ⟨j + 2∣ , (4.54)

where the energy parameters of the experiment are EJ = 12.35 MHz × 2π, EC =
323 MHz × 2π and EJ,2 = −8× 10−4EJ,1. We set n0

g = 0 and calculate with npg = 0∨n0
p =

0.5 the Hamiltonian of the even/odd parity case in the charge basis. These two do in
general not commute, which means that the diagonalization of the Hamiltonians for
both parities will result in different energy basis with different eigenenergies. However,
after we (numerically) diagonalize the Hamiltonian such that

HE
e/o = Ve/oH

Q
e/oV

†
e/o. (4.55)

We keep all eigenvectors for later usage but cut the number of levels we look at to
the lowest four energy eigenvalues, because higher energy levels are very unlikely to
be populated.

4.5.2. Characterization of the system
To get a better understanding of the system, we will introduce here a few techniques
that we can apply to characterize our system. We will discuss resonances, subspace
operations as well shaping and optimization of pulses.

4.6. Controlling the system
As control, we can use an external voltage which can drive a specific transition of the
system. One simple way to accomplish this would be to set the signal of the voltage
to

V (t) = V0 cos(ωdt + ϕ). (4.56)
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Figure 4.3.: Spectral density of parity shot noise (red). The blue curve shows a
Lorentzian fit, which can be simulated by charge flips of a two level fluc-
tuator.
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Figure 4.4.: Time-frequency chevron map for a CPB with EC = 270.8 MHz, EJ =
22.5 GHz and a pulse amplitude of ndg(0) = 1

2π7.5 MHz. Shown is the
population of the ∣1⟩ energy state, while the red line indicates the qubits
frequency.

We can now see how the system reacts to a given drive by scanning through both
the frequency ωd and the drive amplitude V0. The signal arriving in the hamiltonian
from Equation (4.36) is then proportional to the voltage

ndg(t) = kV (t). (4.57)

For simplification we turn off the noise for a moment to calibrate our model optimally.
For Φ = 0 the drive moves the qubits state in X-direction. We can choose now a drive
strength of A and vary the evolution time and the drive’s frequency. Starting in the
energy ground state, we evolve the system according to trotterization of the time-
dependent Schrödinger equation. The result is a so called time-chevron map, which
can be seen in Figure 4.4. For optimization purpose, we also fix the evolution time to
a τ = 20 ns and scan through amplitude and frequency again. The result can be seen
in Figure 4.5.

4.6.1. Pulse shaping
Gaussian pulses

Driving with a steady cosine is a rather unrealistic model. Physically, it is more
convenient to define a pulse shape or envelop. Often we choose Gaussian profiles,
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Figure 4.5.: Amplitude-frequency chevron map for EC = 270.8 MHz, EJ = 22.5 GHz,
ng = 0 and an evolution time of T = 20 ns. Shown is the population in the
∣1⟩ energy state. The red line indicates the qubit frequency.

which have the advantage that they are well described in both frequency and time
domain. Ideally, the Gauss function describing the envelope enures that the amplitude
vanishes at both the beginning and the end, and thus takes the form [MW13]:

Ω(t) = A(exp[−(t − T /2)
2

2σ2 ] − exp[−(T /2)
2

2σ2 ])
m

(4.58)

where σ is the standard deviation and m ensures that m − 1 derivatives are also
starting and ending at zero amplitude. A is a normalization constant, which ensures
that the desired amount of rotation is implemented by the pulse. Both A and σ can
in an optimization setup be understood as free parameters.

4.6.2. Pulse optimization
We can now emulate the time evolution and adjust the drive parameters to gather
the possibility of achieving high fidelity operations on the subspace of the two lowest
energy levels. To avoid leakage into higher levels, we use the well cited DRAG scheme
[Mot+09]. For the optimization of the parameters, we start with a Gaussian pulse
envelope (m = 1) plus its DRAG correction, that is,

ndg(t) = Ω(t) cos(ωdt) −
Ω̇(t)
∆ sin(ωdt) (4.59)
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Gate name Fidelity

RX9001 99.89 %

RY 9001 99.89 %

X01 99.90 %

Y01 99.90 %

RX9012 99.33 %

RY 9012 99.97 %

Table 4.1.: Fidelities of the optimized gates.

and use a combination of a non-gradient based optimization (CMA-ES) for a broad
search and a gradient based algorithm (LBFGS-B) for fine-tuning on the parameter
set {A,σ,ωd,∆} to implement basic single qubit gates, i.e. X90, Y90, X and Y. The
fidelity which is used in this case is the gate fidelity on the lowest three level energy
subspaces. That is

F =
1
32 ∣Tr{U †U j

target}∣
2 (4.60)

where

U01
target =

⎛
⎜
⎜
⎜
⎜
⎝

cos Θ
2 −ie−iϕ sin Θ

2 0

−ieiϕ sin Θ
2 cos Θ

2 0

0 0 1

⎞
⎟
⎟
⎟
⎟
⎠

(4.61)

and

U12
target =

⎛
⎜
⎜
⎜
⎜
⎝

1 0 0

0 cos Θ
2 −ie−iϕ sin Θ

2

0 −ieiϕ sin Θ
2 cos Θ

2

⎞
⎟
⎟
⎟
⎟
⎠

. (4.62)

Z-gates can be implemented by either combining X and Y rotations, by letting the
qubit evolve in time or virtually (details can be found here [McK+17]). The resulting
dynamics are shown in Figure 4.6. For later purposes, we repeat the pulse optimiza-
tions also for the 90 degree rotations on the 12-transition. The reason for this is that
higher levels have a larger parity splitting and therefore allow for a quicker separation
between the parity states. The fidelities of the optimized gates are summarized in
Table 4.1.
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Figure 4.6.: Dynamics of the noise-free CPB after parameter optimization. Shown
are the populations of the four lowest energy eigenstates, i.e. of
∣0⟩ , ∣1⟩ , ∣2⟩ , ∣3⟩. We reach very high fidelities, which are summarized in
Table 4.1.

4.7. Matching theory and experiment
Since the goal is to simulate the experiment and predict future outcomes, it is neces-
sary to bring the experimental data and the simulation together. This will be done
by comparing the results from the experiment directly with simulated data.

4.7.1. T1 Decay
The first thing to match is the decay time T1 which indicates how much of the pop-
ulation will decay into lower states. This happens because quantum systems tend to
lower energy states in order to minimize their energy. In Figure 4.7 we show that a
value of T1 = 17.39 µs achieves great accordance to the experimental data.

4.7.2. T2 and T Echo
2

What was done in the experiment to gain information about the dephasing rate is that
they did a Ramsey experiment, i.e. a pulse sequence consisting of a X90-pulse a wait
time and another X90-pulse. Resulting in a decay of the phase information during
the wait period. However, to eliminate the parity influence, they also performed a
Ramsey-Echo experiment. Where after half of the wait period a refocussing X-pulse
is applied to remove not only parity difference but also slow frequency noise.
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Figure 4.7.: Starting with a fully populated ∣2⟩ state we let the system evolve under the
influence of a T1-Lindblad operator. The dotted points are obtained by
the experiment, while the lines represent the results from the simulation.
We see good agreement between theory and experiment.

In Figure 4.8 we check that the simulation works properly and show how experimental
data can be interpreted, while in Figure 4.9 we show the results for the echoed variant.

4.8. Parity detection
Being able to detect the parity of the Cooper-Pair-Box systems is useful because it
gives insight into quasi particle poisoning, which can strongly affect coherence and
dynamics. By tracking the parity state of the system, one can better understand
when and how non-equilibrium quasi particles enter or leave and how this impacts
relaxation and dephasing. Also, there have been made attempts to detect Majorana
Zero modes using similar techniques [Agh+25].

4.8.1. Ramsey-Strategy
The first possibility of detecting the parity state is performing a Ramsey like sequence.
I.e. we prepare the qubit in the ground state (which should have roughly the same
frequency). Afterward, we apply a πx/2-Pulse to the qubit. In the Bloch sphere
representation, this prepares the qubit at the equator of the Bloch sphere. Here we
let the qubit oscillate for a time ∆t = 1

4∆f
. Where ∆f = f 01

even − f
01
odd is the frequency

difference between the first excitations of the even and the odd parity. This separates
both parity states by an azimuth angle of π

2 . To map the parity to the poles, we
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Figure 4.8.: Depicted is the resulting population for a Ramsey sequence on the 01 (12)
transition vs their duration (right plot). The upper part is the oscillations
for the combined dynamics, while the lower part shows the oscillations
for even (middle) and odd (bottom) parity state.
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Figure 4.9.: Depicted is the emulated population for an echoed Ramsey sequence on
the 01 (12) transition vs their duration (right plot).

apply a πy/2-pulse such that when we read out the qubit the measurement result is
’0’ for the even and ’1’ for the odd parity. Given the optimized single-qubit gates (we
optimized the single-qubit gates for the even parity case) we can directly implement
this method. However, the problem with this method, is that we do not know if it is
optimal in terms of separation speed and fidelity.

4.8.2. Rabi-Strategy
If we want to detect the parity of a state, it might be not the optimal strategy to wait
till the two parity states separate in the equatorial plane of the Blochsphere. This is
because leaving the system untouched can make it more susceptible to certain error
sources. Instead, we propose to drive the system continuously to take advantage of
decoupling effects due to continuous drive. Therefore, we try to do an X-gate for
the even parity and an identity gate for the odd parity. The procedure to do so is
to first prepare the system in a state that has a reasonable parity splitting, i.e. T1
should not exceed one over the splitting frequency. The correct choice of the initial
state should be calculated in advance by looking at how the parity splitting grows
with the increase of the chosen sublevel system, while at the same time T1 decreases
with it. If we found a suitable configuration of the system, we drive the qubit at
the frequency of transition we want to drive (in this case, the i-th transition of the
even parity qubit), such that the other level is detuned by the splitting. Without
additional parameters, the optimal time to separate both parities should be roughly
one over the splitting frequency. In our example, this results in a total pulse duration
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Figure 4.10.: Time evolution of the even (e) and odd (o) parity state during a con-
tinuous application of a DRAG corrected drive. We see that we can
separate the two parities without using a Ramsey experiment.

of ttot = 1
∆ ≈ 1 µs. However, with the use of DRAG this time can be reduced, while

maintaining a reasonable fidelity. With the use of first order DRAG correction, we
were able to increase the (noise free) parity detection fidelity to 99.6% within our
simulation. Figure 4.10 shows the idea of this strategy.

4.9. Comparison of the two strategies
In Figure 4.11 we compare two strategies for parity detection. These are a Ramsey-
type free evolution and a driven Rabi protocol. The objective is to infer the parity of
the state with high fidelity while minimizing the total evolution time. The comparison
shows that the Rabi-strategy is in general preferable, as it reaches a higher maximum
fidelity for correctly identifying the parity state. Furthermore, it is able to identify
the parity relatively independent of the total evolution time, while the fidelity for
Ramsey strategy is oscillating because it is relying on the accumulation of a relative
phase during the free evolution time. However, for very short evolution times the
Ramsey strategy performs better since the system has not yet done the full Rabi
oscillation, whereas a short free evolution in the equatorial plane of the Blochsphere
is already providing a measurable separation of the parity states.

4.10. Conclusion
In this chapter we have developed a comprehensive framework for understanding,
modeling, and controlling superconducting nanowire qubits, with a particular focus
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Figure 4.11.: Parity detection fidelity of a Ramsey and a Rabi experiment, dotted
points are experimental data and solid lines are from the simulation.
While the model is not perfectly reproducing the experimental data,
we can still get some qualitative insight: We can reproduce the overall
structure of the Ramsey oscillations and see that the Rabi strategy can
perform better than the used Ramsey strategy.
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4.10. Conclusion

on the Cooper-Pair-Box regime. Starting from basic circuit quantization, we derived
effective Hamiltonians for various superconducting qubit designs and established both
analytic and numerical methods to obtain their energy spectra and main noise sources.
Further, we showed that our theoretical model is consistent with experimental mea-
surements. We focused on noise and decoherence by integrating charge and parity
noise into our simulations, enabling us to match our theoretical model to the experi-
mentally obtained data. Here, parity noise, i.e. the tunneling events of quasi-particles,
changes the charge configuration and influences the coherence. Overall, the combi-
nation of stochastic noise modeling and Lindblad dynamics proved to be crucial for
capturing both non-Markovian effects and experimental decay constants such as T1
and T2. In a physical context, this demonstrates that in a real world experiment,
both fast relaxation noise processes appear simultaneously with slow fluctuations in
the system parameters.

We additionally demonstrated that parametrized pulse shaping and optimization en-
able high-fidelity control of the low energy subspace. This was possible even in the
presence of leakage channels, Lindblad decay and stochastic dephasing noise. Es-
pecially useful were Gaussian envelopes with DRAG corrections: they were shown
to implement elementary single-qubit operations with fidelities of 99.8%, obedient
with experimentally reported values. Physically, this works so well because DRAG
effectively suppresses the leakage into higher levels induced by the relatively small
anharmonicity present in the system.

Together with fitting theoretical simulations to experimental data, these results show
that the CPB-based model with two Josephson energy terms is a valid description of
nanowire parity-sensitive qubits. This is consistent with previous works. However,
the model is still limited to the low-energy subspace and depends on precise noise
description. Apart from that, we implemented a novel technique which measures the
parity state of the system by applying optimized Rabi-pulses and compared it to the
existing Ramsey method.

Summarizing, this chapter reduces the discrepancy between theoretical modeling and
experimental characterization and shows the opportunity of optimized pulse control
for measuring the parity state. Future work could try to use dCRAB type algorithms
to improve the parity detection schemes even further.
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5. Conclusion
We started our journey by introducing quantum optimal control theory and related
topics. The focus was on understanding noise processes and how to lower their impact
in small quantum systems. During the work this goal spread into many related topics.
Some of them were specific to the respective system and others seemed to be valid
in a more general context. What connected all the ideas was the concept of reliable
modelling and control of quantum systems.

The first non-introductory part investigated coherent and phase-accurate control of
a system consistent of strongly coupled nuclear spin in a Germanium vacancy center.
Here we used theoretical insights such as the Weyl chamber, controllability arguments
and optimization techniques to both understand and improve experimental results.
The techniques helped us to develop a deeper understanding of the control in group
IV vacancy systems. We showed that optimized control pulses on the electron transi-
tions are enough to fully control the two spin system. Furthermore, we demonstrated
that high precision one- and two-qubit gates can be implemented in strongly coupled
systems and this despite strong dephasing noise present on the electron spin. Future
work can concentrate on using more native gates in the vacancy centers, including
also system parameters such as the Larmor frequency in the optimization process and
using the results for implementing small repeater protocols.

In the second part, we showed that the concrete structure of colored noise is not nec-
essary for designing robust control pulses. We learned that the regime between very
fast and very slow noise is not special in the sense that the techniques to circumvent
this type of noise do not differ significantly from that for slow noise. Additionally, we
found that it is very challenging to use optimal control for separating different (non-
Gaussian) noise models, since higher order effects are already partially decoupled if
a drive is applied. The best method here is probably to investigate the noise in an
undriven experiment with very short decoupling pulses in between.

In the last part, we demonstrated that Rabi inspired parity detection schemes might
outperform Ramsey type schemes. We learned that it is necessary for a reliable model
to include second order Josephson excitations and to use higher levels for parity de-
tection, since the frequency splitting of the parity is larger there. Future work could
for example investigate if a higher number of parameters in the optimization of the
control can find even better solutions for parity detection. Apart from the scientific
results, I learned that cooperation between theory and experiment is often at the
heart of progress. Overall, I hope this thesis helps the field to gain a better under-
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5. Conclusion

standing of how to make quantum control and the controlled devices more reliable
and stable.
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A. Appendix

A.1. Lie-closure proof
To verify controllability, we explicitly compute the Lie closure of the operator set (a
summary of why this is enough can be found in [dAl21])

S = {H0,X0 = σx ⊗ 1}. (A.1)

The first 9 independent operators are

{H0,H1 = [H0,X0],H2 = [H1,X0],⋯,H9 = [H8,X0]}. (A.2)

Then we do not find new independent elements and we continue by extending the list
with

{H10 = [H1,H2],H11 = [H1,H3],⋯,H14 = [H1,H6]} (A.3)

and the last element is

{H15 = [H10,H11]}. (A.4)

Meaning that successive commutators generate all tensor products of Pauli operators,
and therefore span the full Lie algebra su(4). This shows that the system remains
fully controllable even without a direct drive on the nuclear spin.

A.2. Pseudo code for generating noise traces
Ornstein-Uhlenbeck process

This is pseudocode generating static OU-noise with a given time grid times, noise
amplitude σ and rate κ.
N ← number of time steps
dt ← size of time step
std ← σ√

2κ
X[0] ← sample from ∼ N(0,std)
W ← sample N-1 times from ∼ N(0,1)
dstd ← std ∗ (1 − exp{−2κdt})
For k in {1 ,... ,N -1}:

X[k+1] ← exp{−κ ∗ dt}X[k] + dstdW [k]
return X
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TLS-noise

This is pseudocode generating static OU-noise with a given time grid times, flipping
rate λ and coupling strenght g.
N = number of time stpes
fliptime = 1/λ
currentstate = sample from {-1,1}
next_flip_time =

sample from exponential_distribution (t_flip)
flip_index = [ next_flip_time / dt ]
for k in {0 ,1 ,... ,N -1}:

if k >= flip_index :
current_state *= -1
next_flip_time =

sample from exponential_distribution (t_flip)
flip_index = i+ [ next_flip_time / dt]

X[i] = current_state
return g*X

Inverse-Fourier-Transform method

This is pseudocode for generating time valued noise traces, by Fourier transforming
the spectral density with random phases.

### spec [: ,0] frequency of spectrum
### spec [: ,1] spectral density values
fmax = max(spec [: ,0])
fmin = min(spec [: ,0])
fvals = linspace (fmin , fmax , steps)
density = interpolate (fvals , spec [:, 0], spec [:, 1])
phase = 2 * pi * uniform (0, 1, steps)
times = arange (0, steps * dt , dt)
noise_vals = fft(irfft(sqrt (2)* dens*exp (1j * phase ))
return fvals , times , noise_vals
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B. Stochastic Hamiltonians and
Lindblad like equations

B.1. Motivation
In quantum computation, accurate characterizing and calibrating qubits needs excel-
lent models, which predict where performance resources lie and how quantum systems
evolve in time. In the younger past, a zoo of methods to simulate the dynamics of
quantum systems was developed. It is very difficult to say under which conditions
which simulation method works best, and there has been a lot of effort been put on
testing and comparing different simulation methods [WKO21]. The goal of this chap-
ter is to compare some of the latest and most promising methods of the recent past
and use the insight on the individual methods to translate between them and find
conditions which tell us which method should be used. Furthermore, another goal is
to develop methods to include also non-Gaussian environmental dynamics. We start
by looking at the most simple example we can think of, which is a system consistent
of a single qubit under pure dephasing noise.

B.2. Pure Dephasing
In the case of semi-classical dephasing for one qubit the Hamiltonian of the qubit in
the rotating frame can be expressed as

H(t) = β(t)σz. (B.1)
Any state ρ(t) will evolve under the action of the von-Neumann equation ρ̇ = −i[H,ρ]
which is formally solved by

ρ(t) = Uρ0U
† (B.2)

where

U = exp
⎧⎪⎪
⎨
⎪⎪⎩

−i
t

∫
0

β(s)dsZ

⎫⎪⎪
⎬
⎪⎪⎭

(B.3)

= exp{−iΦ(t)Z}. (B.4)
If we look at the evolution averaged over multiple noise realizations βk(t) we see that
for a general initial density matrix

ρ0 =
1
2(1 + xX + yY + zZ) (B.5)

97



B. Stochastic Hamiltonians and Lindblad like equations

the dynamics are given as

ρ(t) = exp{−iΦ(t)Z}ρ0 exp{iΦ(t)Z} (B.6)

=
1
2[1 + (x cos(2Φ(t)) − y sin(2Φ(t)))X + (y cos(2Φ(t)) + x sin(2Φ(t)))Y + zZ].

(B.7)

or written in the Pauli basis in vector form

∥ρt⟩ =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1

xt

yt

zt

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (B.8)

where xt = Tr{ρtX}, yt = Tr{ρtY }, z = Tr{ρtZ} and averaged over multiple noise
realizations this takes the form

∥ρ(t)⟩ =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0

0 ⟨cos(2Φ(t))⟩ − ⟨sin(2Φ(t))⟩ 0

0 ⟨sin(2Φ(t))⟩ ⟨cos(2Φ(t))⟩ 0

0 0 0 1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

∥ρ0⟩. (B.9)

If we look at the characteristic function of the random variable Φ we notice that

φΦ(τ)(z = 2) = ⟨exp{i2Φ(t)}⟩
= ⟨cos(2Φ(t))⟩ + i⟨sin(2Φ(t))⟩
= χ(t) + iυ(t),

(B.10)

where we introduced χ(t) = Re{φΦ(t)(z = 2)}, υ(t) = Im{φΦ(t)(z = 2)}. Thus, we get

∥ρ(τ)⟩ =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0

0 χ(t) −υ(t) 0

0 υ(t) χ(t) 0

0 0 0 1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

∥ρ0⟩. (B.11)

Which means that if we know the characteristic function of our noise process (at z = 2)
we can exactly describe the dynamics of our system. We now make the assumption
that our noise field has zero mean (⟨β(t)⟩ = 0)). This implies that in the case of
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Gaussian noise all odd cumulants vanish and Equation (B.11) simplifies to

∥ρ(τ)⟩ =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0

0 χ(t) 0 0

0 0 χ(t) 0

0 0 0 1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

∥ρ0⟩. (B.12)

B.3. Driven dephasing dynamics
We consider the Hamiltonian

H(t) =
Ω(t)

2 X + β(t)Z, (B.13)

where Ω(t) is a deterministic control function and β(t) is a stochastic field with
zero mean. Because [H(t),H(t′)] ≠ 0 in general, the time evolution is nontrivial,
and one cannot simply exponentiate a time-integral of H(t). For readability, time
dependencies are for the following section indicated with subscripts (f.e. Ht = H(t)).
A standard trick is to move to a frame which is rotating with the drive R = exp(iΘt

2 X)

where Θt = ∫
t

0 Ωt′dt′. The Hamiltonian in the new frame is then given through

H̃t = iṘtR
†
t +RtHtR

†
t (B.14)

= −ΩtX + exp{iΘt

2 X}(ΩtX + βtZ) exp{−iΘt

2 X} (B.15)

= cos(Θt)βtZ + sin(Θt)βtY (B.16)
= βztZ + βytY. (B.17)

Thus, the pure Z-dephasing noise in the original frame is rotated into a mixture of
Z and Y in the new frame, with time-dependent weights. We are interested in the
ensemble-averaged dynamics, but first consider the unitary propagator in this frame,
obeying

V̇ = −iH̃V. (B.18)

Differentiating again,

⇒ V̈ = −i( ˙̃HV + H̃V̇ ). (B.19)

One finds (after some algebra)

˙̃H = ( β̇t
βt

1 + 2iΩtX)H̃ (B.20)
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and hence

V̈ = −i( ˙̃HV + H̃V̇ ) (B.21)

= (2iΩX + β̇t
βt

1)(−iH̃V )
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=V̇

+(−i)2H̃H̃V (B.22)

= (2iΩtX +
β̇t
βt

1)V̇ − β2
t V. (B.23)

This differential equation should remind the reader to that of a damped harmonic
oscillator, which is

ẍ + 2γẋ + ω2
0x = 0, (B.24)

where 2γ plays the role of the damping coefficient and ω2
0 the driving force frequency.

We see that the noise derivative together with the drive play the role of the damping,
while the noise square determines the frequency induced by the external noise force.
However, there are two crucial sources which add more difficulty. First V is an
operator, which implies that multiplying the damping-like term 2iΩtX +

β̇t

βt
1 is a non-

commuting operation and second this term is explicitly time-dependent and does not
commute at different times, so one cannot simply integrate or diagonalize it. This
makes obtaining closed-form solutions extremely challenging. Because of these com-
plications, general analytic solutions are rare. In fact, for certain classes of driven
two-level problems (single axis-driving) analytic solutions were found [BD12]. How-
ever, in the general case we need to use methods to get approximate solutions such
as Magnus Expansion for dissipative systems which was done here [BE20], master
equations for non-Markovian noise [Gro+23] and Laplace transform approximations
[WZ21].

We now aim to derive a Lindblad-type equation in the rotating frame, beginning
with the von Neumann equation

ρ̇t = −i[Ht, ρt]. (B.25)
(B.26)

Integrating this leads to

ρt = ρ0 − i
t

∫
0

ds[Hs, ρs] (B.27)

and reinserting the last result in the von-Neumann equation yields

ρ̇t = −i[Ht, ρ0] −

t

∫
0

ds[Ht, [Hs, ρs]] (B.28)
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= −i[Ht, ρ0] −

t

∫
0

ds[βztZ + βytY, [βzsZ + βysY, ρs]] (B.29)

= −i[Ht, ρ0] −

t

∫
0

ds(βztβzs[ZZρs −ZρsZ −ZρsZ + ρsZZ]

+ βztβys[ZY ρs −ZρsY − Y ρsZ + ρsY Z]

+ βytβzs[Y Zρs − Y ρsZ −ZρsY + ρsZY ]

+ βytβys[Y Y ρs − Y ρsY − Y ρsY + ρsY Y ]) (B.30)

= −i[βztZ + βytY, ρ0] +

t

∫
0

ds(βztβzsDZZ[ρs] + βztβysDZY [ρs]

+ βytβzsDY Z[ρs] + βytβysDY Y [ρs]), (B.31)

where we introduced the Pauli Lindblad operators

Dσiσj
[ρ] = [σi, [σj, ρ]]. (B.32)

Averaging over multiple noise realization β we are left with

ρ̇t = −

t

∫
0

ds( ⟨βztβysDZY [ρs]⟩ + ⟨βytβzsDY Z[ρs]⟩Z + ⟨βztβzsDZZ[ρs]⟩ + ⟨βytβysDY Y [ρs]⟩ ).

(B.33)

This means we do not only have to deal with orthogonal noise but also with cross
correlations.

So far we made no approximations. Normally, what is done now is to assume that
the correlation between the noise and the density matrix is not strong, i.e., that for
any linear operator B we have

⟨βtβsB[ρs]⟩ ≈ ⟨βtβs⟩B[ρs] (B.34)
∶= C(t, s)B[ρs]. (B.35)

After this approximation is done we cannot distinguish anymore between Gaussian
random processes and Non-Gaussian processes. It leads in the Pauli basis to the
following integral-differential equation

∥ρ̇t⟩ ≈ −4
t

∫
0

dsC(t, s)A(t, s)∥ρs⟩, (B.36)
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where we introduced the matrix

A(t, s) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0

0 cos(2(Θs −Θt)) 0 0

0 0 cos(2Θs) cos(2Θt) − cos(2Θs) sin(2Θt)

0 0 − cos(2Θs) sin(2Θt) sin(2Θs) sin(2Θt)

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (B.37)

The elements of the matrix can be computed by looking at the action on a density
matrix in the Pauli basis

ρ =
1
2(1 + xX + yY + zZ) (B.38)

which is given as

ρ′O = Tr([Ht, [Hs, ρs]]O) for O ∈ {X,Y,Z}. (B.39)

B.4. Magnus-Cumulant-Expansion (MCE)
The von Neumann equation in the vectorized form is

ρ̇(t) = L(t)ρ(t), (B.40)

where L is the Liouville operator. Since we want to solve it, a particular useful method
is to write the solution as an exponential of a function Q(t)

ρ(t) = exp{Q(t)}ρ0. (B.41)

Where we can expand Q in terms of L according to the Magnus expansion

Q(t) =
∞
∑
k=1

Qk(t), (B.42)

where the first few terms are given as

Q1(t) =

t

∫
0

dt1L(t1) (B.43)

Q2(t) =
1
2

t

∫
0

dt1

t1

∫
0

dt2[L(t1),L(t2)] (B.44)

Q3(t) =
1
6

t

∫
0

dt1

t1

∫
0

dt2

t2

∫
0

dt3([L(t1), [L(t2),L(t3)]] + [L(t3), [L(t2),L(t1)]]) (B.45)

Q4(t) =
1
12

t

∫
0

dt1

t1

∫
0

dt2

t2

∫
0

dt3

t3

∫
0

dt4[[[L1,L2],L3],L4] (B.46)
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+ [L1, [[L2,L3],L4]] + [L1, [L2, [L3,L4]]] + [L2, [L3, [L4,L1]]]. (B.47)

Now, we expand in terms of noise operators β(t), i.e. in the control frame we can
write

L(t) = β(t)L(t). (B.48)

We want a time evolution method which can distinguish Gaussian and Non-Gaussian
noise, that also means we have to include (for centered noise) all orders up to β4 (for
space reasons we will put the time dependence from now on as an index or omit it
completely):

ρt = ⟨exp{Qt}⟩ρ0 (B.49)

≈ (1 + ⟨Qt⟩ +
1
2
⟨Q2

t ⟩ +
1
6
⟨Q3

t ⟩ +
1
24
⟨Q4

t ⟩)ρ0 (B.50)

=∶ (1 +Υ)ρ0. (B.51)

Then, we can calculate Υ as

Υ ≈ ⟨Q1⟩ + ⟨Q2⟩ + ⟨Q3⟩ + ⟨Q4⟩ (B.52)

+
1
2
(⟨Q2

1⟩ + ⟨Q
2
2⟩ + ⟨{Q1,Q2}⟩ + ⟨{Q1,Q3}⟩) (B.53)

+
1
6
(⟨Q3

1⟩ + ⟨Q
2
1Q2⟩ + ⟨Q1Q2Q1⟩ + ⟨Q2Q

2
1⟩) (B.54)

+
1
24
⟨Q4

1⟩ . (B.55)

Now, we want to rewrite the solution again as an exponential. Therefore, we approx-
imate and drop again terms with order n > 4:

G(t) = ln(1 +Υ) ≈ Υ − Υ2

2 +
Υ3

3 −
Υ4

4 (B.56)

= ⟨Q1⟩ + ⟨Q2⟩ + ⟨Q3⟩ + ⟨Q4⟩ (B.57)

+
1
2
(⟨Q2

1⟩ + ⟨Q
2
2⟩ + ⟨{Q1,Q2}⟩ + ⟨{Q1,Q3}⟩) (B.58)

+
1
6
(⟨Q3

1⟩ + ⟨Q
2
1Q2⟩ + ⟨Q1Q2Q1⟩ + ⟨Q2Q

2
1⟩) (B.59)

+
1
24
⟨Q4

1⟩ (B.60)

−
1
2(⟨Q1⟩

2
+ ⟨Q2⟩

2
+ {⟨Q1⟩ , ⟨Q2⟩} + {⟨Q1⟩ , ⟨Q3⟩} +

1
4
⟨Q2

1⟩
2
) (B.61)

+
1
3 ⟨Q1⟩

3 (B.62)

−
1
4 ⟨Q1⟩

4
, (B.63)

such that

ρ(t) ≈ exp[G(t)]ρ0. (B.64)
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B. Stochastic Hamiltonians and Lindblad like equations

Note: the approximations are valid as long as ∫
t

0 dt∥L(t1)∥2dt1 < π (Convergence ra-
dius of the Magnus expansion) and ∥Υ∥ ≤ 1 (Convergence condition for the expansion
of the logarithm).
In the case of centered noise, i.e. noise with zero mean, we are left with:

G(t) ≈ ⟨Q2⟩ + ⟨Q3⟩ + ⟨Q4⟩ (B.65)

+
1
2
(⟨Q2

1⟩ + ⟨Q
2
2⟩ + ⟨{Q1,Q2}⟩ + ⟨{Q1,Q3}⟩) (B.66)

+
1
6
(⟨Q3

1⟩ + ⟨Q
2
1Q2⟩ + ⟨Q1Q2Q1⟩ + ⟨Q2Q

2
1⟩) (B.67)

+
1
24
⟨Q4

1⟩ (B.68)

−
1
2(⟨Q2⟩

2
+

1
4
⟨Q2

1⟩
2
). (B.69)

B.5. Dyson-Cumulant-Expansion (DCE)
We can do the same with a Dyson-Series instead of a Magnus expansion, which is
related to the previous chapter. We start again with

ρ̇(t) = L(t)ρ(t), (B.70)

but now want to directly get

ρ(t) = U(t)ρ0. (B.71)

Therefore we can expand U in a Dyson like series:

U =
∞
∑
k=0
Uk, (B.72)

where the first terms are given as

U0 = 1 (B.73)

U1 =

t

∫
0

dt1L(t1) (B.74)

U2 =

t

∫
0

dt1

t1

∫
0

dt2L(t1)L(t2) (B.75)

U3 =

t

∫
0

dt1

t1

∫
0

dt2

t2

∫
0

dt3L(t1)L(t2)L(t3) (B.76)

U4 =

t

∫
0

dt1

t1

∫
0

dt2

t2

∫
0

dt3

t3

∫
0

dt4L(t1)L(t2)L(t3)L(t4). (B.77)
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Taking the average results in

ρ(t) ≈ (1 + ⟨U1⟩ + ⟨U2⟩ + ⟨U3⟩ + ⟨U4⟩)ρ0 (B.78)
= (1 +Υ)ρ0. (B.79)

And again we now try to express it as some exponential ρ(t) ≈ exp(G(t))ρ0

G(t) ≈ Υ − Υ2

2 +
Υ3

3 −
Υ4

4 (B.80)

= ⟨U1⟩ + ⟨U2⟩ + ⟨U3⟩ + ⟨U4⟩ (B.81)

−
1
2
(⟨U1⟩

2
+ ⟨U2⟩

2
+ ⟨U1⟩ ⟨U2⟩ + ⟨U1⟩ ⟨U3⟩) (B.82)

+
1
3 ⟨U1⟩

3
−

1
4 ⟨U1⟩

4 (B.83)

in the case of centered noise (⟨U1⟩ = 0) this simplifies to

G(t) ≈ ⟨U2⟩ + ⟨U4⟩ −
1
2 ⟨U2⟩

2 (B.84)

Which involves considerably fewer terms than the Magnus-Cumulant-Expansion.

B.6. Expansions for the time derivative
Unfortunately, these methods are numerically difficult to implement because we have
to evaluate 4-fold integrals over matrix product functions, and we were not able to
test them easily, yet. This is why it might be easier to make some expansions for the
time derivative of ρt.

B.6.1. Dyson
We start again with

ρ̇(t) = L(t)ρ(t) (B.85)
≈ L(t)(1 + U1 + U2 + U3)ρ0 (B.86)

in the case of centered, Gaussian noise this simplifies to

ρ̇(t) =

t

∫
0

L(t)L(t1)ρ0 +

t

∫
0

dt1

t1

∫
0

dt2

t2

∫
0

dt3L(t)L(t1)L(t2)L(t3)ρ0 (B.87)
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B. Stochastic Hamiltonians and Lindblad like equations

B.6.2. Magnus
Here we start with

ρ̇(t) = L(t)ρ(t) (B.88)
= L(t) exp{Qt}ρ0 (B.89)

≈ L(t)(1 +Qt +
1
2Q

2
t +

1
6Q

3
t )ρ0 (B.90)

≈ (⟨L(t)⟩ + ⟨L(t)(Q1 +Q2 +Q3)⟩ +
1
2
⟨L(t)(Q2

1 +Q1Q2 +Q2Q1)⟩ +
1
6
⟨L(t)Q3

1⟩)ρ0

(B.91)

in the case of zero mean and Gaussian noise this evaluates to

ρ̇(t) ≈ ⟨L(t)(Q1 +Q3 +
1
2(Q1Q2 +Q2Q1) +

1
6Q

3
1)⟩ρ0. (B.92)

Taking the average assuming ⟨L(t)⟩ = 0 and keeping only terms of O(β4) leads to

ρ̇(t) = (⟨L(t)(Q1 +Q2 +Q3)⟩ +
1
2
⟨L(t)(Q2

1 +Q1Q2 +Q2Q1)⟩ +
1
6
⟨L(t)Q3

1⟩)ρ0.

(B.93)

Since we want to have a time-local expansion we also expand ρ0 and keep all non-
vanishing terms up to order β2

ρ0 = exp(−Qt)ρt (B.94)

≈ (1 − ⟨Q2⟩ +
1
2
⟨Q2

1⟩)ρt, (B.95)

such that the final result, sorted by orders of β reads

ρ̇t ≈ ( ⟨LtQ1⟩ + ⟨LtQ2 +
1
2LtQ

2
1⟩

+ 1
2 ⟨LtQ3 + Lt{Q1,Q2} +

1
3LtQ

3
1⟩ − ⟨LtQ1⟩ ⟨Q2⟩

+ 1
2 ⟨LtQ1⟩ ⟨Q

2
1⟩ )ρt. (B.96)

In order to evaluate this expression we use Lt = βtL(t) and get

ρ̇t ≈ L(t)[I2(t)(1 − q2(t) +
1
2q

2
1(t)) + I3(t) + I4(t)]ρt, (B.97)

where

I2 =

t

∫
0

dt1 ⟨β01⟩L1 (B.98)

I3 =
1
2
⎛

⎝

t

∫
0

dt1

t1

∫
0

dt2 ⟨β012⟩ [L1, L2] +

t

∫
0

dt1

t

∫
0

dt2 ⟨β012⟩L1L2
⎞

⎠
(B.99)
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I4 =
1
6

t

∫
0

dt1

t1

∫
0

dt2

t2

∫
0

dt3 ⟨β0123⟩ [L1, [L2, L3]] + [L3, [L2, L1]] (B.100)

+
1
2

t

∫
0

dt1

t

∫
0

dt2

t2

∫
0

dt3 ⟨β0123⟩L1[L2, L3] (B.101)

+
1
2

t

∫
0

dt1

t1

∫
0

dt2

t

∫
0

dt3 ⟨β0123⟩ [L1, L2]L3 (B.102)

+
1
3

t

∫
0

dt1

t

∫
0

dt2

t2

∫
0

dt3 ⟨β0123⟩L1L2L3 (B.103)

q2
1(t) =

t

∫
0

dt1

t

∫
0

dt2 ⟨β12⟩L1L2 (B.104)

q2(t) =
1
2

t

∫
0

dt1

t1

∫
0

dt2 ⟨β12⟩ [L1, L2]. (B.105)

B.7. Time-convolutionless (TCL) expansion
This section follows the derivation of Van-Kampen [Van74a; Van74b]. Assume we
already transformed to a frame where the noise acts multiplicative on the system’s
Hamiltonian. Since the noise is considered as a perturbation with smallness parameter
α, we can expand the Liouville equation

˙ρ(t) = αL(t)ρ(t) (B.106)

by taking a Dyson expansion of the solution of this differential equation and averaging.
This leads to

⟨ρ(t)⟩ =

⎡
⎢
⎢
⎢
⎢
⎣

1 + α
t

∫
0

dt1 ⟨L(t1)⟩ + α
2

t

∫
0

dt1

t1

∫
0

dt2 ⟨L(t1)L(t2)⟩ + . . .

⎤
⎥
⎥
⎥
⎥
⎦

ρ(0). (B.107)

We now write 1,2, . . . instead of αL(t1), αL(t2) . . . and denote the integration with
an overbar, for example ⟨12⟩ = α2

∫
t

0 dt1 ∫
t1

0 dt2 ⟨L(t1)L(t2)⟩ and write

⟨ρ(t)⟩ = [1 + ⟨1⟩ + ⟨12⟩ + ⟨123⟩ + . . . ]ρ(0). (B.108)

We now take the derivative with respect to time and write 0 for αL(t)

⟨ρ̇(t)⟩ = [⟨0⟩ + ⟨01⟩ + ⟨012⟩ + . . . ]ρ(0). (B.109)

Inverting Equation (B.107) by Taylor expanding 1
1+x lets us reinsert ρ(0) such that

the time local version takes the form

⟨ρ̇(t)⟩ = [⟨0⟩ + ⟨01⟩ + ⟨012⟩ + . . . ] (B.110)
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× [1 − (⟨1⟩ + ⟨12⟩ + . . . ) + (⟨1⟩ + ⟨12⟩ + . . . )2 − (. . . )3 + . . . ] ⟨ρ(t)⟩ . (B.111)

Now, we work out the products in this equation and sort the resulting terms by orders
of αm. The formal result of this is

⟨ρ̇(t)⟩ = [
∞
∑
m=1

αmSm(t)] ⟨ρ(t)⟩ , (B.112)

where each km(t) is a (m-1)-fold integral

km(t) =

t

∫
0

dt1

t

∫
0

dt2⋯

tm−2

∫
0

dtm−1 ⟨L(t)L(t1)⋯L(tm−1)⟩oc (B.113)

and where ⟨. . .⟩oc denotes the time-ordered cumulants, which can be constructed in
the following way. Suppose you want to construct a cumulant of order αm:

(i) Begin by writing a sequence of m dots.

(ii) Partition the sequence into subsequences by inserting angular brackets in all
possible ways, ensuring no subsequence is empty.

(iii) For each partition containing p subsequences, include a factor (−1)p−1.

(iv) Assign the numeral 0 to the first dot in each partition, and distribute the nu-
merals 1,2, . . . ,m − 1 across the remaining dots in all permutations, ensuring
that the numbers do not decrease within any subsequence.

(v) Replace each numeral n with its corresponding operator A(tn), perform the
averaging, and integrate over all variables t1, t2, . . . , tm−1, subject to the condition
t1 ≤ t2 ≤ . . . ≤ tm−1.

Recently, there was found a recursive way of getting the n-th order from the previous
ones [NT19].

Low order terms

Assume we are given a time dependent-Liouville operator in the control frame. It
takes the form

L(t) = β(t)L(t), (B.114)

where L(t) is a deterministic operator and β(t) is a stochastic noise field with zero
mean. Then, the first order vanishes because of the vanishing mean, and we are left
with the second and higher orders.

S(2)(t) = L(t)

t

∫
0

dt1 ⟨β(t)β(t1)⟩L(t1) (B.115)
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S(3)(t) = iL(t)
t

∫
0

dt1

t1

∫
0

dt2 ⟨β(t)β(t1)β(t2)⟩L(t1)L(t2)

S(4)(t) = −

t

∫
0

dt1

t1

∫
0

dt2

t2

∫
0

dt3

⎡
⎢
⎢
⎢
⎢
⎣

⟨β0123⟩L0123

− ⟨β01⟩ ⟨β23⟩L0123 − ⟨β02β13⟩L0213 − ⟨β03⟩ ⟨β12⟩L0312

⎤
⎥
⎥
⎥
⎥
⎦

.

B.8. Pseudo-Lindblad master equation (PLME)
The discussion and method of this section are partially taken from [Gro+23]. The
PLME method is the TCL expansion method under the assumptions of Gaussian
noise (in this case we can simplify Equation (B.115) to get)

∂tρ(t) = R(t)ρ(t) (B.116)
= (R2(t) +R4(t) + . . . )ρ(t), (B.117)

where

R2 = L(t)

t

∫
0

dt1S01L(t1) (B.118)

and

R4(t) = L(t)

t

∫
0

dt1

t1

∫
0

dt2

t2

∫
0

dt3 (B.119)

⎛

⎝
S02S13[L1,L2]L3 (B.120)

+ S03S12L1[L2,L3] (B.121)

+ S03S12[L1,L3]L2
⎞

⎠
. (B.122)

Here, Sij = ⟨β(ti)β(tj)⟩ has been defined.

B.9. Calculation of multipoint correlators
B.9.1. Gaussian case
For a Gaussian process we can use Isserlis’ theorem which states that for a centered
process all odd correlators vanish which also implies

⟨β(t1)β(t2)β(t3)⟩ = 0. (B.123)
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It further allows us to express the next non-vanishing correlator in terms of two-point
correlators

⟨β(t1)β(t2)β(t3)β(t4)⟩ = ⟨β(t1)β(t2)⟩ ⟨β(t3)β(t4)⟩

+ ⟨β(t1)β(t3)⟩ ⟨β(t2)β(t4)⟩

+ ⟨β(t1)β(t4)⟩ ⟨β(t2)β(t3)⟩ .

(B.124)

Especially, if the process is the Ornstein-Uhlenbeck process, with parameters σ,κ and
correlation function

⟨β(t1)β(t2)⟩ =
σ2

2κ exp{−κ(∣t2 − t1∣)} (B.125)

we have

⟨β(t1)β(t2)β(t3)β(t4)⟩ =
σ4

4κ2 (exp{−κ(∣t2 − t1∣ + ∣t4 − t3∣)} (B.126)

+ exp{−κ(∣t3 − t1∣ + ∣t4 − t2∣)} (B.127)
+ exp{−κ(∣t3 − t2∣ + ∣t4 − t1∣)}) . (B.128)

Since these expressions only occur time-ordered (t1 > t2 > t3 > t4)in the differential
equations we can further simplify

⟨β(t1)β(t2)β(t3)β(t4)⟩ =
σ4 (e2κt2 + 2e2κt3) e−κ(t1+t2+t3−t4)

4κ2 (B.129)

B.9.2. Random telegraph process
For a symmetric two level fluctuator we have to evaluate this manually: the proba-
bility of an even or odd number of switches happening between ti and tj is

P (even switches in ∣ti − tj ∣) =
1 + e−2γ∣ti−tj ∣

2 (B.130)

P (odd switches in ∣ti − tj ∣) =
1 − e−2γ∣ti−tj ∣

2 . (B.131)

which leads to
⟨β(t1)β(t2)β(t3)⟩

g3 =P (even, even) + P (odd, odd) (B.132)

− P (odd, even) − P (even, odd). (B.133)

It follows after some algebra

⟨β(t1)β(t2)β(t3)⟩ = g
3 exp{−2γ(∣t1 − t2∣ + ∣t2 − t3∣)} (B.134)

and again assuming t1 > t2 > t3 leads to

⟨β(t1)β(t2)β(t3)⟩ = g
3 exp{−2γ(t1 − t3)}. (B.135)
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Similarly we have

⟨β(t1)β(t2)β(t3)β(t4)⟩ /g
4 = (B.136)

P (even, even, even) + P (odd, odd, even) + P (odd, even, odd) + P (even, odd, odd)
(B.137)

− P (odd, odd, odd) − P (even, even, odd) − P (even, odd, even) − P (odd, even, even).
(B.138)

After some algebra this simplifies to

⟨β(t1)β(t2)β(t3)β(t4)⟩ = g
4 exp (−2γ (∣t1 − t2∣ + ∣t2 − t3∣ + ∣t3 − t4∣)) (B.139)

again assuming t1 > t2 > t3 > t4 we are left with

⟨β(t1)β(t2)β(t3)β(t4)⟩ = g
4 exp{−2γ(t1 − t4)}. (B.140)

B.9.3. Centered squared gaussian noise
Given a zero-mean Gaussian process, βt we can define a centered Non-Gaussian pro-
cess ξ(t) = β2(t)−σ2 [Sun+19] by taking its square and subtracting the mean. We can
now make again use of Isserlis theorem to give the following multipoint correlators:

⟨ξ(t1)ξ(t2)⟩ = ⟨(β
2(t1) − σ

2)(β2(t2) − σ
2)⟩ (B.141)

= ⟨β2(t1)β
2(t2)⟩ − σ

4 (B.142)
= 2 ⟨β(t1)β(t2)⟩2 (B.143)
= 2Cβ(t1, t2)2 (B.144)

and after some algebra we get

⟨ξ1ξ2ξ3⟩ = 8Cβ(t1, t2)Cβ(t1, t3)Cβ(t2, t3) (B.145)

and after some more algebra

⟨ξ1ξ2ξ3ξ4⟩ =4(Cβ(t1, t2)2Cβ(t3, t4)2 +Cβ(t1, t3)2Cβ(t2, t4)2 +Cβ(t1, t4)2Cβ(t2, t3)2)

+ 16
⎡
⎢
⎢
⎢
⎢
⎣

Cβ(t1, t2)Cβ(t1, t3)Cβ(t2, t4)Cβ(t3, t4)

+Cβ(t1, t3)Cβ(t1, t4)Cβ(t2, t3)Cβ(t2, t4)

+Cβ(t1, t2)Cβ(t1, t4)Cβ(t2, t3)Cβ(t3, t4)

⎤
⎥
⎥
⎥
⎥
⎦

.

(B.146)

More details can be found in [Grü72].
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B.10. TCL-performance
We benchmark the TCL/PLME approach across different noise regimes. All time
integrals entering the perturbative expansions are evaluated analytically using Math-
ematica. The resulting dynamics are compared in Figure B.1.

B.11. Mapping pure dephasing Spin-Star system to
semi-classical dynamics

In this chapter, we show how an analytically solvable system, described by a Lindblad
master equation, can be equivalently described by averaging the dynamics over a
stochastic, Gaussian process. We start with the (time independent) spin-star model
and translate it step-by-step into a stochastic semi-classical model, this has to our
knowledge not been done yet. The Hamiltonian for a spin surrounded by N spins
which couple via ZZ interaction can be written as

H =
ω0

2 Z ⊗ 1B +
N

∑
k=1

Ωk

2 1⊗Z(k) + α
N

∑
k=1

gkZ ⊗Z
(k), (B.147)

where Zk is the Pauli-Z operator acting on the k-th spin. Assuming gk = 1 and Ωk = Ω,
we can find the Lindblad equation for the centered spin in the interaction picture as
[Sin+24]

ρ̇S(t) = −i Im{g(t)}[Z,ρS] +Re{g(t)}(ZρS(t)Z − ρS) (B.148)
= −iS(t)[Z,ρS] + γ(t)(ZρS(t)Z − ρS), (B.149)

where

g(t) =
N

cos(4t) + cosh(−βΩ)[sin(4t) + i sinh(−βΩ)]. (B.150)

We can also try to model the systems’ dynamics by a semi-classical stochastic noise
process with

H(t) = η(t)Z. (B.151)

As seen later η can be chosen as a Gaussian process. The dynamics for a single noise
realization, with initial density matrix ρ0 =

1
2(1 + xX + yY + zZ) are then given as

ρk(t) = e−i ∫ t
0 Hk(t′)dt′Zρ0e−i ∫ t

0 Hk(t′)dt′Z (B.152)

=
1
2
⎛
⎜
⎝

1 + z exp{−2iΦk(t)}(x − iy)

exp{2iΦk(t)}(x + iy) 1 − z

⎞
⎟
⎠
, (B.153)
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Figure B.1.: Comparison of the propagation methods introduced in this chapter
against static dephasing noise. The dotted results are averaged over
10,000 noise realizations and all integral methods are evaluated analyt-
ically using Mathematica. While all methods exhibit noticeable devi-
ations from the reference dynamics at long times, the fourth-order ap-
proaches PLME 4th order and MCE show a modest but systematic im-
provement.
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where Φk(t) = ∫
t

0 ηk(s)ds is the accumulated phase for the k-th noise realization.
If we average now over multiple noise realizations, we get

ρ(t) =
1
2
⎛
⎜
⎝

1 + z Ḡ(t)(x − iy)

G(t)(x + iy) 1 − z

⎞
⎟
⎠
, (B.154)

where G(t) = ⟨exp[2iΦ(t)]⟩, which we identify as the characteristic function of Φ at
z = 2. It follows

ρ̇ =
1
2
⎛
⎜
⎝

0 ¯̇G(t)(x − iy)

Ġ(t)(x + iy) 0

⎞
⎟
⎠
. (B.155)

Starting from the LME we have

ρ̇ = −iS(t)[Z,ρ] + γ(t)(ZρZ − ρ) (B.156)

B.154
=
⎛
⎜
⎝

0 Ḡ(t)(x − iy)(−iS(t) − γ(t))

G(t)(x + iy)(iS(t) − γ) 0

⎞
⎟
⎠
. (B.157)

Comparing Equation (B.155) and Equation (B.157) leads to

Ġ(t)

G(t)
= −2(γ(t) + iS(t)) (B.158)

or equivalently

2γ(t) = −Re{Ġ
G
} (B.159)

2S(t) = Im{Ġ
G
}. (B.160)

We therefore find

G(t) = exp{−2Γ(t) + 2iΛ(t)}, (B.161)

where Γ(t) = ∫
t

0 γ(s)ds and Λ(s) = ∫
t

0 S(t
′)dt′ . This results in

Γ(τ) = 1
4N log( cosh(βΩ) + 1

cos(4ατ) + cosh(βΩ)) (B.162)

and

Λ(τ) = −1
2N tan−1 (tan(2ατ) tanh(βΩ

2 )) (B.163)

if csc(2ατ) ≠ 0 ∧ 4ατ < π ∧ cos(4ατ) + cosh(βΩ) > 0. (B.164)
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A (Gaussian) process Φ(t) has the characteristic function

χΦ(z) = exp{−1
2σ

2(t)z2 + izµ(t)} (B.165)
z=2
= exp{−2σ2(t)z2 + 2iµ(t)}. (B.166)

Therefore we get the requested dynamics by letting σ2(t) = Γ(t) and µ(t) = Λ(t)

Φ(t) ∼ N(Λ(t),Γ(t)). (B.167)

It would be nice to sample not from Φ, but from its time-derivative. It is not defined
in the classical sense, but in the Ito-sense, and we know that the derivative of a
Gaussian process is again a Gaussian process. These are fully characterized by their
mean and auto-correlation function. We can write

Φ(t) = Λ(t) +
√

Γ(t)ξ, (B.168)

where ξ ∼ N(0,1) and derive:

⟨η(t)⟩ = Λ̇ = S(t) (B.169)
⟨η̃(t)η̃(t′)⟩ = ∂t∂t′ ⟨Φ̃(t)Φ̃(t′)⟩ (B.170)

=
γ(t)γ(t′)

4
√

Γ(t)Γ(t′)
(B.171)

where η̃(t) = η(t) − S(t) and Φ̃(t) are the centered versions of the corresponding
random variable. In Figure B.2 we show the results for N = 1000 noise realizations.
We see very good agreement and conclude that both methods are indeed equivalent.
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Figure B.2.: Dynamics of the centered spin of the ZZ-spinstar calculated ones analyt-
ically, ones by sampling Φ and once by sampling η. The parameters for
the simulation were T = 40, dt = 0.01, α = 0.1, β = 0.1,Ω = 10,N = 5.
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