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Abstract

This thesis investigates two different topics in the field of operator algebras and non-
commutative geometry. In the first part, we study bipartite graph C*-algebras, a class of
C*-algebras generated by two partitions of unity with orthogonality relations prescribed
by a bipartite graph. Our main result gives a classification of bipartite graph C*-algebras
in terms of their space of one- and two-dimensional irreducible representations. The C*-
algebras associated to the hypercubes of arbitrary dimension are studied in more detail.
For these we obtain an explicit description in terms of continuous matrix-valued functions
on a standard simplex.

The second part of this thesis contributes to the theory of quantum graphs, a novel
generalization of classical graphs. Given a free action of a finite group on a finite clas-
sical graph I', a construction of Gross and Tucker describes I' as the so-called derived
graph of a woltage graph. The latter is a finite graph together with a labeling of the
edges by elements of a finite group. We generalize the derived graph construction to
quantum graphs and finite abelian groups, and we characterize precisely which quantum
graphs can be written as derived quantum graphs. Via a choice of a group action in
the construction of the derived quantum graph, a fixed voltage quantum graph can give
rise to different non-isomorphic derived quantum graphs which are in this case quantum
isomorphic to each other.






Zusammenfassung

Diese Dissertation beschéftigt sich mit zwei verschiedenen Themen aus dem Gebiet der
Operatoralgebren und nicht-kommutativen Geometrie. Im ersten Teil untersuchen wir
bipartite-Graph-C*-Algebren, eine Klasse von C*-Algebren, die von zwei Partitionen der
Eins erzeugt werden, wobei ein bipartiter Graph bestimmte Orthogonalitdtsbedingungen
zwischen den Partitionen vorgibt. Unser Hauptresultat klassifiziert bipartite-Graph-C*-
Algebren durch ihren Raum der ein- und zwei-dimensionalen irreduziblen Darstellungen.
Weiter untersuchen wir die C*-Algebren der Hyperwiirfel genauer und erhalten eine ex-
plizite Beschreibung durch stetige matrixwertige Funktionen auf einem Standardsimplex.

Der zweite Teil dieser Arbeit tragt zur Theorie der Quantengraphen bei. Eine klas-
sische Konstruktion von Gross und Tucker beschreibt einen beliebigen Graphen I' als
abgeleiteten Graph eines sogenannten Spannungsgraphen, falls eine freie Wirkung einer
endlichen Gruppe auf I" gegeben ist. Ein Spannungsgraph ist dabei ein klassischer Graph
zusammen mit einer Beschriftung der Kanten durch Elemente einer endlichen Gruppe.
Wir verallgemeinern diese Konstruktion auf Quantengraphen und endliche abelsche
Gruppen und charakterisieren genau, welche Quantengraphen als abgeleitete Quanten-
graphen dargestellt werden kénnen. Durch die Wahl verschiedener Gruppenwirkun-
gen in der Konstruktion des abgeleiteten Quantengraphen kann ein fester Quanten-
Spannungsgraph verschiedene nicht-isomorphe abgeleitete Quantengraphen erzeugen, die
in diesem Fall paarweise quantenisomorph sind.
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1. Introduction

This thesis is divided into two parts, of which the first deals with C*-algebras generated
by two partitions of unity, and the second part introduces and investigates derived
quantum graphs. What unites both topics is the notion of a C*-algebra. A C*-algebra is
a complex algebra A together with an involution and a norm that satisfies the C*-identity

laa*|| = |lal|* for all a € A.

One of the earliest fundamental results about C*-algebras is Gelfand duality: There is
a systematic correspondence between locally compact Hausdorff spaces X and commu-
tative C*-algebras A, given by the mapping X — A := Cp(X).

Gelfand duality provides a complete description of commutative C*-algebras in terms
of locally compact Hausdorff spaces. In the last decades an enormous amount of research
has been devoted to extending this understanding to non-commutative C*-algebras
where things are much less transparent. The first part of the present thesis contributes
to this by studying a particular class of C*-algebras.

Further, motivated by Gelfand duality one can interpret C*-algebras as noncommu-
tative topological spaces. But not only topological spaces can be generalized to the
non-commutative setting: For instance, (differential) geometry [23], group theory [29,
47, 101] and probability theory [88] have all been equipped with non-commutative gen-
eralizations. Sometimes these non-commutative versions fill a gap that has been open
in the classical theory. For example, the theory of quantum groups provides a satisfac-
tory generalization of Pontryagin duality to non-abelian groups [57, 60]. More recently,
quantum graphs have been introduced as a non-commutative generalization of classical
graphs. In the second part of this thesis we contribute to their study by investigating
the novel notion of a derived quantum graph.

In the following sections we elaborate on both parts of this thesis in more detail.

1.1. Part I: C*-algebras generated by two partitions of unity

In the study of C*-algebras, a major aim is to understand the universe of all C*-algebras.
This includes two challenges: The first is to describe C*-algebras by a concrete construc-
tion. As an example, Gelfand duality tells us that any commutative C*-algebra can be
constructed as Cp(X) for some locally compact Hausdorff space X. A second challenge
is to distinguish C*-algebras up to isomorphism, which we call the classification prob-
lem. Again Gelfand duality provides such a classification: It says that two commutative
C*-algebras Cy(X) and Cp(Y') are isomorphic if and only if the underlying spaces X and
Y are homeomorphic.
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For commutative C*-algebras, Gelfand duality solves both the construction and clas-
sification problem perfectly. What can we say about non-commutative C*-algebras?
Firstly, every finite-dimensional C*-algebra is isomorphic to a (finite) direct sum of ma-
trix algebras. Extending this, one can consider infinite-dimensional C*-algebras that
can be approximated by finite-dimensional ones. These are the so-called AF (“almost
finite-dimensional”) C*-algebras, and they were classified by George Elliott in the 1970’s
using K-theory [34]. Starting from there, Elliott initiated an ambitious program to clas-
sify ever larger classes of C*-algebras by K-theoretic data. Only recently this so-called
classification program has culminated in the classification theorem for a large class of
C*-algebras, see e.g. [40].

Yet the classification program is inherently limited to C*-algebras that are in some
ways “well-behaved”. A prominent condition in the classification theorem is nuclearity. A
C*-algebra is nuclear if it can be approximated in a particular way by finite-dimensional
C*-algebras. Many natural examples of C*-algebras are nuclear, for instance all commu-
tative C*-algebras, all finite-dimensional C*-algebras and all AF C*-algebras. However,
free products of C*-algebras tend to be non-nuclear. As an example, the unital free
product C(S') ¢ C(S!) of two copies of the continuous functions on the unit circle S*
is not-nuclear, which is an echo of the famous Banach—Tarski paradox. In the first part
of this thesis we solve the classification problem for a particular class of C*-algebras
that are generally not nuclear and thus fall outside the realm of Elliott’s classification
program.

1.1.1. Two Partitions of Unity

The C*-algebras that we investigate are generated by two partitions of unity sub-
ject to particular orthogonality relations prescribed by a bipartite graph. Given a bi-
partite graph G = (U, V, E) with disjoint (finite) vertex sets U and V and edge set
E c {{u,v} | v € Uyv € V}, we consider the universal C*-algebra C*(G) that is
generated by projections p, with x € U UV satisfying the two relations

Z pu=1= Z Dus (GP1)

uelU veV
Pupo = 0 if {u7 U} ¢ E. (GPQ)

Thus, the families {p, }uev and {p, }vey consist of pairwise orthogonal projections which
add up to the unit of C*(G), and this is what we call a partition of unity. We call C*(QG)
the bipartite graph C*-algebra associated to G.

These C*-algebra generalize the universal (unital) C*-algebra generated by two projec-
tions. Famously, Halmos’ described the general structure of two projections in a Hilbert
space in his Two Projection Theorem [45], and Pedersen provided an explicit descrip-
tion of the universal C*-algebra of two projections as algebra of particular continuous
functions from [0, 1] into the 2 x 2-matrices [67]. In Theorem 4.4.3 and Theorem 7.6.4
we generalize both results to bipartite graph C*-algebras.

Our interest in these algebras stems from their connection to the recently introduced
hypergraph C*-algebras which have first been investigated by Trieb, Weber and Zenner
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in [85]. Hypergraph C*-algebras are a novel generalization of graph C*-algebras and
not much is known about them. Open questions include their classification or which
hypergraph C*-algebras are nuclear. The latter question was studied by Moritz Weber
and the author in [80]. There, a partial result was obtained: In order to tell which
hypergraph C*-algebras are nuclear it suffices to know which undirected hypergraph C*-
algebras are nuclear. In fact, the latter are exactly the algebras we study in the present
thesis (see Proposition 5.3.1), though we prefer the language of bipartite graphs for the
sake of clarity.

1.1.2. Contributions

Our primary goal is to solve the classification problem for bipartite graph C*-algebras.
Before we do this, we collect some results which offer different perspectives on these
algebras. First, we provide an alternative set of generators for the bipartite graph
C*-algebra C*(G). By definition, C*(G) is generated by projections associated to the
vertices of the graph G, but we show that it is as well generated by contractions associated
to the edges of GG - satisfying particular relations, of course. In principle, one can extend
this observation and find generators associated to paths in G of any fixed length k. This
would, however, increase both the number of generators and relations unfavorably.

Proposition A (Proposition 4.3.1). Let G = (U,V, E) be a bipartite graph. Then
C*(Q) is the universal C*-algebra generated by a family of elements (z.).cr satisfying

zixp =0 ifenfnu =40, (GC1)
zexy =0 ifenfNv =40, (GC2)
<Z xZ) rp=2xy, (GC3)
ecl
$e Z x‘? = xe, (GC4)
fer

for all edges e, f € E, respectively. In particular, the z. are contractions which satisfy
TewiTe = T2

Next, we investigate what we can say about concrete projections (Py)zcpuv C B(H)
on some Hilbert space H that satisfy the relations (GP1) and (GP2). We call such
projections a G-projection family. Following earlier work by Vasilevski [87] we obtain
the following generalization of Halmos’ Two Projection Theorem to G-projection families.

Theorem B (Theorem 4.4.3). Every G-projection family (P,).cyuy in generic position
on some Hilbert space H associated to a connected bipartite graph G is (up to unitary
equivalence) of the form

P, = (C:;vl Cuvz)v1,v2€V € MV(B(K))v
P, = (5v1v5v2v)v1,vzeV € MV(B(’C))a



1. Introduction

for operators (Cyy)uev,vev on a Hilbert space K that satisfy particular relations including
Cuw =01if {u,v} ¢ E.

The conditions imposed on the operators Cy, can be found in the statement of The-
orem 4.4.3. They generalize the condition C? + S? = I from Halmos’ Theorem and
incorporate the graph structure by asking Cy,, = 0 whenever {u,v} ¢ E.

Finally, we solve the classification problem and answer the following question: When
is C*(G) = C*(G’) for two bipartite graphs G and G’. For that we consider the subspace
Spec<5(C*(@G)) of the spectrum of C*(G) which contains only the (equivalence classes
of) one- and two-dimensional irreducible representations. The structure of this space can
be easily read off from the bipartite graph . In fact, the one-dimensional irreducible
representations correspond to edges of the bipartite graph, while the two-dimensional
irreducible representations correspond to subgraphs that are isomorphic to Ks2, see
Lemma 6.1.3 and Lemma 6.1.6. Then we obtain the following theorem.

Theorem C (Theorem 6.2.6). We have
C*(G)=C*(G") & Specey(C*(G)) = Specy(C*(G)).

Recall that bipartite graph C*-algebras are special cases of hypergraph C*-algebras.
Hence, Theorem C provides a first step towards a classification of hypergraph C*-
algebras.

As mentioned before, another open question about hypergraph C*-algebras is which of
them are nuclear. For bipartite graph C*-algebras it is an easy observation that C*(G)
is not nuclear as soon as K23 C G, where K>3 is the complete bipartite graph with
2 and 3 vertices. It is unclear if the converse is true, i.e. whether C*(G) is nuclear if
Ks3 ¢ G. Towards answering this question, we investigate a particular class of bipartite
graphs G with K33 ¢ G: hypercube graphs.

For the hypercubes @Q,, we are able to provide an explicit description of the associated
bipartite graph C*-algebras C*(Q,,). If n = 2, then C*(Q2) is the universal C*-algebra
of two projections. By a theorem of Pedersen [67] this C*-algebra is given by

C*(p,q) = {f € C([0,1], M2) | f(0), f(1) are diagonal} .

To generalize this, we replace the unit interval [0, 1] by the standard simplex A, _; =
{t = (to,...,tn—1) € [0,1]" | 74 t; = 1} and the matrix algebra My by the matrix
algebra Myn—1. In Pedersen’s result, functions f € C*(p,q) C C([0, 1], M2) had to satisfy
the condition that f(0) and f(1) are diagonal matrices. We replace that condition with a
more complex one which we summarize by saying that f(t) must be in t-block diagonal
form for all t € A, _1. The precise definition of t-block diagonal form can be found in
Notation 7.6.1.

Theorem D (Theorem 7.6.4). The C*-algebra C*(Q,,) is isomorphic to

Ay ={f € C(Ap—1, Myu—1) | f(t) is in t-block diagonal form for all t € A, _1}.
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This theorem entails that the algebras C*(Q,,) are nuclear, supporting the hypothesis
that K3 ¢ G implies nuclearity of C*(G).

At the end of the first part of this thesis, we apply our findings on the hypercube
algebras C*(Q,) to an open problem about magic isometries. A magic isometry is a
matrix P = (P;;) € My, ,(A) with entries from a unital C*-algebra A such that every
P;; is a projection and PP* = I,,. If m = n, the matrix P is also called a magic unitary.
In [7], Banica, Skalski and Soltan asked if any m X n magic isometry with m < n can
be completed to a n X n magic unitary by adding (n — m) rows. In the special case,
where m = 2 and n = 4, it turns out that the universal C*-algebra generated by the
entries of a 2 x 4 magic isometry is isomorphic to the hypercube algebra C*(Q3). Using
our description of C*(Q3), we answer the question of Banica, Skalski and Soltan in the
positive.

Proposition E (Proposition 7.7.7). Every 2 x 4-magic isometry can be completed to a
4 x 4-magic unitary matrix.

1.2. Part Il: Derived quantum graphs

By a famous result of Erdés and Rényi, almost all finite graphs have no symmetries [35].
Yet most graphs that one encounters in real life exhibit some symmetry, starting from
the cyclic graphs to more complex ones like the Petersen graph. How can one exploit
these symmetries? In the 1970s, Gross and Tucker developed a method to describe
graphs with symmetries in terms of smaller labeled graphs in an insightful way [43, 42].
The main objects of their theory are so-called wvoltage graphs. A voltage graph is a pair
(T, \) consisting of a finite (not necessarily simple) graph I’ together with a labeling
A By — G of its edges by elements of a finite group G. Then, they introduced the
derived graph T as a particular graph on the vertex set Vi X G where the edges are
determined by the labeling A\. Gross and Tucker’s main theorem states that a graph I’
is isomorphic to a derived graph I'* if and only if there is a free action of the group G
on I

Voltage and derived graphs have found applications in a number of settings, e.g. for
generating graph coverings [44], for constructing large graphs with small degree and
diameter [14] or for lifting graph automorphisms [59]. Kumjian and Pask used voltage
graphs to decompose graph C*-algebras into crossed products up to stable isomorphism
[54].

In the second part of this thesis we generalize voltage graphs, derived graphs and the
Gross—Tucker theorem to quantum graphs. Quantum graphs are a recent generalization
of classical graphs where the (finite) vertex set is replaced with an arbitrary finite-
dimensional C*-algebra. In the spirit of Gelfand duality a finite-dimensional C*-algebra
is viewed as a noncommutative or quantum version of a classical finite set. For a number
of reasons, though, a quantum set is indeed a pair (B, ) of a finite-dimensional C*-
algebra and a particular functional .

Quantum graphs originate in quantum information theory where they were introduced
by Duan, Severini and Winter to generalize confusability graphs from classical commu-
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nication channels to quantum channels [30]. From a purely mathematical perspective
Kuperberg and Weaver discovered quantum graphs as particular cases of quantum re-
lations [56, 97, 96]. A completely different perspective on quantum graphs was later
proposed by Musto, Reutter and Verdon who described quantum graphs by so-called
quantum adjacency matrices [64]. Let us also mention work of Kornell which shows
that quantum graphs appear naturally in a quantum version of first-order logic [52, 53].
Most importantly, all approaches to quantum graphs result in essentially the same ob-
ject. When the underlying quantum set is tracial, meaning that the functional ¢ is a
trace, this had been proved by Weaver and Musto—Reutter—Verdon. For the non-tracial
case different equivalences have been laid out by Daws and Wasilewski [27, 93].

What are examples of quantum graphs? For a start, every classical graph on n ver-
tices is a quantum graph on the quantum set (C",,) for a suitable functional 1, see
Examples 8.1.4 and 8.2.4. Undirected quantum graphs on the quantum set (Ms, 2Tr)
were classified by Gromada and Matsuda, and it turned out that, up to isomorphism,
there exist exactly four such quantum graphs which are quantum isomorphic to classical
graphs [41, 62]. In this thesis we extend their classification to loopfree directed quantum
graphs on (Ma, 2Tr). This is just a special case of a more extensive classification of the
author and Nina Kiefer [50]. The obtained result is the following theorem. (For a more
detailed statement we refer to Theorem 9.3.5.)

Theorem F (Theorem 9.3.5). Every loopfree directed quantum graph on (Ms, 2Tr)
is isomorphic to exactly one of the quantum graphs given by the quantum adjacency
matrices

Ay =0,
0 0 0o B
PG 0 0 pBp 0
! 1+p2( 0 ByB- O 0’
g2 0 0 0
0 0 0 3% 1 0 0 0
) 1 0 0 —B4B- 0 0 -1 0 0
A2 — + 5
146821 0 —B46- 0 0 0 0 —-10
B 0 0 0 0 0 0 1
1 0 0 2
0 -1 0 0
=10 0 -1 0|
2 0 0 1

where 54 :=14 S and f_ :=1— 3 for 5 € [0, 1].

Quantum graphs have been applied to a range of different topics. In quantum in-
formation theory one is most interested in computing values such as independence or
chromatic numbers of quantum graphs, see e.g. [83, 51, 17, 38, 11]. Nonlocal games,
a central tool in quantum information theory, for quantum graphs were studied in [17,
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21, 20, 39, 31]. Further, quantum graphs have important connections to the theory of
quantum groups: Wasilewski introduced quantum Cayley graphs [93], and it was shown
that every finite quantum group is the quantum automorphism group of a quantum
graph [18]. Other applications of quantum graphs to quantum groups include [36, 15,
22]. Yet in another area, quantum graphs can be used to construct C*-algebras which
generalize the well-known Cuntz-Krieger and graph C*-algebras [16, 19, 46].

This thesis introduces the notion of voltage quantum graphs and their derived quantum
graphs (Definition 12.1.1). Intuitively, a voltage quantum graph is a quantum graph with
an edge labeling by elements of a finite abelian group G. In precise terms, it is a family
A= (Ag)geg of quantum adjacency matrices on a quantum set (B,1). One should
think of every flg as the quantum graph of all edges that are labeled by g. Classically,
the vertex set of the derived graph is the Cartesian product of the vertex set V of the
voltage graph and the group GG. In the quantum setting we have more flexibility: Given
any action & of the dual group G on the voltage quantum graph A, we obtain a derived
quantum graph

A= /Nl Ha é,
which is defined on the crossed product quantum set (Definition 11.2.1)
(B,?Z) X & é = (B X & G,Qﬂx).

Thus, we also call A a (G,@&)-voltage quantum graph. One family A = (Ag)geg is a
(G, &)-voltage quantum graph for every action & of G on the quantum set (B, ) which
preserves all adjacency matrices flgl. The classical voltage and derived graphs of Gross
and Tucker are recovered as (G, triv)-voltage quantum graphs on (C",1),,) where triv is
the trivial action of G on (C",v,) (see Proposition 12.3.1).

Every classical voltage graph is in particular a voltage quantum graph. It is a remark-
able feature of our construction that one can start with a classical voltage graph A and
obtain a true quantum graph, i.e. one that is not a classical graph. For instance, let
A be a classical voltage graph on two vertices. If A is preserved under the action & of
Zs which swaps the two vertices, then A is also a (Za, &)-voltage quantum graph. The
crossed product quantum set with respect to the action & is

A

(C2,4h9) 34 Ly = (Ma, 2Tv).

Accordingly, the derived quantum graph A X4l is a quantum graph on the quantum set
(Ms,2Tr). In fact, as mentioned before, there are only four non-isomorphic (undirected,
loopfree) quantum graphs on (Ma, 2Tr), and we show that they are all obtained in this
way (Proposition 12.5.1).

Further, Matsuda proved that all four loopfree undirected quantum graphs on (Ma, 2Tr)
are quantum isomorphic to classical graphs [62]. We recover this quantum isomorphism
as a special case of a much more general phenomenon.

'Indeed, an action of G on a quantum (voltage) graph is nothing else but an action on the underlying
quantum set that preserves the additional quantum graph structure.
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Theorem G (Theorem 12.4.1). Assume that A is a (G, &)-voltage quantum graph on
(B,1). Then A is also a (G, triv)-voltage quantum graph, and we have a quantum
isomorphism

A X é gq A Atriv G7
where triv is the trivial action of G on (B, ).

Finally, the main result of this work is a generalization of the Gross—Tucker theorem to
quantum graphs: Classically, a graph T is isomorphic to a derived graph I if and only
if there is a free action of G on I' such that T' 2 T'/G, i.e. the (unlabeled) voltage graph
is isomorphic to the quotient graph. The first problem in generalizing this theorem is
to find an analogue of a free action on a quantum set. Here, the answer is given by a
theorem of Landstad [58] which precisely characterizes when a given C*-algebra B is
isomorphic to a crossed product algebra B x4 G (see Theorem 11.4.1). Note that the
conditions in Landstad’s theorem are stronger than mere freeness of the action which
has been generalized to the setting of C*-algebras in various ways [69, 74, 9].

Theorem H (Theorem 13.0.2). Let A: B — B be a quantum graph on the quantum
set (B,) and let a: G — Aut(A) be an action of a finite abelian group G on A which
has the following properties:

1. There is a representation (ux)xeé' C B of the dual group G such that

ag(ux) = x(g)ux
holds for all g € G and y € G.
2. One has
pAd(uy) =1 as wellas  Ad(uy)A = AAd(uy)
for all y € G.

Then there is a voltage quantum graph A on (B®, ) such that

12
N

A X & é,
where B* C B is the fixed-point subalgebra, & : G — Aut(B®, 1) is given by Gy (b) =
uybuy, for all b € B* and x € G, and ¢ = ‘—Cl;'w\ga.

1.3. Included publications

The first part of this thesis consists mainly of material from two articles of the author [78,
77] which are to be published in peer-reviewed journals. During his PhD, the author co-
supervised the Master’s thesis of Fabian Selzer [82] where a similar theorem to Theorem
7.6.4 was obtained by different methods.
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The second part of this thesis is based on the preprint [79] which is co-authored by
the author and Mariusz Tobolski. Further, it contains material from the publication [50]
which is a joint work of the author and Nina Kiefer. We explain the contributions to
these publications for every chapter:

Chapter 8 collects background material on quantum graphs and contains no orig-
inal work.

Chapter 9 is based on [50] which is a joint work of the author and Nina Kiefer.

Chapter 10 recalls the well-known theory of Gross and Tucker and contains no
original work.

Chapter 11 describes crossed product quantum sets and a version of Landstad’s
duality theorem for quantum sets. The construction of the quantum set functional
on the crossed product C*-algebra is due to the author. The idea to use Land-
stad’s theorem for quantum sets is due to Mariusz Tobolski, while the proof of the
version of Landstad’s theorem for quantum sets is the author’s work. The quan-
tum isomorphism between different crossed product quantum sets is the author’s
original work.

Chapter 12 introduces voltage quantum graphs and derived quantum graphs. The
definition of voltage quantum graphs and derived quantum graphs is the author’s
work, as well as the quantum isomorphism between different derived quantum
graphs. The example of a derived quantum graph in Example 12.3.4 traces back
to a discussion between the author and Mariusz Tobolski at University of Wroctaw
in 2025. Similarly, the idea to obtain quantum graphs on (Mas,2Tr) as derived
quantum graphs stems from a discussion between the author and Mariusz Tobolski,
while the proof in Section 12.5 is the author’s work.

Chapter 13 contains the main result of the second part of this thesis, a general-
ization of the Gross—Tucker theorem to quantum graphs. The formulation of the
theorem and its proof are the author’s original work.

1.4. Notation

Let us introduce some general notation that is used throughout this thesis. More spe-
cialized notation is introduced when it is appropriate. A list of symbols can be found at
the end of the thesis.

The symbols N, Z, R, C denote the sets of natural, integer, real and complex numbers,
respectively. We reserve the symbol X for topological spaces, the symbols B, Bi, Bs
for C*-algebras and the symbol H for Hilbert spaces. The opposite C*-algebra of B is
denoted by B°P, this is the C*-algebra obtained from B by changing the multiplication
to b-pop ¢ := ¢ -p b. The algebra of complex n x n matrices is denoted by M,, and
B(#) denotes the bounded operators on H. The identity operator on a C*-algebra B
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is denoted by Idg and the identity matrix in M,, by I, or simply I. The unit in a
C*-algebra is denoted by 15 or simply 1. The symbols E;; denote the standard matrix
units in M,,, while we denote by e; the standard basis vectors in C™. We also write e, or
ev,g for the natural indicator functions in C (V') and C(V x G), respectively. We denote
by Tr the un-normalized trace on M,, and by tr the normalized trace, i.e. tr = %Tr. The
symbols , ¥ are used for x-homomorphisms between C*-algebras, but in the second part
1 is reserved for a (positive faithful) functional on a C*-algebra. The symbol ® denotes
the tensor product of C*-algebras, and we generally are in a situation where minimal
and maximal tensor product coincide. At some places ® denotes the Kronecker product
of matrices, and it will be clear from the context which one is meant.

In the first part of the thesis, projections on Hilbert spaces are typically denoted
by P,Q and projections in a C*-algebra by p,q. A universal C*-algebra is denoted
by C*(xz; | R;) where x; are the generators and R; are the relations. Further, G =
(U,V, E) denotes a finite bipartite graph with adjacency relation u ~ v, neighborhood
sets N (z) and complete bipartite graphs K, ,,. Paths in bipartite graphs are denoted
by p,v with source and range s(u),r(u), respectively. Hypergraphs are denoted by
HI' = (E° E',r, s), and the associated hypergraph C*-algebras by C*(HI'). The n-
dimensional hypercube graph is denoted by @, = (U, V,, E,), its vertices are binary
numbers denoted by 7,j. By A, we denote the n-dimensional standard simplex with
elements t = [to, ..., tnh—1].

In the second part of the thesis, G denotes a finite abelian group with dual group G.
The finite cyclic groups are denoted by Z,,. Elements of G are denoted by h, g, ..., while
elements of G are denoted by y,&, .. .; the unit of the group G is generally denoted by
1, but the unit in Z, is, naturally, 0. For y,& € G, dy—¢ denotes the Kronecker delta
and similarly for subscripts h, g.

We use the symbols a and & to denote actions of G and é, respectively, on C*-
algebras. The fixed point algebra of the action « is denoted by B, and the crossed
product of a C*-algebra B by the action « is denoted by B x, G. We are generally
in a situation where the reduced crossed product is equal to the full crossed product.
If w € B is unitary, then we denote by Ad(u) its action on B by conjugation. A
quantum set is generally written as a pair (B,%) with automorphism set Aut(B, ),
and crossed products (B,1) x, G. Quantum graphs are denoted by their adjacency
matrix A : B — B and their automorphism group is denoted by Aut(A). The symbol
= denotes isomorphisms of C*-algebras, quantum sets or quantum graphs, while =,
denotes quantum isomorphisms of quantum sets or quantum graphs.

1.5. Outline

In the next Chapter 2 we lay out some background on the general theory of C*-algebras.
Then, we start the first part of the thesis by recalling in Chapter 3 a number of classical
results from the theory of two projections. In Chapter 4 we introduce bipartite graph
C*-algebras together with some first properties. Chapter 5 is about hypergraph C*-
algebras and explains their connection to bipartite graph C*-algebras. Then we present

10
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in Chapter 6 a first main result: the classification of bipartite graph C*-algebras in
terms of their spectrum. The next Chapter 7 is devoted to hypercube C*-algebras, the
bipartite graph C*-algebras associated to the hypercube graphs.

The second part of this thesis is on derived quantum graphs. In Chapter 8 we lay
out the basic definitions from the theory of quantum graphs. Then, Chapter 9 recalls
and extends classification results for quantum graphs on the matrix algebra Msy. Gross
and Tucker’s classical construction of derived graphs is explained in Chapter 10. In
order too generalize this to quantum graphs, we first describe crossed product quantum
sets in Chapter 11, and then go on to introduce voltage and derived quantum graphs
in Chapter 12. We end the thesis with a main result generalizing the classical theorem
of Gross and Tucker in Chapter 13.

11






2. Preliminaries on C*-algebras

In this chapter, we collect basic definitions and constructions about C*-algebras. Our
reference is generally Blackadar’s monograph [10] but we will also refer to Dixmier’s
book [28] later on.

2.1. Definition and structure theorems

Definition 2.1.1. A C*-algebra is a complex associative algebra B together with a map
x : B — B (called “involution”) satisfying

(b)Y =b, (Ab+pc)* = Xb* +7uc*,  (be)* = c*b*, for all b,c € B,\,u € C,
and a norm || - || such that (B, | -||) is a complete normed space and the C*-identity
l6b*| = [[b]]*
holds for all b € B. The C*-algebra B is called
a) finite-dimensional if it is finite-dimensional as a complex vector space,
b) wunital if it contains a unit 15 such that 150 = blp = b holds for all b € B,
c) commutative if be = ¢b holds for all b,c € B.
Let us collect some examples of C*-algebras.

Example 2.1.2. 1. If X is a locally compact space, then Cy(X), the algebra of
continuous complex-valued functions on X vanishing at infinity, is a (commutative)
C*-algebra with pointwise operations and the supremum norm, i.e.

(f9)(x) = f(z)g(x), (f)(x) = f(x), 11l = Sup |f ()]

Evidently, Cy(X) is unital if and only if X is a compact space.

2. If H is a Hilbert space, then the bounded operators on H together with composition
as multiplication, the operator norm and the adjoint operation form a (unital,
generally non-commutative) C*-algebra B(#). In particular, the matrix algebras
M,, are C*-algebras.

3. Further, every subalgebra of B(#) that is closed with respect to the operator norm
and the adjoint operation is a C*-algebra as well.

13
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Famously, these examples cover all possible C*-algebras thanks to two fundamental
structure theorems.
Theorem 2.1.3 (Gelfand-Naimark). Every commutative C*-algebra is isomorphic to
Co(X) for some locally compact Hausdorff space X.
Theorem 2.1.4 (Gelfand—-Naimark—Segal). Every C*-algebra A is isomorphic to a
closed sub-C*-algebra of B(H) for some Hilbert space H.

The latter theorem is proved using the GNS-construction which we will describe in
detail in a later section.

2.2. Basic notions

In this section, we collect some basic notions about C*-algebras.

Definition 2.2.1. Let B be a C*-algebra. An element b € B is called
a) self-adjoint if b = b*,

b) positive, written b > 0, if b = y*y for some y € B,

c) a projection if b = b* = b

d) a contraction if ||b]| < 1,

e) an isometry if B is unital and b*b = 1,

f) a unitary if B is unital and bb* = b*b = 1.

A finite family of projections {p; | ¢ € I} C B is called a partition of unity if 3_,c; pi = 1B.
Two projections p,q € B are called orthogonal if p¢g = 0. The positive elements of B
induce a partial order on B via by < by :< by — by > 0 for by,by € B.

Definition 2.2.2. Let By, By be C*-algebras. A linear map ¢ : By — Bs is called
a) faithful if (b*b) = 0 implies b = 0 for all b € By,
b) wnital if B; and Bs are unital C*-algebras and ¢(1p,) = 15,,
d) a functional if By = C,

€

)
)
c) positive if p(b) > 0 holds for all positive b € By,
)
) a state if it is a positive functional with

lell := sup |p(b)] =1.
Ibl=1

14
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Further, ¢ is called a x-homomorphism if it satisfies

p(be) = p(b)p(c), (") = ¢(b)",

for all b,c € By, i.e. if it is multiplicative and symmetric. A bijective *-homomorphism
is called a x-isomorphism. A *-homomorphism into the C*-algebra of bounded operators
B(H) on a Hilbert space H is called a representation.

The x-homomorphisms are the natural maps between C*-algebras. They interact in
the expected way with the following notions/constructions.

Definition 2.2.3. Let By and By be C*-algebras. Then, we say that
a) By is isomorphic to By, written By = By, if there is a x-isomorphism ¢ : By — B,

b) Bs is a subalgebra of By, written By C By, if By is a linear subspace of B that is
closed under multiplication and involution,

¢) Bs is an ideal in Bj if it is a subalgebra that is closed under left and right multi-
plication with arbitrary elements of By,

d) B is a quotient of Bj if there is an ideal I C Bj such that elements of By are
equivalence classes [b] of B; under the equivalence relation

b~b e b—b el
and one has A[b] + ulc] = [Ab+ uc], [b][c] = [bc], [b]" = [b*] as well as

|81 = in b+ ],

Further,

a) a tensor product By ® Bs is given by equipping the algebraic tensor product B ® Bo,
i.e. the tensor product of By and Bj as algebras, with a C*-norm and completing
it with respect to this norm,

b) the direct sum B @ Bs is given by the set of pairs (b1, b2) with by € By and by € By
together with pointwise operations and the norm ||(b1, b2)|| := max{||b1||, ||b2]}-

Generally, two C*-algebras B; and Bs admit various non-isomorphic tensor products.
More well-behaved C*-algebras are called nuclear.

Definition 2.2.4. A C*-algebra Bj is called nuclear if for every other C*-algebra Bs
there is a unique C*-norm on the algebraic tensor product B; ® Bs.

Example 2.2.5. All finite-dimensional and all commutative C*-algebras are nuclear.

15
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2.3. GNS-construction

An early problem in the theory of C*-algebras was to reconcile two different definitions:
First, an abstract C*-algebra is a complex associative algebra with involution and a
complete norm satisfying the C*-identity. Second, a concrete C*-algebra is a norm-
closed subalgebra of B(H) for some Hilbert space H. The GNS-construction, named after
Gelfand, Naimark and Segal, provides a way to represent abstract C*-algebras concretely.
Recall that a representation of a C*-algebra is a x-homomorphism from B into the space
of bounded operators B(#) on some Hilbert space H. The GNS-construction provides
a particular faithful representation for a given abstract C*-algebra.

Definition 2.3.1 (GNS-construction). Let B be a C*-algebra with a positive functional
¥ : B — C. Then

(b,c)y :=1(b*c) for b,ce B,

is a pre-inner product on B. It induces naturally an inner product on the quotient
B/{b € B | ¢(b*b) = 0} whose elements we denote by [b] for b € B. The completion of
this space is a Hilbert space Hy = L?(B, ). For every b € B one can extend the map

Hy 3 [c] = [be] € Hy  for c € B,
to a bounded operator my(b) € B(H). The map
Tyt B — B(Hy), b= my(D)
is a *-homomorphism called the GNS-representation associated to .

Remark 2.3.2. If B is finite-dimensional and 4 is faithful, then L?(B,%)) is nothing
else but the linear space B equipped with the inner product (b, c)y = 1(b*c).

2.4. Spectrum of a C*-algebra

By the Gelfand—Naimark Theorem, any commutative C*-algebra B is of the form B =
Co(X) for some locally compact Hausdorff space X. In this case, the space X is given
by the characters of the C*-algebra, i.e. by #-homomorphisms from B into C. For
noncommutative C*-algebras, characters are generalized to irreducible representations
and the space X is generalized to the spectrum Spec(B) of the C*-algebra.

Definition 2.4.1. Let B be a C*-algebra. A representation p : B — B(H) of B is
called irreducible if there is no non-trivial closed subspace K C ‘H with p(B)K C K. Two
irreducible representations pi, po are unitarily equivalent if there is a unitary operator
U between the respective Hilbert space such that p;(b) = U*p2(b)U holds for all b € B.
Two representations p; and ps on H; and Ha, respectively, give rise to a naturally defined
representation p; @ ps on Hy & Ho.

16
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We say that a representation p : B — B(#H) is k-dimensional for k € N if dim(H) =
k. A C*-algebra B where all irreducible representations have a uniformly bounded
dimension have a special name.

Definition 2.4.2. A C*-algebra B is called (n-)subhomogeneous if every irreducible
representation p : B — B(H) has dimension less or equal than n with n € N.

We will use the following proposition later to conclude that all hypercube C*-algebras
are nuclear. For a proof see [10].

Proposition 2.4.3. Every subhomogeneous C*-algebra is nuclear.

The set of all irreducible representations of a C*-algebra B can be equipped with a
suitable topology, and the obtained space is called the spectrum of B.

Definition 2.4.4. Let B be a C*-algebra.

a) The primitive ideal space Prim(B) is the set of all kernels p~1(0) of irreducible
representations p of B, equipped with the hull-kernel topology, i.e. the closed sets
are given by

S:={J €Prim(B) | JD (I} forall SC Prim(B).
IeS

b) The spectrum Spec(B) is the set of all unitary equivalence classes of irreducible
representations of B, equipped with the smallest topology such that the map

Spec(B) 3 [p] — ker(p) € Prim(B),
is continuous.
Generally, the map Spec(B) — Prim(B) is surjective but not injective. We usually
write simply p for the unitary equivalence class [p] of an irreducible representation.
In the first part of this thesis we will encounter the following situation: Given a
quotient By = By /I of a C*-algebra By by an ideal I, we want to use our knowledge

about Spec(B3) to describe Spec(B;). The following proposition comes in handy. For a
reference see [10, pp. 11.6.1.3, 11.6.5.13].

Proposition 2.4.5. Let By = By /I as above and let
S :={p € Spec(By) | p|r = 0}

be the set of (unitary equivalence classes of) irreducible representations of By that vanish
on the ideal I. Then S is a closed subset of Spec(B1) and the map

Spec(B2) >0+ comr €8

is a homeomorphism of topological spaces, where 7y : By — Bo is the canonical quotient
map.

17
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2.5. Universal C*-algebras

A central notion in the first part of this thesis is the one of universal C*-algebras
generated by some elements subject to certain relations. Given a family of symbols
(xi)ier, a relation is any noncommutative polynomial p in the symbols z; and z}. Evi-
dently, only finitely many symbols can feature in the polynomial and therefore we write
p = p(Ti, ..., w) if all symbols in p are from {z;,,..., 2,2} ,..., 2] }.

Given a C*-algebra B with elements (X;);c; C B we say that the X; satisfy the
relation p = p(zy,,...,x;,) if the polynomial p(X;,,...,X;,) evaluates to zero in B.
Usually we also express relations in words. For instance,

ik

e “zis a projection” stands for the relations z — z* and 2% — x,
e “x is a unitary” stands for the relations zz* — 1 and z*x — 1,

o “{z1,...,x,} is a partition of unity” stands for the relations > 1 ;z; — 1 and
x; — xi,x? —x; as well as x;x; for all © # j.

Further, we also write p = ¢ for the relation p — ¢ if p and ¢ are two noncommutative
polynomials.

Definition 2.5.1. Let (z;);cr be a family of symbols and let (R;)jcs be a family of
noncommutative polynomials in z; and x}. Assume that A is a C*-algebra generated by
elements X; € A for ¢ € I which satisfy the relations R; for j € J. We say that A is the
universal C*-algebra generated by the elements (z;);c; subject to the relations (R;);c.,
written

A=C"((zi)ier | (Rj)jer)s

if the following universal property holds: Whenever B is another C*-algebra generated
by elements Y; € B satisfying the relations R; for all j € J, then there is a unique
s-homomorphism ¢ : A — B such that o(X;) =Y; for all ¢ € I.

Remark 2.5.2. Two remarks are in order: First, the universal C*-algebra C*((x;);er |
(Rj)jes) need not exist for arbitrary choices of generators and relations. In some situa-
tions, however, it is clear that it does exist. For instance, if the generators x; must satisfy
some bound ||z;|| < C; in every model, then the universal C*-algebra is guaranteed to
exist.

Second, if the universal C*-algebra exists it is unique up to isomorphism as an imme-
diate consequence of the universal property. Thus, it is justified to speak of the universal
C*-algebra; yet one must bear in mind that it is only defined up to isomorphism. We
will deal with this situation as in the case of LP functions: We will always assume that
C*((xi)ier | (Rj)jes) is an arbitrary but fixed representative of the respective isomor-
phism class and write B = C*((2;)ier | (R;j)jes) to indicate that B is isomorphic to this
universal C*-algebra.

18
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Example 2.5.3. a) Every universal C*-algebra generated by projections, unitaries
or isometries exists. This is due to the fact that these elements must satisfy the
bound |[|z;|| <1 in every C*-algebra.

b) The universal C*-algebra C*(u | uu* = u*u = 1) is isomorphic to C(S!), the
C*-algebra of continuous functions on the unit circle.

c¢) The universal C*-algebra C*(u | u™ = 1, uu* = w*u = 1) is isomorphic to C".
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Part |I.

C*-algebras generated by two
partitions of unity
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3. Classical results on two projections

The most simple, yet non-trivial, case of two partitions of unity is presented by two
projections. Indeed, any projection p in a unital C*-algebra corresponds to the partition
of unity {p,1 —p}. The general structure of two projections has been studied extensively
in the literature. For concrete projection operators on a Hilbert space the situation
is well-understood due to Halmos’s Two Projection Theorem [45], while Pedersen was
the first to give an explicit description of the universal C*-algebra generated by two
projections [67]. We briefly review these results since they are the starting point for
our investigation of bipartite graph C*-algebras. An extensive historical account can be
found in [13].

Finally, we also review some generalizations of Halmos’s and Pedersen’s results to
more than two projections.

3.1. Halmos’s Two Projection Theorem and Pedersen’s
C*-algebra
Let us state Halmos’s classical Two Projection Theorem.

Theorem 3.1.1 ([45, Theorem 2]). Let P and Q be two projections on a Hilbert space
‘H in generic position meaning that

im(P) Nim(Q) = {0}, im(P) Nim(Q)* = {0},
im(P)* Nnim(Q) = {0}, im(P)* nim(Q)* = {0}.

Then P and Q) are unitarily equivalent to operators of the form

= (I 0 ~ c? CS
P‘(o 0)’ Q_<CS S2>’
where C and S are positive contractions on some Hilbert space K satisfying C*+ 52 =1,

1 is the identity operator on K.

The next theorem is Pedersen’s description of the universal C*-algebra generated by
two projections.

Theorem 3.1.2 ([67, Section 3]). The universal unital C*-algebra generated by two
projections p and q is isomorphic to the C*-algebra

A:={f e C(]0,1], M2(C)) | f£(0) is diagonal, f(1) is diagonal}.
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The isomorphism is given by sending p and q to the functions

) 10 i / HI— 1)
p(t):<0 0)’ q<t):< =1 1-t )

We will later generalize Pedersen’s theorem to a particular class of bipartite graph C*-
algebras. Let us therefore discuss how the theorem can be proved. There are, in fact,
a number of different approaches, and we try to give a selective overview of them. For
the basic setup we follow the very lucid approach of Raeburn and Sinclair [72]. Perhaps
ironically, we will not describe Pedersen’s original proof because it is a slightly technical
algebraic computation.

Proof. The universal property of C*(p,q) immediately yields a unital homomorphism
from C*(p, q) into A which sends

p—=D, q—q.

Further, the elements p and ¢ generate A (together with the unit). Indeed, for t € (0,1)
the matrices p(t) and G(t) generate My(C) as a C*-algebra, and at the boundary points
t = 0 and ¢t = 1 they generate the diagonal matrices. With a C*-algebra version of the
Stone—Weierstrass Theorem [28, p. 11.1.8] one can conclude that A is generated by p
and §.

Thus, the only thing left to show is that the homomorphism is injective. For this
it is sufficient that every irreducible representation of C*(p,q) factors through A. Let
m : C*(p,q) — B(H) be an irreducible representation. The proof requires that 7 is
unitarily equivalent to either of the following maps:

mo0 : C*(p,q) = C, p—0,q+— 0, w01 : C*(p,q) = C, p—0,q— 1,
10 * C*(p7Q) H(Ca D 1,(]*—)0, T - C*(p7Q) H(Ca D 1,(]*—) ]-7

or

. 1 0 t t(1—t
7thv(p>q)*>]\42a pH(O 0),(]*_)( t(l—t) 1(—t )>’

for some ¢ € (0,1). A number of arguments can be used to prove this:

1. One method is to use that 7(p) and 7(q) are two projections on a Hilbert space
which have no non-trivial jointly invariant subspace. If they are not in generic
position, the latter entails 7 = 7;; for some i, j € {0,1}. Otherwise, one has up to

unitary equivalence
I 0 c? CS
W(p) = 0 0 ’ W(Q) = CS 82 ’

where C and S are positive contractions on some Hilbert space K with C?+52% = I.
As C' and S commute, the fact that m is irreducible implies K = C and 7 = 7 for
some t € (0,1) follows.
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2. A more elementary proof is suggested by Blackadar [10, p. IV.1.4.2]: Tt is not diffi-
cult to see that the corner pC*(p, q)p is commutative. Thus, it follows immediately
that 7(p) is zero or one-dimensional. The same goes for 7(¢), which implies that
7 is one- or two-dimensional. Now, one can list all projections on C and C? up to
unitary equivalence and conclude.

3. Raeburn and Sinclair [72] reduce the problem to the representation theory of
groups. Indeed, C*(p, q) is also the group C*-algebra C*(Zs * Zs), and irreducible
representations of C*(Zg * Zs2) are in 1-1 correspondence with unitary representa-
tions of Zg x Zo. The group Zso * Zo is isomorphic to the semidirect product Z x Zo
where the action is implemented by multiplication with £1. One can use the
Mackey machine to determine the unitary representations of Z x Zs and conclude.

4. Another approach is suggested e.g. by an exercise in [89]: One can show that the
element x = 1 — p — ¢+ pq + qp is in the center of C*(p, q). Indeed, one observes

pr —xp = pgp — pgp = 0,

and similarly gz — xzq = 0. Then a dense subset of C*(p, ¢) is spanned by elements
in C*(x){p, ¢, qp, pq}. Evidently, 7(C*(x)) = C, and it follows that 7(C*(p,q)) is
spanned by 7(p), 7(q), 7(pq) and 7(gp). In particular, 7(C*(p,q)) is at most four-
dimensional as a vector space. As 7 is also irreducible it follows 7 (C*(p,q)) = C
or 7(C*(p,q)) = M>(C). In any event 7 is one- or two-dimensional and one can

conclude as above.

5. Finally, there is also a much more indirect way to prove that the irreducible repre-
sentations of C*(p, q) are one- or two-dimensional. This involves proving that for
every four elements x1, x2, 23,24 € C*(p,q) one has

> 880(0)To(1) Lo (2)To(3)To(e) = 0.
oESy

As a general fact, this condition implies that the C*-algebra C*(p, q) is 2-subhomogeneous
(see e.g. [10, p. IV.1.4.6]). One can assume without loss of generality that the z;

are finite products of p and ¢ and check the above identity by combinatorial argu-
ments. Then, one concludes as above. This approach has been used by Roch and
Silbermann [75] to investigate the more general case of Banach algebras generated

by two idempotents.

O]

3.2. Generalizations

By a result of Davis from 1955, three projections suffice to generate the algebra of
bounded operators B(H) on a Hilbert space H as a von Neumann algebra [26]. Thus,
there is generally no hope to generalize Halmos’s or Pedersen’s results to an arbitrary
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3. Classical results on two projections

number of projections. Yet, other generalizations have been considered in the literature
which motivate some results of this thesis. We briefly review these results here with a
clear focus on connections to our later work. For a more extensive overview we refer to
[13].

Motivated by applications in the theory of singular integral operators, Roch and Sil-
bermann generalized Halmos’s/Pedersen’s results to the situation of two idempotents in
a Banach algebra [75]. Together with a number of coauthors, they further developed
what they called an N-Projection Theorem which describes the structure of Banach
algebras generated by one idempotent P as well as IV further idempotents Q1,...,Qn
with Q;Q; = 6;;Q; and Q1 + - - - + @, satisfying certain additional relations [12]. Thus,
the corresponding C*-algebras are generated by two partitions of unity containing 2 and
N projections, respectively. However, the additional relations imposed on these two
partitions of unity are quite special (they are motivated by singular integral operators)
and are not comparable with the orthogonality relations required for bipartite graph
C*-algebras.

In the context of Banach algebras, the results are usually formulated in the form
of a symbol calculus, and we will not try to reproduce them here. However, in [86]
Vasilevski, one of the authors of the aforementioned N-Projection Theorem, investigated
the particular special case where the Banach algebra is a C*-algebra and the idempotents
are projections. We will later find similar results for bipartite graph C*-algebras.

Vasilevski investigates projections P and Q)1,...,Q, on a Hilbert space H, where

Qi +Qu=1.
and additionally
im(P) Nker(Q;) = {0} = ker(P) Nim(Q;) (3.1)

holds for all ¢ < n. The latter condition can be seen as a generalization of Halmos’s
“generic position”.

The problem is to describe the C*-algebra C*(P, Q1,...,Qy) generated by these pro-
jections. For this, consider the subspaces M; C H associated to the projections @;. The
M; form a partition of #, so with respect to H = @, M; we can write P (and the Q;)
in block matrix form:

P = (QiPQj)Zj:17 QZ:dlag(O,,IMZ,,O)

Moreover, using (3.1) one obtains that the M; all have the same dimension, so that they
may be identified with a single Hilbert space IC. This leads to the following generalization
of Halmos’s Two Projection Theorem.

Theorem 3.2.1 ([86, Section 2]). Let P and Q1,...,Qy be as above. There are positive

operators D1, ..., D, on some Hilbert space IC such that up to unitary equivalence one
has
P =(D;Dj)i =, Qi=diag(0,...,Ig,...,0).
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These operators satisfy
D\Dj +---+ D,D; = Ik.

Conwversely, any such family of operators (D;)i, gives rise to projections P and (Q;)i—;
as above.

Further, the positive contractions (D;)!'_, determine the projections P and (Q;)i—, up
to unitary equivalence, i.e. two such families of contractions are unitarily equivalent if
and only if the associated projections are unitarily equivalent.

It is generally not possible to use the above to derive a corresponding generalization
of Pedersen’s theorem. This is due to the fact that in the special situation n = 2 all
the positive contractions D; commute. Still, Vasilevski obtains an explicit description of
the universal C*-algebra generated by projections P and Q1,...,Q, as above with the
additional assumption that the Dy, ..., D, commute.
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4. Bipartite graph C*-algebras

In this section, we introduce the main object of our investigations: a class of C*-algebras
that are generated by two universal finite partitions of unity which satisfy certain or-
thogonality relations. The precise relations are given by a bipartite graph, and this is
why we call the obtained C*-algebras “bipartite graph C*-algebras”.

4.1. Bipartite graphs

First, let us recall the notion of a bipartite graph and settle some notation. Throughout
the following all graphs are finite.

Definition 4.1.1. A bipartite graph G consists of two (finite) vertex sets U and V
together with an edge set E C {{u,v} | u € U,v € V}. We write G = (U,V, E).

For two vertices in a bipartite graph G = (U, V, E) let us write u ~ v if {u,v} € F
and let N(u) :=={v eV |v~u} (Nw):={ueU]|v~u}) be the neighbors of u (v).
Since an edge e = {u, v} is a two-element set, we write u € e to denote that u is one of
its endpoints. A path u in a bipartite graph G is a finite sequence of vertices vy ... v,
such that v; ~ v; 41 holds for all ¢ < n. For every i < n, we say that v; is contained in
w. We set s(p) = v1 and r(p) = vp,. For two paths p=wv;...vy and v = uy ... u, with
r(pn) = s(v) we write pv for the combined path vy ...vpug ... uy.

Example 4.1.2. For m,n € N, the complete bipartite graph K,, , = (U, V, E) of order
(m,n) is given by

U={uy,...,un},
V=Av1,...,un},
E:{{ui,vj}]z':l,...,m,jzl,...,n}.

In particular, the graph K> o is described by the sketch below.
(5] (%
Definition 4.1.3. Let G = (U,V, E) and G' = (U’, V', E’) be bipartite graphs.

1. G’ is a subgraph of G, written G’ C G, if
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4. Bipartite graph C*-algebras

« U' CU,
e V' CV,and
o FFCc{{u,w} e E|lueclU ,veV'},
or if the same holds after swapping U’ and V.
2. G’ is the subgraph of G induced by the set {z1,...,2,} C U UV, written G’ =
G(x1,...,xy) if
o U =Un{xy,...,zn},
o VI=Vn{zy,...,2,}, and
o« FP={ecFEleC{x1,...,xn}}.

Similarly, G’ is the subgraph of G induced by the set {ej,...,e,} C E, written
G = G(el, cen ,en) if

° U/:UH(U{elw")en})?
° V/:VQ(U{ela-"aen})v
° E/:{el,...,en}-

3. G' is isomorphic to G, written G’ = G, if there are two bijective maps ¢ : U — U’
and 1 : V — V' such that

E'={ew),v(v)} [ue U eV, {uv} € E},

or if the same holds after swapping U’ and V.

4.2. Definition and first properties

Let us now introduce bipartite graph C*-algebras.

Definition 4.2.1. Given a bipartite graph G = (U, V, E) let C*(G) be the universal C*-
algebra generated by a family of projections (p,)zcyuy subject to the following relations:

Z pu=1= me (GP1)

uelU veV
pupy =0 if {u,v} € E. (GP2)

We call a family of projections (P,).cyuy € B(H) on a Hilbert space H a G-projection
family if they satisfy the relations (GP1) and (GP2).

In view of Remark 2.5.2 the universal C*-algebra C*(G) exists for any bipartite graph
G.

We warn the reader that, despite the name, bipartite graph C*-algebras are not di-
rectly related to the well-known graph C*-algebras. Whereas graph C*-algebras are
universally generated by partial isometries, bipartite graph C*-algebras are universally
generated by projections. This leads to a very different behaviour of the two classes of
C*-algebras.
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4.2. Definition and first properties

Example 4.2.2. Consider the complete bipartite graph Kjo of order (2,2). Then
C*(K32) is isomorphic to the universal unital C*-algebra C*(p,q) generated by two
projections. Indeed, the two left vertices of Ko are associated to the projections p and
1 — p, while the two right vertices are associated to the projections ¢ and 1 —¢q. As Kz
is a complete graph there are no orthogonality requirements on these two partitions of
unity. More generally, we have C*(K,, ,) = C" x¢ C™ for all n,m € N\ {0}.

Using the relations (GP1) and (GP2) one easily sees that a dense subset of C*(G) is
spanned by elements associated to paths in G.

Proposition 4.2.3. Let G be a bipartite graph as in Definition 4.2.1, and for every path
p=a1...2, in G, write p, = Pz, -+ Dz, for the associated element in C*(G). Then
the elements p,, span a dense subset of C*(Q).

Proof. Evidently, a dense subset of C*(G) is spanned by arbitrary products of the form
a4 = Pz, Py - * Da, With x1,..., 2, € UUV. Since the p,, are projections we may assume
without loss of generality that x; # x;41 holds for all i < n.

To prove the statement, it suffices to observe that a vanishes whenever x; ...z, is
not a path in G. Indeed, whenever x; and x;11 for ¢ < n are both in U or both in
V, then PaeiPxi = 0, for @; # w11 (by assumption) and (pu)ueU (resp. (pv)UEV) is a
family of pairwise orthogonal projections by (GP1). Thus, a vanishes if the x; are not
alternatingly from U and V. Finally, assume without loss of generality that x; € U and
zip1 € V for i < n. Then py;ps,,, = 0 unless {z;,z;41} € E by (GP2). This proves the
claim. O

In a similar way as the last proposition, one obtains the next lemma which will be
useful later.

Lemma 4.2.4. Let G = (U, V, E) be a bipartite graph, and let x1,z2,y € UUV be three
distinct vertices. Then

PayPyDas 7é 0 = {y} g- N(xl) ﬂ./\f(xg).
In particular, in this case there must be a fourth vertex 1y’ such that
G('Tlu z2,Y, y/) = K2,2'

Proof. Assume p;,pypz, 7 0 and assume that the statement on the right-hand side is
not true, i.e. N(x1) NN (z2) contains at most the vertex y. If y is not contained, then
one has directly pg,py = 0 or pyps, = 0 thanks to (GP2) and the fact that x1,y, o are
distinct. Otherwise, assume without loss of generality xz1,xz2 € V and y € U. Then one
observes

Pz PyPzy = Py (Z Pu> Pay = PayPzy = 0.
uelU
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4. Bipartite graph C*-algebras

Indeed, for all uw € U \ {y} we have u & N(x1) or u & N(x2), since by assumption y
is the only possible common neighbour of x; and x5 in U. Hence, for these u (GP2)
yields py, pupaz, = 0. The latter equality follows directly from (GP1) since Y,y pu = 1.
Finally, we have py,pz, = 0, for x1 # z2 and (py)yey is a family of pairwise orthogonal
projections by (GP1). O

Let us discuss how bipartite graph C*-algebras behave with respect to subgraphs.

Proposition 4.2.5. Let G = (U,V, E) be a bipartite graph and let H = (U', V', E') be
a subgraph induced by a set of vertices, i.e.

H=G(z1,...,2y)

for some subset {x1,...,x,} = U UV of UUV. Then C*(H) = C*(GQ)/(S), where
(S) € C*(G) is the ideal generated by the elements p, with x ¢ U' UV,

Proof. Let (pz)zcvruyr be the generators of C*(H) and set

Pe, fzeU UV,
P, =
0, otherwise,

for all x € UUV. Then (P;)zecvuy is a G-projection family, and the universal property
of C*(@G) yields a *-homomorphism ¢ : C*(G) — C*(H) such that ¢(p;) = P, for all
x € UUYV. Evidently, ¢ is surjective and one has (S) C ker(y). Therefore, ¢ induces
a surjective s-homomorphism ¢ : C*(G)/(S) — C*(H) which maps [p;] to p, for all
x € U' UV’ where [p,] is the image of p, € C*(G) under the quotient map.

The universal property of C*(H) yields an inverse x-homomorphism. Indeed, one
has [p,] = 0 whenever = & U’ U V’'. Therefore, the families ([p;])zcrr and ([pz])zev:
are partitions of unity in C*(G)/(S). What’s more, these projections satisfy the or-
thogonality relations (GP2) for C*(H) since H is an induced subgraph of G, i.e. every
non-edge in H is also a non-edge in G. Thus, we obtain a unique *-homomorphism
Y2 C*(H) — C*(G)/(S) with ¢(p,) = [ps] for all z € U’ UV'. Clearly ¢ and @ are
inverse to each other. O

Corollary 4.2.6. Let G be a bipartite graph with Ko3 C G. Then C*(G) is neither
nuclear nor exact.

Proof. Combining the previous Proposition 4.2.5 and Example 4.2.2, we see that the
bipartite graph C*-algebra C?x¢ C? is a quotient of C*(G) as soon as K23 C G holds. It
is well-known that C?x¢C? is neither nuclear nor exact and both properties are preserved
under taking quotients. Therefore, C* (&) is neither nuclear nor exact as well. O

We end the section with a technical looking lemma that will be useful later in the
classification of bipartite graph C*-algebras.
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Lemma 4.2.7. Let G = (U,V, E) be a bipartite graph and assume that e = {u,v} € E
is not contained in a subgraph of G' that is isomorphic to K2 2. Then, we have

C*(G) = C*(G") & C,

where G' is obtained by deleting the edge e from G. The isomorphism sends p, € C*(Q)
to the corresponding element (p,,0) € C*(G") & C if x € e, and otherwise to (py,1).

Proof. In view of Lemma 4.2.4 one has for all o' € V'\ {v} and v/ € U \ {u}

PoPuPy = 0,  pupypy = 0.

Using this it is not hard to show that p,p, = p,p, is a projection, and it is orthogonal
to all p, with = & {u,v}. Further, it is easily checked that the family (p},).cyuy defined
by

/ {pﬂiv lf €T ¢ €,
Py = .
Pz — PuDv, if v € €,
is a universal G'-projection family in C*(G). Thus, it follows
C* Q)= C*(pl, |z e UUV) & Cpup, £ C*(G') & C,

where the isomorphism maps p,p, — (0, 1). O

4.3. Alternative generators of bipartite graph C*-algebras

In the previous section, we introduced bipartite graph C*-algebras C*(G) as universal
C*-algebras which are generated by projections associated to the vertices of a bipartite
graph G. Interestingly, one can define C*(G) in a different way as universal C*-algebra
generated by contractions associated to the edges of GG. This is the content of the
following proposition.

Proposition 4.3.1. Let G = (U, V, E) be a bipartite graph. Then C*(G) is the universal
C*-algebra generated by a family of elements (z¢)ecr satisfying

zixy =0 ifenfnU =0, (GC1)
Ty =0 ifenfnNVv =140, (GC2)
(Z xZ) Ty =uxy, (GC3)
eck
Te (Z :c}) = T, (GC4)
feE

for all edges e, f € E, respectively. In particular, the x. are contractions which satisfy

TexiTe = 22
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4. Bipartite graph C*-algebras

The relation zz*z = 22 in the statement means that z is a product of two projections,
see e.g. [70, Theorem 8§].

Proof. First of all, conditions (GC1) and (GC2) together with (GC3) entail for every
edge e = {u,v} € E that

* * 2
TelpTe = Te (Z Ty | ®e = @,
fer

since in the second expression all terms for f # e vanish. It follows in particular that
the x. are contractions, and the universal C*-algebra A generated by elements (z¢)ecr
satisfying (GC1)—(GC4) exists. Further, (GC3) and (GC4) imply that A is unital with

unit 1 =53 cp ;.
Let us use the universal property of C*(G) to find a *-homomorphism
p:C"(G)— A

with

¢(pa) = Z Te=:P, forallzeUUV.

ecFE:x€ce

First, one checks P, = P;. Indeed, assume = € U and apply (GC3) and (GC1) to obtain

P ¥ oa- ¥ a(ge)-a( T o)

ecE:xce ecE:x€ce feE eclk fEExEeSf
- ¥ (Set)er-n
feE:xef \eck

In the second step, we use (GC3) after taking the involution on both sides. If x € V,
one can use (GC4) and (GC2) to obtain in a similar way

Pp= Y x= ) (Zfﬁf)fUZ:Z( > xf)iﬂi

ecE:xce ecE:xz€e \ fEE ecE \ feE:xef

= Y (Z@) = P,.

feE.xef ecE

Next, let us prove P? = P,. Again we first assume z € U. Then (GC1) and (GC3) yield

po(£ ) (£ a)- £ (Se)u-n

ecE:xce fEE:xef feE:xef \ecE
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4.3. Alternative generators of bipartite graph C*-algebras

If x € V, then one can use (GC2) and (GC4) to obtain

Pg?:( > 1:)( ) a:j:): 3 xf<2:cz>zpz.

ecE:xce feEE.xEf fEE:xEf ecE

Since

ZPu:Z Z x::Zm::L and

uelU uelU eeF:u€ce ecE

* *
D P=3 > wm=) =1
veV veV eeE:weEe ecl

the projections (P, ).cpyuy satisfy the relations (GP1). It remains to check the orthog-
onality relations (GP2). For this, let v € U and v € V be two vertices such that
{u,v} € E. Then one has

PUPu:< Z l’e> Z Ty
ecFE:vee geEF:ueg

(EE) ()

- Y g,

e,f,gcE:wefucf

where the second-last equality follows from (GC1) and (GC2), and the last equality
follows from the fact that w and v are not connected by an edge in G. This proves
(GP2). Altogether, we showed that the elements P, € A for x € U UV are projections
satisfying the relations (GP1) and (GP2). Thus, the universal property of C*(G) yields
the desired *-homomorphism ¢ : C*(G) — A.

Conversely, one can use the universal property of A to obtain an inverse x-homomorphism

Y A— C*(G) with
Y(ze) = pupy =: X for all e = {u,v} € E,
where we implicitly require u € U and v € V. We need to check that the elements X, €

C*(Q) satisty the relations (GC1)-(GC4). For (GC1) let e = {uy,v1} and f = {ug, va}
with u1,ue € U and vy, v2 € V be two edges such that u; # ug. Then one has

X:Xf = PuyPuy PusPvy = 0

since py,pu, = 0 by (GP1). The relation (GC2) is checked in a similar way. For (GC3)
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4. Bipartite graph C*-algebras

let f ={u,v} € E and observe

(Z X:) Xy = (Z pvepue> Pub

ecE eelR

:( > pu/pu/) Pubv

u'eUp'eV

= (Z pv’) (Z pu’) PuPo
v'eVv u'elU

where we write e = {u,, v} for all edges e € E with u, € U and v, € V. In the second
step, we use that by (GP2) all superfluous terms in the sum vanish, and in the fourth
step we use (GP1). Relation (GC4) is checked analogously.

Finally, it remains to verify that ¢ and ¢ are inverse to each other. For e = {u,v} € E
observe

w(w(xe)):@(pupu)=<p(pu)s0(pv):( > xf)< > xg)

gEEveg

= Z T | 2o = Zx} Te = Te,
fEEwuESf feE

where we use (GC1) in the forth and fifth step, and (GC3) in the last step. Further, one
has for u € U

V(p(pu)) = ( Z l'e) = Z PuPve = Pu (Z pv’) = Pu,

ecE:u€e ecE:u€e v' eV

where we use (GP2) in the second-last step and (GP1) in the last step. One checks
Y(p(py)) = py for v € V in a similar way. This proves that ¢ and v are inverse to each
other, and hence they yield the desired isomorphism C*(G) = A. O

4.4. Projections in generic position

Throughout this section let G = (U,V,E) be a connected bipartite graph and let
(Pr)zevuv be a G-projection-family on some Hilbert space H as in Definition 4.2.1.
Further, set

L, :=im(P;) CH

for all x € U U V. Using arguments similar to those of Vasilevski [86], we obtain a
generalization of Halmos’s Two Projection Theorem (Theorem 3.1.1) to G-projection
families.
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Definition 4.4.1. We say that the P, are in generic position if
L.NL:r={0} =L nL,

holds for all edges {u,v} € E.

Lemma 4.4.2. Assume that the P, are in generic position. Then one has
L,=L,
forallz,y c UUV.

Proof. We borrow the proof from [45, Theorem 1]. As G is connected it suffices to show
that claim for {z,y} = {u,v} € E. Solet w € U and v € V be two adjacent vertices.
We claim that the operator P,|r, : L, — L, is injective with dense range. Indeed, for
any f € L, one has

P.f=0 = feL,NL-
f— f:o7

which proves injectivity. Next, let ¢ € L,, and assume that g 1 P, f holds for all f € L,.
Then one has for all f € L,

and hence we see g € L, N L} which implies g = 0. Thus, the operator P,|z, has dense
range in L,. Consequently, the spaces L, and L, are isometrically isomorphic. ]

Theorem 4.4.3. Let (Py)zcuuv be a G-projection family on a Hilbert space H in generic
position where G is connected. Then there are operators (Cuy)ucvupev on a Hilbert space
K such that up to unitary equivalence one has

Py = (Cry, Cuvy )y ipev € My (B(K)),
Pv — (61111;6021))1)1,1)26‘/ S MV(B(’C))a

for allu € U and v € V, where 0y, = I € B(K) if vi =v and §y,, = 0 otherwise, and
My (B(K)) is the algebra of square matrices indexed by V with entries from the bounded
operators on K.

The operator Cy, vanishes if {u,v} & E, and is injective with dense range otherwise.
Moreover, the operators (Cyy)uctwev Satisfy

Z v UU2: v1v2 (4.2)

uelU

Z CUWCZQU = Ouyus- (4.3)
veV

(4.1)

Conversely, every family of operators (Cyy)ucu.vev with the above properties gives rise
to a G-projection family (Py)zcyuv via the formula (4.1).
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4. Bipartite graph C*-algebras

Proof. Assume that (P;)cyuy is a G-projection family on the Hilbert space H. With
respect to the decomposition H = @, ¢y L, we can write the P, in block matrix form as

Pu — (Pvlpupvg)vl,vzeVa and Pv = (5v1v5vzv)v1,vzév-

By Lemma 4.4.2 there is a Hilbert space K and a family of isometric isomorphisms
Uy: Ly — Kwithe e UUV. Let U := diag((Uy)vev) € My (B(K)) and observe

Z/{Puu* = (le‘PUlPuU;UuPUPUQU’lTQ)'Ul,’UQEV? and UPvU* = (5U1U6v2v)v17v2€V'
Setting
Cuo 1= U,P,P,U* € B(K)

for all w € U and v € V' we immediately obtain (4.1).

Let us prove that the operators Cy, have the desired properties. If {u,v} ¢ F is not
an edge then (GP2) entails P, P, = 0 and thus C,,, = 0. Otherwise, C,,, is injective with
dense range by the proof of Lemma 4.4.2. Moreover, for every uy,us € U and vi,v9 € V
one easily checks

> ChyCuvy = > Uy Py PUSULP,P,, U,
uelU uelU
= > Uy, P, P,P,U;,
uelU

= U,, P, P, Uy,
= Ovy vy,
using (GP1), and
> CuoCiyy = > Uny Py, PUULP, P, U,
veV veV
= Uy, Pu, P, UL,
= Jujuy

using (GP1) again.

In the other direction, assume that (Cyy)ucvvey is a family of operators on some
Hilbert space K satisfying the conditions from the statement. Let operators P, on the
Hilbert space K" be defined via (4.1). We need to show that the P, form a G-projection
family. Evidently, the P, with v € V are pairwise orthogonal projections adding up to
the unit. On the other hand, the P, with u € U are clearly selfadjoint, and we have for
every v1,vy € V by (4.3)

_ * *
[Pul PU2]U11)2 - Z Culvl CU1USCu21)3CU2U2
v3eV

= Cfiwl (Z C’UlUBCZz’Ug) Cuwz

v3eV
%
= Ouyuy C,

U1V

Cuzvg

= 5u1U2 [Pm]vwz .

38



4.4. Projections in generic position

Further, using (4.2) one easily obtains ),y P, = I € My (B(K)). Hence, the P, with
u € U form a partition of unity as well. Finally, assume that {u,v} with v € U and
v € V is not an edge in G. Then it is not hard to check that every entry of P, in
the v-column or v-row is equal to zero, which entails P, P, = 0, that is, P, and P, are
orthogonal. Therefore, the P, form a G-projection family.

It only remains to show that the P, are in generic position. Let {u,v} € E be an
edge. First, we show L N L, = {0}. Assume g = (gu,)u,ev € Ly N L, C KY. Then
gv, = 0 for all v; # v as g € L,. Thus, one checks

Pug = (CZW Cuvgv),ulev
which vanishes because g € L. In particular, it follows that

Z Cuvl CZUl Cuvgv = Cuvgv =0.
v eV

Since Cy, is injective, we conclude g, = 0 and hence g = 0.
It remains to show L, N L = {0}. Let g = (gv,) € Ly N Lix € KY. Then one has
gv =0 as g € L. Further, since g € L, we have P,g = g, i.e.

0= (Pug)v = Z CZvCumgvl = C;v (Z Cuvlgm) :

%4 v EV

Consequently, for f := >, ¢y Cuv,gv; we have CJ, f = 0. As Cy, has dense range it
follows f = 0. Thus, we obtain for every vy € V'

0= C;;Wf = Z C:;’Uzcuvlgvl = (Pug)vy = Gus-
v EV

We conclude g = 0 as desired. O
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5. Hypergraph C*-algebras

The motivation for studying bipartite graph C*-algebras comes from hypergraph C*-
algebras which were introduced by Trieb, Weber and Zenner in [85]. Hypergraph C*-
algebras are a direct generalization of graph C*-algebras which go back to [55, 94] and
have been extensively studied since, see e.g. [71]. Graph C*-algebras are themselves a
generalization of Cuntz- and Cuntz-Krieger algebras [24, 25].

These classes of C*-algebras have been important in the development of the classifi-
cation program for C*-algebras. Indeed, classification results for Cuntz-Krieger/graph
C*-algebras were often developed in parallel to or predate shortly more general results
for more general C*-algebras.

A first classification of simple Cuntz-Krieger algebras was given by Regrdam [76] in
terms of K-theory. K-theory associates to every C*-algebra A two groups Ky(A) and
K;(A) that encode information about projections and unitaries in A and M, (A) for
n > 2. Rgrdam’s classification result was shortly thereafter confirmed as a special case
of Phillips classification theorem for Kirchberg algebras [68]. For Cuntz-Krieger algebras
with finitely many ideals a classification can still be obtained by passing from K-theory
to so-called filtered K-theory. In this setting a classification (up to stable isomorphism)
was obtained by Restorff [73] and a corresponding theory for arbitrary C*-algebras was
developed in [63]. The ultimate classification of graph C*-algebras was obtained by
Eilers, Restorff, Ruiz and Sgrensen in more geometric terms [32, 33]: Their theorem
allows to determine whether two graph C*-algebras C*(I'1) and C*(I'y) are (stably)
isomorphic by checking if I'y and I'y are related by a sequence of explicit “moves” which
transform a given graph into another one.

Hypergraph C*-algebras are a major generalization of graph C*-algebras with very
different structural properties. Since their introduction by Trieb, Weber and Zenner in
[85] an important aim is to understand where hypergraph C*-algebras differ from graph
C*-algebras and to which extent results for graph C*-algebras carry over to hypergraph
C*-algebras. In this chapter, we recall the definition and first properties of hypergraph
C*-algebras from the fundamental paper [85]. We also discuss the author’s results on
nuclearity of hypergraph C*-algebras from [80] in more detail, and explain how they
motivate the study of bipartite graph C*-algebras.

5.1. Definition and properties of hypergraph C*-algebras
Hypergraph C*-algebras were first introduced by Trieb, Weber and Zenner in [85]. The

definition was slightly modified by the author in [80] to make sense of C*-algebras asso-
ciated to undirected hypergraphs.
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5. Hypergraph C*-algebras

Definition 5.1.1. We have the following definitions:

1. A hypergraph HT is a tuple (E°, E',r, s) where E? is a finite set of vertices, E! is a
finite set of edges, and r : B — P(E”) and s : E! — P(EY) \ {0} are maps called
the range and source map, respectively. We say that HI' is undirected if r(e) = ()
holds for all e € E'.

2. The hypergraph C*-algebra C*(HTI") associated to a hypergraph HI" is the univer-
sal C*-algebra generated by pairwise orthogonal projections (p,),cpo and partial
isometries (s¢).cp1 satisfying the relations

Oef Z pu, r(e)# 0,

5,5 = ver(e) (HR1)
OefSes otherwise,
Sest <Y o, (HR2)
ves(e)
Py < Z Sess,  if v is not a sink, (HR3)

ecElwes(e)

for all e, f € E' and v € E°. In (HR3) a vertex v is called a sink if it is not
contained in the source of any edge, i.e. if v ¢ s(e) holds for all e € E*.

If HT satisfies |s(e)| = |r(e)| = 1 for all e € E', then HI is naturally identified with a
directed graph I', and in this case C*(HI") is isomorphic to the graph C*-algebra C*(T").

Proposition 5.1.2 ([85, Proposition 3.4]). Let HI' = (EY, E' r, s) be a hypergraph such
that |s(e)| = |r(e)| = 1 holds for all e € E*. Then a directed graph T = (E°, E', 7, 5) is
given by E° := E°, E' := E', #(e) := v and 3(e) := w for all e € E* with r(e) = {v}
and s(e) = {w}. In this case, we have

C*(HD) = C(T),
where C*(T) is the graph C*-algebra associated to T'.

However, several nice properties of graph C*-algebras fail to hold for general hyper-
graph C*-algebras. Most notably, Trieb, Weber and Zenner proved in [85] that hyper-
graph C*-algebras fail to satisfy the Gauge Uniqueness Theorem and they generally need
not be nuclear.

The Gauge Uniqueness Theorem is a fundamental property of graph C*-algebras:
Assume that C*(T") is a graph C*-algebra and ¢ : C*(I') — B is some #-homomorphism
into a C*-algebra B. There is a natural action, called the gauge action, of the group S*
on C*(T) given by 7. (py) = py and 7.(s.) = zs. for all v € E°, e € E' and z € S. The
Gauge Uniqueness Theorem states that ¢ is injective as soon as there exists an action
B : S — Aut(B) such that 8, 0 ¢ = @ o+, holds for all z € S'. There is no problem
to define the gauge action v on a hypergraph C*-algebra C*(HI") in the same way as
for graph C*-algebras, but the Gauge Uniqueness Theorem fails to hold for arbitrary
hypergraph C*-algebras.
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5.2. Nuclearity of hypergraph C*-algebras

Proposition 5.1.3 ([85, Proposition 4.2, Example 5.3]). Let n > 2 and consider the
hypergraph HI' with E° = {vy,va,...,v,}, E' = {e}, s(e) = r(e) = {v1,va,..., v}
Then

C*(HT') = C(S') *¢ C",
and C*(HT") is not nuclear. Further, there is a non-injective x-homomorphism
¢ : C*(HI) — C(SY) o C"

and an action B : S* — Aut(C(S') ® C") such that 8, 0 ¢ = po~y, holds for all z € St.
Here, the gauge action «y : St — Aut(C*(HT")) is determined by

Y2(Po) = Do, and  Y(Se) = 2Se

forallve E° ec E' and z € S*.

5.2. Nuclearity of hypergraph C*-algebras

As discussed above, there are non-nuclear hypergraph C*-algebras. A natural question is
to characterize exactly which hypergraphs give rise to nuclear hypergraph C*-algebras.
This problem was studied by the author in his Master’s thesis and the ensuing joint
paper with Moritz Weber [80]. In this section, we briefly recall the obtained results to
explain the connection to bipartite graph C*-algebras. We will not go into the details
of the arguments, but remain on a rather verbose level.

As a first step, [80, Definition 3.1] introduces a number of so-called minor operations
on hypergraphs which give rise to a partial order < on hypergraphs, where HI' < HA
means that HI" is obtained by applying a sequence of these operations to HA successively.
These operations resemble the moves on graph from Filers, Restorff, Ruiz and Sgrensen’s
classification of graph C*-algebras, but they serve a slightly different purpose: They are
not supposed to preserve the C*-algebra up to stable isomorphism but they should
make the C*-algebra “smaller” in a controlled way. In [80, Theorem 3.3], for each minor
operation on the hypergraph level it is described exactly how the associated hypergraph
C*-algebras are related. For instance if a vertex in the hypergraph is deleted then the
C*-algebra of the resulting hypergraph is a quotient of a subalgebra of the original
hypergraph C*-algebra.

The aim is to prove a forbidden minor characterization of nuclearity, i.e. we want to
find a number of specific hypergraphs HI'; such that C*(HI") is nuclear if, and only if,
HI'; < HI" does not hold for any of the hypergraphs HI';. However, this is only obtained
up to some extent. As one thing, it turns out to be necessary to “normalize” a given
hypergraph HI' in some way. For this [80, Algorithms 1 & 2] provide a method that
transforms HT" into another hypergraph HA such that C*(HI") is nuclear if and only if
C*(HA) is nuclear.

It remains to determine whether C*(HA) is nuclear or not. There are two possiblities:
If HI'; < HA holds for one of four specific hypergraphs HI'y, HI's, HI's and HI'4, then
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5. Hypergraph C*-algebras

C*(HA) is not nuclear. Otherwise, we can not tell for sure whether C*(HA) is nuclear
or not. However, we know that if HI'; < HA does not hold for any of the four specific
hypergraphs, then HA is an undirected hypergraph. Hence, if we knew which undirected
hypergraph C*-algebras are nuclear, then we could determine whether C*(HA) is nuclear
or not, and thus also whether C*(HI") is nuclear or not. In this sense, the problem of
characterizing nuclearity for arbitrary hypergraph C*-algebras is reduced to the same
problem for undirected hypergraph C*-algebras.

5.3. Connection to bipartite graph C*-algebras

Finally, let us discuss the connection between bipartite graph C*-algebras and hyper-
graph C*-algebras. In fact, bipartite graph C*-algebras are exactly the hypergraph
C*-algebras associated to undirected hypergraphs.

Proposition 5.3.1. Let HI' = (E°, E' s) be an undirected hypergraph and let the bi-
partite graph G = (U, V, E) be given by

U=E° V =E', E={{v,e} € E°x E' | v e s(e)}.
Then C*(HT') = C*(G) as C*-algebras.

Proof. Let (py)pero and (se)ecpt be the generators of C*(HI') and let (py)zevuy be
the generators of C*(G) as in Definition 4.2.1. Then we define a *-homomorphism
¢ : C*(G) — C*(HT') by asking

¢(Dz) = Pa, if z € EY,

@(Dz) = Sz, if v € E'.
Crucially, the elements s, € C*(HI') with = € E' are projections because of the special
case in (HR1) for edges with empty range. It is an easy exercise to check that the
relations (GP1) and (GP2) are satisfied by the elements ¢(p;). Thus, the universal
property of C*(G) yields that the map ¢ exists and is completely determined by the
above prescriptions. Similarly, one defines the inverse map 1 : C*(HI') — C*(G) as the
unique *-homomorphism satisfying

Y(py) = Do, for all v € EY,
P(Se) = Des for all e € EL.

This homomorphism exists by the universal property of C*(G), and it is straightforward
to check that ¢ is the inverse of p. Hence ¢ is an isomorphism, as desired. O
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6. Classification of bipartite graph
C*-algebras

Recall from Definition 2.4.4 that to every C*-algebra B is associated a topological space
Spec(B) which contains as elements the equivalence classes of irreducible representations
with respect to unitary equivalence. The goal of this chapter is to classify bipartite graph
C*-algebras C*(G) up to isomorphism by properties of their spectrum. In fact, we do not
consider the whole spectrum Spec(C*(G)) but only the subspace consisting of one- and
two-dimensional irreducible representations. We denote this space by Speco(C*(G)),
i.e. we set

Spec<o(C*(G)) := {m € Spec(C*(G)) | 7 is one- or two-dimensional}.

Let us briefly outline the approach for classifying bipartite graph C*-algebras. Our
fundamental observation is that the elements of Spec.o(C*(G)) can be related to the
vertices and edges in the graph G. Using this connection, we obtain from a homeo-
morphism @ : Speco(C*(G)) — Speco(C*(G")) a bijection f : E — E’ between the
edges of G and G’. In a second step, the map f : E — E’ gives rise to a #-isomorphism
or: C*(G) = C*(G).

6.1. One- and two-dimensional irreducible representations

In this section, we analyze the one- and two-dimensional irreducible representations of
bipartite graph C*-algebras C*(G). The spectrum of C*(K32) will serve as a basic
building block to describe Speco(C*(G)) for arbitrary bipartite graphs G.

6.1.1. The complete graph K,

As mentioned before, the C*-algebra C*(K22) of the complete bipartite graph Ky o is
isomorphic to the universal C*-algebra C*(p,q) generated by two projections p and ¢
which was described very explicitly by Pedersen (see Theorem 3.1.2). Let us state the
isomorphism explicitly using the labels from Figure 6.1 for edges and vertices in K> ».

Proposition 6.1.1. We have C*(K22) = C*(p,q). An isomorphism is given by the
assignment

Puy = D, Do, F ¢
Puy — 1 —p, Duy — 1 —gq.
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6. Classification of bipartite graph C*-algebras

e
(75} 1 U1

€2 €3
u9 er V2

Figure 6.1.: The complete bipartite graph K» o

a c
e
b d

Figure 6.2.: The space X

Proof. Evidently, {p,1 — p} and {¢,1 — ¢} are two partitions of unity. Since Kj 3 is
complete, there are no particular orthogonality relations that the generators of C* (K3 2)
must satisfy, i.e. (GP2) is trivial. Thus, the universal property of C*(Kj2) yields
a *-homomorphism ¢ : C*(K32) — C*(p,q) which extends the assignment from the
statement of the proposition. Analogously, the universal property of C*(p,q) yields an
inverse *-homomorphism v : C*(p, q¢) — C*(K22) with

YD Puyy QDo

O]

Using Pedersen’s description of C*(p, q) as subalgebra of C([0, 1], M>), it is not difficult
to describe the spectrum of C*(p, q). For that, let X be the quotient of the disjoint union

[0,1]11]0,1] = {¢t,¢' : 0 <t <1}

over the equivalence relation that identifies ¢ and ¢’ for ¢ € (0,1). The underlying set
of this space has the form {a,b,c,d} U (0,1) and can be sketched as in Figure 6.2. A
neighborhood system of a is given by {{a} U (0,1) : n € N}, and there are analogous

"

neighborhood systems for b, c and d. Note that the space X is Ty but not Hausdorff.
Corollary 6.1.2. We have
Spec<o(C*(K2,2)) = Spec(C*(K232)) = X.

The points a,b,c,d € X correspond to the one-dimensional representations of C*(Ka2),
while the points in (0,1) C X correspond to the two-dimensional irreducible representa-
tions.

Proof. Let K2 be labeled as in Figure 6.1. In view of Pedersen’s result (Theorem 3.1.2)
and Proposition 6.1.1 we may assume that the generators p, of C*(K22) are concretely
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6.1. One- and two-dimensional irreducible representations

given by the functions

puI:[O,l]Etb—><(1) 8) pvlz[O,l]Btr—)( tl(l—_tt) t(lt—t)>,

puZ:[O,l]Btv—><0 O), pv2:[0,1]9tr—><_ t _\/m>

0 1 =t 1—t

One easily checks that the two-dimensional irreducible representations of C* (K3 2) are
exactly the following (up to unitary equivalence):

ﬂt:C*(K272)—>M2, f’—>f(t), for t € (0,1),

while the one-dimensional irreducible representations are exactly (up to unitary equiva-
lence):

T : C*(K22) = C, f+— f(0)11, me: C*(Ka2) = C, f= f(1)11,

)

Ty © C*<K2’2) — (C, f — f(O)QQ, q - C*(KZQ) — (C, f — f(l)gg.

Together, these are all irreducible representations of C*(K32) up to unitary equivalence.
By looking at the hull-kernel topology of the primitive ideal space

Prim(C*(K2,2)) = {m; 1(0) : t € (0,1)} U {m, (0), m, (0), 7. (0), 777 (0)}
one confirms that the map
Spec(C*(K22)) = X,
T =, tE(O,].),
Tq F @,
T — b,

e 5 C,

7le—>d,

is a homeomorphism of topological space. This concludes the proof. ]

6.1.2. General situation

In what follows we investigate the connection between an arbitrary bipartite graph G and
the topological space Speco(C*(G)). It turns out that the one-dimensional irreducible
representations correspond to the edges of the graph G, while the two-dimensional ones
correspond to subgraphs that are isomorphic to Ka9. This allows for a complete de-
scription of Spec.,(C*(G)) from the combinatorial structure of G.

Throughout this section let G = (U, V, E) be a bipartite graph and let

Q:{HCG|H%K2,2}

be the collection of all subgraphs of G that are isomorphic to K3 .
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6. Classification of bipartite graph C*-algebras

Lemma 6.1.3. The following statements hold:

(a) Let w be a one-dimensional irreducible representation of C*(G). Then there is an
edge {ug,vo} € E such that for all vertices x € UUV one has

(6.1)

7(pa) = {1, if © € {uo,v0},

0, otherwise.

Moreover, for every edge e € E there is exactly one such irreducible representation,
which we denote by me.

(b) Let o be a two-dimensional irreducible representation of C*(G). Then there are
vertices uy, ug, v1,v2 € UUV with G(u1, uz,v1,v2) = Koo such that up to a unitary
transformation one has

(10 (1t H1—1)
U(pul) - (0 0) ’ O(pvl) - < t(l _ t) t ) ’
o (puy) = (0 0) , o(py) = (_ ! —vil - t)> : (52)

0 1 t(r—t) 11—t
o(pz) =0 forallx € (UUV)\ {ur,u,vi,v2}

for some t € (0,1).

Conversely, for every such vertices and some t € (0,1) there exists exactly one
such irreducible representation, which we denote by op for H = G(uy,uz,v1,v2).

In particular, one has the identity of sets
Spec<o(C*(G)) = {me |e € E} U{on: | H € G,t € (0,1)}.
Proof. Ad (a): Clearly,

1:7T(1):J<Zpu> :w(va>,

uelU veV

and 7(py), (py) € {0,1} for all u € U,v € V. Hence, there exist ug € U and vy € V
with 1 = 7m(py,) = T(pu,)- Assume ug o vg. Using the relations (GP1) and (GP2) one

obtains
1:7T(puo):7r<puo (Zl%)) =7 (puo ( Z pv))
veV veN (uo)

= T(Puo) Z m(pv) = 0.

veEN (up)

This is a contradiction. Thus, we must have ug ~ vg.
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6.1. One- and two-dimensional irreducible representations

For the last statement, assume that vertices ug ~ vg are given. Then the universal
property of C*(G) yields a (unique) *-homomorphism 7 : C*(G) — C with (6.1). Indeed,
it is not hard to check that the elements 7(p,) and 7(p,) satisfy the relations (GP1) and
(GP2) required from C*(G). Evidently, 7 is irreducible.

Ad (b): As

((1) 2) = Z o(pu) = Z o(pv)

uelU veV

and every o(p,) for x € U UV is a projection, there are vertices uj, ug,v; and vy with

(1 9) - ot =t 1

o(pr) = (8 8)

for all z € (UU V) \ {u1,uz2,v1,v2}. For a contradiction assume

o(pu) = <8 8) and  o(pu,) = <(1) (1)> :

Then, im(o) is the closed span of o(p,, ) and o(p,,) which are two orthogonal projections
that sum up to the unit. This would mean, evidently, that ¢ is not irreducible — con-
tradicting the assumption. Thus, all four matrices o (pu, ), 0(Puy), 0(pv, ) and o(py,) are
projections onto one-dimensional subspaces of C2. By applying a unitary transformation
if necessary, we can assume o(p,, ) = E1; and Op,, = E22. Then, o(py, ) is the projection
onto some non-vanishing vector ae; + bes € C?, and by applying a diagonal unitary
transformation we can assume a,b € [0, 00). After normalizing this vector, we have that
o(py,) is the projection onto te; + (1 — t)ey for some ¢ € [0,1] with 2 + (1 — )% = 1.
Consequently, we get

ot = (s ) o= gk )

td—1) t t1—1) 1—t

and

Further, one observes immediately ¢ ¢ {0, 1} since otherwise o would not be irreducible.
It follows, in particular, o(py,)o(py,;) # 0 for 4,5 < 2. Similarly as before, (GP1) and
(GP2) then entail u; ~ v; for all i, j which means that G(uq,ug,vi,v2) = K.

For the final statement, one readily checks that the elements o(p,) and o(p,) given
by (6.2) satisfy the relations (GP1) and (GP2). Therefore, the universal property of
C*(@G) yields a (unique) *-homomorphism o : C*(G) — M, satisfying (6.2). Evidently,
im(o) = Ma, and therefore the representation o is irreducible. O

Example 6.1.4. Let us again take a look at the complete bipartite graph K32 which
was discussed in the previous section. There we saw that the spectrum of C*(Ky ) is
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isomorphic to the space X = {a,b,c,d} U (0,1), where the points a,b, ¢,d correspond
to one-dimensional irreducible representations. A sketch of this space can be seen in
Figure 6.2. The points a and b (¢ and d) have no disjoint open neighborhoods, while
all other pairs of distinct points from {a,b, c,d} have disjoint open neighborhoods. By
the previous lemma, these points correspond to the four edges of K75. In the proof
of Corollary 6.1.2 the irreducible representations m,, m, 7. and w4 corresponding to the
points a, b, c,d € X were described explicitly. Let us now check which edges correspond
to which points. In the terminology of Corollary 6.1.2, we have

C*(Ka2) ={f € C([0,1], M3) | £(0), f(1) are diagonal matrices},

, _(1 0) ) _( 1—t t(1—t)>
ul ) vl T b))
00 t€[0,1] t(1-1) t t€[0,1]

(o0 B ¢ _JHT=D
Pz =\ 1 P T\ T 1-t :
t€0,1] te[0,1]

and the representations m,, 7, 7. and my are given by

T : C*(Ka2) — C, f+ f(0)11, 7o : C*(Ka2) = C, fr f(1)11,
mp 1 C"(K22) = C, f+— f(0)a2, g C*(K22) = C, = f(1)2.

It follows that mq(u1) = me(v1) = 1 and m(u2) = me(v2) = 0. Using the edge labels
from Figure 6.1 we have {uj,v1} = e1, and we see m, = m,,, where 7, is the one-
dimensional irreducible representation corresponding to the edge e; from the previous
lemma. Checking the other representations in the same way, one arrives at the following
correspondences:

a yu Ta = Tey VRN er = {uy,v1},
b “ Ty = Te, & eq = {uz2,v2},
c VRS Te = Tey YRS e = {uy,va},
d YRS Td = Teq YRS es = {ug,v1}.

Interestingly, the pairs {a,b} and {c,d} of points without disjoint open neighborhoods
correspond to the pairs of edges {e1,eq} and {ea,es3} which are the only two pairs of
non-adjacent edges in K. Thus, the spectrum X of C*(K32) recalls which edges of
Ky 9 are adjacent and which are not. This is an important feature which we will use
later on. Therefore, we summarize the results of this example in the following lemma.

Lemma 6.1.5. Let the complete graph Kas have edge labels as in Figure 6.1. In
Spec<o(C*(K22)) the one-dimensional irreducible representations me,, Tey, Tes and Te,
from Lemma 6.1.3 have the following property: Whenever e; and ej are two distinct
edges, then m; and me; have disjoint open neighborhoods if and only if e; and e; are
adjacent.
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6.1. One- and two-dimensional irreducible representations

Proof. See Example 6.1.4. The proof follows from the fact that the points a,b,c and
d in X correspond to the edges e1,ez,e3 and e4 in such a way that {a,b} and {c, d}
correspond to non-adjacent edges, while all other pairs of distinct points from {a, b, ¢, d}
correspond to adjacent edges. O

In Lemma 6.1.6 we obtained a description of Spec.o(C*(G)) as a set. In the next
lemma, we describe its topology using the space X = {a,b,c,d} U (0,1) from Corollary
6.1.2 as a building block.

Lemma 6.1.6. Recall that G = {H C G | H C G,H = Kj3} is the collection of all
subgraphs of G that are isomorphic to Ka 2, and recall from Lemma 6.1.3 that

Speco(C*(G)) ={me|e€ E} U{ops | H € G,0 <t < 1}.
For every H € G the set
X = A{Tey s Tepas Tes Teyat U{ome | 0 <t <1} C Specy(C*(G))

is a closed subset that is isomorphic to the space X from Corollary 6.1.2, where ey 1,eH,2,eH3
and ef 4 are the edges of H. Further, there is a homeomorphism

U {omsl0<t <1} = J](0,1),

Heg Heg

which maps every set {omg: | 0 <t < 1} onto a different copy of (0,1).
Finally, the following is true:

(a) me is clopen, i.e. {m.} is closed and open, in Spec<o(C*(G)) if e is not contained
inany H € G,

(b) if e1,ea € E are contained in some H € G then ., and 7., have disjoint open
neighborhoods in Speco(C*(G)) if and only if e1 and ez are adjacent,

(c) the points o4 have an open neighborhood in Speco(C*(G)) that is homeomorphic
to (0,1) for every H € G and 0 < t < 1.

Proof. Let H € G be fixed. One checks that the set Xy consists of all 1- and 2-
dimensional irreducible representations of C*(G) that vanish on the projections p, for
x ¢ H. Let Iy C C*(G) be the (closed) ideal generated by these projections p, with
x ¢ H. By Proposition 2.4.5, Xy C Spec(C*(G)) is closed, and the map

Spec(C*(G) /1) — {7 € Spec(C*(Q)) | n(py) =0forallz ¢ H}, mw+— 7oL

is a homeomorphism, where ¢« : C*(G) — C*(G) /Iy is the canonical quotient map. Since
the map also preserves the dimension of the representations, we get a homeomorphism

Spec<o(C*(G) /1) — {m € Spec<o(C*(G)) | m(p.) =0 for all 2 ¢ H} = X,
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where Xy C Spec<,(C*(G)) is a closed subset. By Proposition 4.2.5 the algebra
C*(G)/1g is isomorphic to C*(H) = C*(K32). For this algebra we computed

Spec<y(C*(Kazp2)) = X

in Corollary 6.1.2.
To prove the second statement, let us note that the sets {og | 0 < ¢t < 1} are pairwise
disjoint for different H € G and isomorphic to (0,1) because of Xy = X. For

U {omel0<t <1} = ] (0,1),

Heg Heg

it suffices to show that {om; | 0 < ¢t < 1} is closed in the subspace topology of
Uneglon: | 0 < t < 1}. However, this follows immediately from the fact that
Xp C Speccy(C*(G)) is closed. Thus, the map

U {O-Hyt‘0<t< 1}_> H(Oal)v O-H,t’_>tH
Heg Heg

is a homeomorphism, where for every ¢ € (0,1) we denote by ty the H-labeled copy of
t in the disjoint union []z¢g(0,1).

It remains to prove (a)—(c). For (a), let e € E be an edge that is not contained in any
H € G, and let G’ be the graph obtained from G by deleting the edge e. From Corollary
4.2.7 one gets

CHG)=Co*(G) e,
and m, corresponds to the representation
C*(G"YeC>(x,y)—yeC.

It follows immediately that {7.} C Spec<o(C*(G)) is clopen.
For (b) let H = G(ey,ea,e3,e4) € G. After identifying C*(H) with C*(G)/Iy the
above yields a homeomorphism

Spec<o(C*(H)) — X C Spec<o(C*(G)),

T T oL,

where the quotient map ¢ : C*(G) — C*(H) is given by

P, ifx € H,
Upz) = .
0 ifx¢gH.

To avoid confusion we denote the generators of C*(H) by p, for x € H. Thus, for the
edges e; the homeomorphism maps

Te; F> Tey,
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6.1. One- and two-dimensional irreducible representations

where 7, is the one-dimensional irreducible representation of C*(H) corresponding to
the edge e; according to Lemma 6.1.3. As H = Kjo, Lemma 6.1.5 tells us that e;
and ey are adjacent in H if and only if 7., and 7., have disjoint open neighborhoods
in Speco(C*(H)). It follows that m., and m., have disjoint open neighborhoods in
Spec,(C*(@)) if and only if e; and ey are adjacent in H. Evidently, this is equivalent
to the fact that e; and ey are adjacent in G, which concludes the proof of (b).

Finally, for (c) let H € G and 0 < t < 1. It is not hard to check that {op; | 0 <t < 1}
is an open neighborhood of o+ in Spec.o(C*(G)) which is homeomorphic to (0,1). [

In the next lemma we obtain a bijection between the edges of two graphs G and G’
starting from a homeomorphism between Speco(C*(G)) and Spec<o(C*(G")). This will
be used in the next section to obtain a *-isomorphism between C*(G) and C*(G").

Lemma 6.1.7. Let G and G’ be two bipartite graphs, and assume that
® : Spec,(C*(G)) — SpecSQ(C*(G'))

is a homeomorphism. There is a unique bijection f : E — E' given by ® () = Tre) for
all edges e € E. This map satisfies for all edges ey, eq,e3,e4 € E

Gler,en,es,e4) 2 Kap & G'(fler), fle2), flea), f(ea)) = Kap. (6.3)
Further, whenever G(eq, ez, e3,e4) = Ko 2, then one has for distinct i, j < 4
e; and e; are adjacent < f(e;) and f(e;) are adjacent. (6.4)

Proof. Due to Lemma 6.1.6(a)—(c) the representations 7, for e € E and oy, for H € G
and 0 < t < 1 can be distinguished by their topological properties. Therefore, the map
P satisfies

O ({me | e € E}) ={me | € € E'},
O ({opr |HeG,0<t<1})={op,|H €G,0<t<1}.

It follows that the map f is a well-defined bijection from E to E’. It remains to prove
that f satisfies (6.3) and (6.4).

For that, let Xz C Speco(C*(G)) be the closed subset corresponding to a subgraph
H € G as in Lemma 6.1.6. We claim that for every H € G there is an H' € G’ such that
®(Xpy) = Xp, and conversely for every H' € G there is an H € G with this property.

Indeed, Xp is the closure of {op; | 0 <t < 1} and by the previous lemma we have

U {omsl0<t <1} = JT (0,1),

Heg Heg
U {omilo<t<1p= T (01),
Hlegl Hleg/

where the homeomorphism maps different sets {op; |0 <t < 1} for H € G (or {op; |
0 <t <1} for H € @', resp.) onto different copies of (0,1). As a homeomorphism
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6. Classification of bipartite graph C*-algebras

® preserves connected components, and it follows that for every H € G there exists a
unique H' € G’ such that ® ({opg:|0<t<1}) = {om, | 0 <t < 1}. By taking the
closure we obtain the claim. The same argument applied to ®~! shows that for every
H' € G’ there is a unique H € G such that ®(Xpy) = Xp.

Now, assume that H = G(ey, ez, e3,e4) € G. Then one has

O(Xy)=Xg
for some H' = G'(€], é5, ¢, ¢€)) € G'. Tt follows
D ({Te,, Tey, Ty, Tey f U{oms |0 <t < 1})
= {Ter Ty e, e} U {omry | 0 <t <1}
and thus

{f(e1), f(e2), f(es), flea)} = {er, €, €3, €4}

This proves the forward implication in (6.3). The converse implication is proved in the
same way using that for every H' € G’ there is a unique H € G such that ®(Xg) = Xp.

Finally, let e;,es € E be two distinct edges in some H € G. Then e; and ey are
adjacent if and only if 7., and 7, have disjoint open neighborhoods in Spec.,(C*(G))
by Lemma 6.1.6(b). Similarly, f(e;) and f(e2) are adjacent if and only if ;rf(el) and
Tf(ep) have disjoint open neighborhoods in Spec.y(C*(G")). Since @ is a homeomor-
phism we have that 7 ) = ®(7,) and 7(c,) = ®(7m,) have disjoint open neighbor-
hoods in Spec.o(C*(G")) if and only if 7., and 7., have disjoint open neighborhoods in
Specgz(C*(G)_). This proves (6.4). O

6.2. Classification of bipartite graph C*-algebras

Finally, everything is ready to show that Spec<o(C*(G)) determines C*(G) up to iso-
morphism. Throughout this section let G = (U,V, E) and G’ = (U', V', E’) be two fixed
bipartite graphs together with a homeomorphism

® : Spec,(C*(G)) — SpecSQ(C*(G')).

As seen in Lemma 6.1.7, the homeomorphism ® yields a bijection f : E — E’ between
the respective edge sets of G and G’ such that for any edges e, s, e3,e4 € E we have

Gler,ez,e3,e4) 2 Koo & G'(f(e1), f(ea), fles), flea)) = Kap. (6.3)
Additionally, if G(eq, e2, €3, e4) = Ky 2, then for i, j < 4 one has
e; and e; are adjacent < f(e;) and f(e;) are adjacent. (6.4)

In this section, we prove that f gives rise to a x-isomorphism ¢ : C*(G) — C*(G").
First, we show that any map f : E — FE’ satisfying (6.3) and (6.4) induces a -
homomorphism ¢ : C*(G) — C*(G').
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6.2. Classification of bipartite graph C*-algebras

Proposition 6.2.1. Let G,G’" be two bipartite graphs and let f : E — E’ be a bi-
jection between their edges which satisfies (6.3) and (6.4). Then there is a (unique)
s-homomorphism ¢y : C*(G) — C*(G') such that for every vertex x € UUV of G one
has

Sof(pm) = Z Dwpy =: Py € C*(G,),
{v' w'}el(x)

where
I(z) ={f(e) e E' |z €¢e}

and {u',v'} € E' implicitly requires that u' € U' and v' € V'. Further, we denote the
generators of C*(G') by py with y € U' UV’ to avoid confusion with the generators p,
with x € UUV of C*(G).

To prove this, we need to show that the P, are projections which satisfy the relations
(GP1) and (GP2) required for the generators of C*(G), i.e.

o every P, with x € U UV is a projection in C*(G"),
o itis )y Pu=1=>,cy Py, and
o we have P, 1 P, unless x ~ y.

We will prove these properties in the next lemmas separately. Throughout, G, G’ and f
are fixed as in the statement of Proposition 6.2.1. Further, x € U UV is a fixed vertex
in G and I(z) = {f(e) | z € e} is the set from Proposition 6.2.1. Let us start with a
technical lemma.

Lemma 6.2.2. Let v},v5 € V' be two distinct vertices of G' with common neighbors
uy,...,ul, € U'. Assume

{ui,vi} € I(z), and {u},vy} & I(x).
Then for all i < n we have
{uf, v} € I(x), and {uj,vy} & I(x).

Proof. If n <1 there is nothing to show. So assume n > 1 and let ¢ > 1. The following
is a subgraph of G/

€1
! !
Uy Uy
€2 3
!/ /
U; N U5
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6. Classification of bipartite graph C*-algebras

where the edge e; (highlighted in red) is in I(x). This means that = € f~!(e;). Since f
has property (6.3) we know

G (f7M(en). f 7 (e2) £ (ea) £ (en)) = Ko,

Hence, either ey or eg is in I(z) while eq = {u},v4} & I(z). By assumption, however, we
have es = {u},vh} & I(z). Therefore, it follows immediately e = {u},v}} € I(x) and
this concludes the proof. O

Lemma 6.2.3. The element Py = 31 yier(p) PwDr € C*(G') from Proposition 6.2.1
is a projection. Further, the sets {P, | w € U} and {P, | v € V} form a partition of
unity in C*(G"), respectively, i.e. they satisfy relation (GP1).

Proof. Observe for any xt e UUV

( Z ﬁu/ﬁv’) ( Z ﬁu”ﬁv“)

{u' w'}el(x) {u" w"}el(x)

= ( Z ﬁu’ﬁv’) ( Z ﬁv”ﬁu”)
{u' w'}el(x) {u" w"}el(x)

PP}

= Z Do Do Dv' Pur
{w o' b {w" v }el(x)
= Z D Do/ Dur

{w '} {u v }el(z)

where we use (GP1) for the generators of C*(G’) in the last step. Let v/ and v’ € U’ be
fixed. We claim

Z Du Do Purr = ( Z ﬁu’ﬁv/) Durr-
()

o' {u '} {u ' el (x) o' {u w'el

To prove the claim let us distinguish the following cases.
Case 1. Assume «' = u”. Then the claim is immediate, for {u’,v'} € I(z) and
{u",v'} € I(x) are equivalent.
Case 2. Assume v’ # u”. Further, suppose that there is a common neighbor v, of u’
and u” such that

{W,vi} € I(z), and {u’ v} & I(x).

Then, by Lemma, 6.2.2 the same holds for any common neighbor of v’ and u” instead of
v. Hence, we have on the one hand

Z ﬁu’ﬁv’ﬁu” = Z =0,

v fu '} {u v Yel(x) 0
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6.2. Classification of bipartite graph C*-algebras

and on the other hand

( Z ﬁu’ﬁv’) Dur = Pu ( Z ﬁv’) Dur
v {u v }el(x) v EN(u )N (u')

= ﬁu’ﬁu”
= ()7

where we use in the first step that all common neighbors of ' and «” are in I(x) and
products over non-neighbors vanish by (GP2), and in the last step relation (GP1) for
the generators of C*(G’).

Case 3. Finally, assume that neither of the previous cases applies. Then v’ # u” and
for any common neighbor v’ of v’ and u” we have

{W W'} ellx) = {0} €l(x).
Using the relations (GP2) for the generators of C*(G’) one obtains

Z DPw Do/ Dur = Z D Po Dur
o' {u ' }{u ' e (x) o' {u w'rel(z),{u v }eE!

= Z PuwDo | Durr-
v {u w'el(x)

Altogether we conclude

PxPx* = Z ﬁu/ﬁv’ﬁu”
{w/ W' {u w'iel(z)

= Z Z D’ Doy Do
u el \v':{u/ v} {u’v'}el(x)
= Z Z PuwDv | Dur
u w’ey’ v {u v }el(x)
= Z Pu Doy Z Durr
{uw' v'}el(x) u"el’

x>

where we use (GP1) in the last step. This shows that P, is a projection in C*(G") since
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6. Classification of bipartite graph C*-algebras

one obtains directly P} = (P, P})" = P,P} = P,. Finally, observe

SRy ( > ﬁwﬁv/)
(u)

uelU ucU \{u''}el
= Z ﬁu’ﬁv’
{u' v'}eE!
= Z Pu Z Doy
u' el’ v'ev’
—1-1=1,

where we use (GP2) in the second-last step and (GP1) in the last step. This shows that
the set {P, | u € U} is a partition of unity in C*(G’). The argument works analogously
for {P, |veV}. O

Lemma 6.2.4. Let Py = 3 1y yyer(z) Pubo € C*(G') be the element from Proposition
6.2.1. For any w € U and v € V we have P,P, = 0 unless u ~ v, i.e. the relations
(GP2) are satisfied.

Proof. By the previous Lemma 6.2.3 the P, are projections. Observe
P,P,=P,P;

- ( Z ﬁu’ﬁv’) ( Z ﬁv”ﬁu”)
{uw/ w'}el(u) {u" w"}el(v)

= ﬁu’ﬁv’ﬁv”ﬁu”
{w w'}el(u),{u" v"}el(v)

= Z ﬁu’ﬁv’ﬁu”a
{w w'yel(u),{u" v'}€l(v)

where we use (GP2) in the last step. Assume that there are some {u’,v'} € I(u) and
{u",v'} € I(v) such that
PuPoPur 7# 0.
We distinguish two cases. First, if v/ = «”, then we have
{u/, v} € I(u) N I(v) = {f(e) | e = {u, v} € E},

and therefore u ~ v.

Second, let us assume v’ # u”. In view of Lemma 4.2.4 there must be some v” # v/
such that the following is a subgraph of G'.

/ €1
U v
€3 2
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6.2. Classification of bipartite graph C*-algebras

S (er) S er)

u u v

S ez T (e2)

v

Figure 6.3.: The two possible forms of the subgraph G(f~(e1), f~*(e2))

Using that f satisfies (6.3) it follows that the subgraph

G(f_1(€1)7 f_1(62)7 f_l(e3)7 f_1(€4>) cdG

is isomorphic to Ks5. Because of (6.4) the edges f~1(e1) and f~!(es) are adjacent.
Using u € f~'(e1) NU and v € f~'(e2) NV one easily checks that the subgraph
G(f~(e1), f~'(e2)) can only take two different forms which are sketched in Figure 6.3.
In both cases, one sees u ~ v. O

Putting the previous lemmas together we obtain a proof of Proposition 6.2.1.

Proof of Proposition 6.2.1. The preceding lemmas show that the P, satisfy the relations
required for the generators of C*(G). Thus, by the universal property of C*(G) there is a
unique *-homomorphism ¢ : C*(G) — C*(G’) with ¢¢(p,) = P, forallz e UUV. O

Let us summarize what we have seen so far. Given a homeomorphism
P : Spec,(C*(G)) = Spec,(C*(G")),

we obtain from Lemma 6.1.7 a bijective map f : E — E’ that satisfies the properties
(6.3) and (6.4). Evidently, its inverse map f~! : E/ — E has the same properties. Thus,
Proposition 6.2.1 yields two *-homomorphisms

¢ C*(G) = C*(G') and @1 :C*(G') = C*(G)

that are defined on the respective generators as follows:

0 C*(G)dper Po= > puby € CHG), rceUuv, (6.5)
{uw/w'}el(x)

@1 :C (G 2Py Pyi= Y pups € C*(G), yeU' uv/, (6.6)
{uv}ed(y)

where I(z) = {f(e) € E' :x € e} and J(x) = {fte) € E:y e} forx € UUV and
y € U UV’ respectively. In the above formulas we implicitly require v € U,v € V and
u el veV.

To prove C*(G) = C*(G’) it only remains to show that ¢ and ;-1 are inverse to
each other. In fact, it suffices to show ¢y-1 0 oy = idc«(g) because the other statement
¢ o @p-1 = idgx(qry follows by replacing f with f —1. We prove this in the following
lemma.
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6. Classification of bipartite graph C*-algebras

Lemma 6.2.5. One has o1 0 ¢p =ide«(q)-

Proof. Tt suffices to show

*1(90]‘(1790)) = D=,

for all x € U U V. Indeed, we only prove this for x € U because the case x € V is
analogous. Thus, let u € U be fixed. The definitions of p;-1 and ¢y, respectively, yield

@f*l(gpf(pu)) =P ( Z ﬁu/ﬁv’)
(u)

{v'v'}el(u

= Z ( Z pulpm) ( Z pUvag) .
fu' oY el(w) \fut o) e () {uz vl eI (v/)

Using @-1(py) = (gof_l(ﬁu/)) = Y {ur,v}e(w)PoiPu, together with (GP2) we can
continue the computation as follows:

(pf—l(‘;of(pu)) = Z ( Z pvlpm) ( Z pUvag)
() (")

{w'w'}el(u) \{ui,v1}ed(@ {uz,v2}eJ (v’

= Z ( Z pvlpulpvg) .
{u’,v’}e[(u) {u1,v1}EJ(u’),{u1,v2}EJ(v’)

We claim
{ur,v1} € J(u)
(v1,u1,v
1,u1,2) {ur,v2} € J(V')
={(vi,u,v2) : V301 ~un~ vy €V with py, pups, # 0},

for some {u’,v'} € I(u) with py, Dy, Pv, # 0}

where u remains the fixed vertex from above. First, assume that (v1, u,v2) is in the set
on the right-hand side, i.e.

Vovi~u~vy €V with  py pupe, # 0.

There are two possibilities. If v; = wvg, then setting {v/,v'} := f({u,v1}) one easily
verifies {u,v1} € J(u') N J(v') while {u/,v'} € I(u). Thus, the triple (v1,u,v2) is in the
set on the left-hand side.

Next, assume v1 # va. AS py, PuPu, is non-zero, Lemma 4.2.4 yields some vertex ug € U
such that the graph from Figure 6.4 is a subgraph of G. As e; and ey are adjacent
in G(ey,ea,e3,e4), by Property (6.4) the same holds in G'(f(e1), f(e2), f(e3), f(eq)).
Thus, the subgraph G’(f(e1), f(e2)) must take one of the two forms shown in Figure
6.5. Choosing the vertices v’ € f(e1) and v' € f(e2) as in the figure one easily checks
{u',v'} € I(u) as well as e; = {u,v1} € J(u') and ea = {u,vo} € J(v'). Thus, the triple
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€1
U U1
€2 €3

u9 N V2

Figure 6.4.: The subgraph G(u, vy, va, us)

Figure 6.5.: The two possible forms of the subgraph G’(f(e1), f(e2))

(v1, u,v9) is in the set on the left-hand side, and this concludes the proof of the inclusion
(Ihs) D (rhs).

For the other inclusion, assume that (v, u;,v9) is in the set on the left-hand side, i.e.

{uy,v1} € J(u')

for some {u',v'} € I(u) with 0.
{ul7v2} € J(U/) { } ( ) WILD Py Puy Poa #

It suffices to show u; = w since py, pu,pv, # 0 implies v1 ~ u; ~ vy (using (GP2)) and
thus the triple (vy,u;,v2) is in the set on the right-hand side.

If v1 = vy, then we obtain immediately f({u1,v1}) = {u/,v'} € I(u) and this yields
Uy = u.

Next, assume vy # v9. In view of Lemma 4.2.4 there exists some us € U such that
the graph from Figure 6.6 is a subgraph of G. where e; € J(v) (& v € f(e1)), and
ea € J(V') (& v € f(ez)). Again by Property (6.4) the subgraph G'(f(e1), f(e2)) must
take one of the two forms shown in Figure 6.5. The vertices v’ and v' must be as depicted
since e; € J(u') and e € J(v'). Now, one sees that either f(e;) = {u/,v'} or f(e2) =
{u/,v"}. Then the assumption {v’,v'} € I(u) implies f(e1) € I(u) or f(e2) € I(u). In
any event, it follows that u; = .

Ul ‘1 U1

€2 3

u9 el V2

Figure 6.6.: The graph G(uy,v1,va, ug)
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Putting everything together we obtain

er-1(eplpn) = > ( > pulpulpvg>
)

{uw/ w'}el(u) \{ui,v1}eJW’),{u1,v2}eJ(v’

= Z Pv1PuPu;

Vv ~u~ve €V
= Z Pvy PuPuvs
v1,v2€V
= Z Doy | Pu Z Puy
v €V vV
:pUJ

where we use the claim for the step from the first to the second line. The last two
equalities follows from (GP2) and (GP1), respectively. O

Finally, we can state the main result of this section. This theorem was mentioned in
the introduction as Theorem C.

Theorem 6.2.6. We have
C*(G) = C*(G") &  Spece,y(C7(G)) = Spece, (C7(G)).
Proof. The implication from left to right is clear. So let
® : Spec,(C*(G)) — SpecSQ(C*(G’))

be a homeomorphism. One obtains an induced bijective map f : E — E’ which satisfies
(6.3) and (6.4) as discussed in Lemma 6.1.7. The same properties hold for the inverse
map f~! : B/ — E. By Proposition 6.2.1 we obtain the *-homomorphisms oy and
@ -1 described in (6.5) and (6.6). By Lemma 6.2.5, ¢ -1 is a left-inverse of ¢, and by
replacing f with f~1 one gets that ¢y is a left-inverse of ¢ #-1. Consequently, ¢y is a
*-isomorphism. O
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In this chapter we study a particular class of bipartite graph C*-algebras, namely those
that are associated to hypercubes. Hypercubes are the class of graphs that generalize
the square and the cube to arbitrary dimensions. For every dimension n € N\ {0} the
n-dimensional hypercube @), is a bipartite graph with 2" vertices. We will give a precise
definition below, and, for the moment, content ourselves with a sketch of the three
hypercubes @1, Q2, @3 in Figure 7.1. Note that every hypercube is naturally interpreted
as a bipartite graph.

There are several reasons to study hypercube C*-algebras: First, their C*-algebras
provide a very satisfying generalization of Pedersen’s theorem (Theorem 3.1.2). Second,
they occur naturally in the study of hypergraph C*-algebras, and, finally, we can use the
C*-algebra of the cube to solve a problem about magic isometries. This was discussed
briefly in the introduction. At this point, we would like to elaborate on the significance
of hypercube C*-algebras to hypergraph C*-algebras in more detail.

An open problem for hypergraph C*-algebras is the following;:

Problem 7.0.1. For which hypergraphs HI" is the hypergraph C*-algebra C*(HI") nu-
clear?

This question was raised by Trieb, Weber and Zenner in [85] together with the obser-
vation that there are non-nuclear hypergraph C*-algebras. This is in stark contrast to
graph C*-algebras, a class of C*-algebras that is generalized by hypergraph C*-algebras
and which are always nuclear (see e.g. Raeburn’s monograph [71]). Together with Moritz
Weber the author proved in [80] a theorem with the following consequence: In order to
tell which hypergraph C*-algebras are nuclear, it suffices to tell which bipartite graph
C*-algebras are nuclear. Thus, we are led to the next problem:

Problem 7.0.2. For which bipartite graphs G is the bipartite graph C*-algebra C*(QG)
nuclear?

Q1 Q2 Q3

Figure 7.1.: The hypercubes Q1, Q2 and Q3
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Unfortunately, we are not able to answer this question in full generality. It is clear
that C*(G) is not nuclear as soon as K23 C G (see Corollary 4.2.6). However, it remains
a problem whether K3 ¢ G entails that C*(G) is nuclear. Hypercube C*-algebras are
a natural test case for this question. On the one hand, they satisfy Ks3 ¢ @Q,, for all
n € N. On the other hand, hypercubes are highly symmetric graphs which facilitates
a detailed study of their C*-algebras. In fact, our generalization of Pedersen’s theorem
to hypercube C*-algebras will allow us to conclude that all hypercube C*-algebras are
nuclear (Corollary 7.2.6).

Let us outline the rest of this chapter. After introducing notations about hypercubes,
in Section 7.2 we employ a combinatorial argument in the vein of Roch and Silber-
mann [75] to prove that every hypercube C*-algebra is subhomogeneous, and that every
irreducible representation is, in our terminology, a rank-one representation. These are
described in the next Section 7.3 by certain edge-weightings of the hypercube. Us-
ing that description we are able to classify all irreducible representations of C*(@,,) in
Section 7.5. This allows us in Section 7.6 to generalize Pedersen’s theorem to hyper-
cube C*-algebras. Finally, in Section 7.7 we apply our results to the theory of magic
isometries.

7.1. Hypercubes

In this section we give a precise definition of the hypercubes @Q,, for n € N using binary
numbers. We also collect some properties of hypercubes that will be useful later.
The following notation will be crucial throughout this paper.

Notation 7.1.1. For every number i € N and n € N\ {0} such that ¢ < 2" the n-digit
binary representation of i is the sequence

n—1
in—1...i1i0 € {0,1}" such that i= Y i;2".
k=0
We call the number iy, the k-th binary digit of i and denote [i] := ix. Further, we set

k
par (i) = Zie mod 2.
£=0

Note that pary(i) is the parity of the number i.
Further, for every k < n let i#k € N be the number obtained by flipping the k-th
binary digit of ¢, i.e.

e — i+2F if i, =0,
i—2k if g, =1.

Note that we will be using square brackets | ] both to denote digits of a binary number
[i]¢ and to indicate components of a vector [¢];. It is always clear from the context which
meaning is intended.
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Definition 7.1.2. The n-dimensional hypercube @, = (Up,Vy, E,) is the bipartite
graph with vertex sets

Un={i <2"|par, (i) =0},  Vop={j<2"[par, ,(j) =1}
and edge set
E,={{i,j}|i €Uy, jeV,, i#k = j for some k < n}.
We denote the edge {i,j} € E,, with i € U, and j € V,, also by ij € E,.
Example 7.1.3. Let us take a second look at the three hypercubes Q1, Q2, Q3 that were

sketched above in Figure 7.1. We can label their vertices by binary numbers as in Figure
7.2.

011 111
01 11 010 110
Jo——el
001 101
Q1 00 Q- 10 000 Qs 100

Figure 7.2.: The hypercubes @1, @2 and @3 with vertices labeled by binary numbers

The following is an immediate observation.

Proposition 7.1.4. Two distinct vertices x1,xs € U, UV, of the hypercube @, have
either zero or two common neighbors y1,y2 € U, UV,,. The latter is true if and only if x1
and xo differ in exactly two binary digits. In this case the subgraph Qn(x1,z2,y1,y2) C
Q. induced by the vertices x1,x2,Yy1, Y2 1S isomorphic to the square (Qs.

In particular, we have Ko 3 ¢ Q.

Notation 7.1.5. Let n € N and k£ < n.

1. We define Q%Jrk) C @, as the subgraph induced by the vertices x € U, U V,, with

[z], = 1, and we let Q%_k) be the subgraph induced by the vertices x € U, UV,
with [a:]k = 0.

2. We let E,(zk) C FE, be the set of edges ij € E, with i = j#k.
Lemma 7.1.6. The following properties hold for the hypercubes Q,.

1. For every proper sub-hypercube Q' C Q,, there is a k < n such that Q' is contained
(k) (—k)
m Qn or Qn .
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(k)

2. Consider the equivalence relation on En~ generated by
i1 ~oizjz e @nlin i, g, J2) = @2,

where Qn (i1, 12, j1, j2) C Qn s the subgraph induced by i1, 12, j1, jo. Then all edges

1j € ET(Lk) are in the same equivalence class.

3. Assume that a subgraph G C Q, is closed under squares in the sense that G
contains all edges of a square in Q, as soon as it contains two adjacent edges of
the square. Then G is a disjoint union of sub-hypercubes.

Proof. Ad (1).

Assume that Q' = Q,, for some m < n and let ¢ : {0,...,2™ —1} = {0,...,2" — 1}
be the associated embedding of @, into @,. Without loss of generality ¢(0) = 0. Then,
for every ¢ < m there is some ky < n such that

p(2) = 2t

holds. Indeed, 2¢ is obtained from 0 by flipping the ¢-th binary digit, and therefore
©(2%) must be obtained from ((0) = 0 by flipping exactly one binary digit as well, for
@ respects the edge relation of the involved hypercubes. Clearly, the ky, are pairwise
distinct for different £ < m. We claim that (3., 2 = 3, @28 holds for all

aQ, ..., am—1 € {0,1}. By definition this is true for ag = -+ = -1 = 0 or if exactly
one of those parameters is equal to one. For an inductive argument, assume the claim is
true if less than r parameters are nonvanishing, and let («g,...,am—1) € {0,1}™ have

exactly r non-vanishing parameters with r > 2. Without loss of generality ag = a3 = 1.
We want to prove the claim for the vertex v =3,_,, a2’ of Q,,. Consider the vertices

Uy = Z aﬂe and wup = Z 04322
{=1,2,....m—n £=0,2,3,....m—n

that are obtained from v by flipping the first and second binary digit, respectively. The
original vertex v is the unique common neighbor of ug and u; in @,,. Hence, p(v) is
also the unique common neighbor of ¢(ug) and ¢(u1). For the vertices ug and u; we can
assume the claim by the induction hypothesis. Then the claim for ¢(v) follows using
that ¢(v) is the unique common neighbor of ¢(up) and ¢(u1). Altogether, one obtains
Q' C Q%ﬁk) for any k & {ky | £ < m}.

Ad (2). Phrasing the equivalence relation in other terms, one has i1j; ~¢ i2jo if and
only if there is some k # ¢ < n such that jo = i1#f and i = j1#£. Clearly, starting from
some edge ij € ET(f) one can obtain any other edge i'j’ € E,(lk) by successively flipping
binary digits of ¢ and j other than the k-th digit (at the same time for both i and j).
Each such step corresponds to an application of ~, and thus the statement follows.

Ad (3). Without loss of generality assume that G C @, is connected. Evidently, G
is a sub-hypercube of @, if its vertex set {i < 2" | i € G} is closed under flipping k-th
binary digits where k ranges over a set K C {0,...,n — 1} of indices. Let

K :={k<n|3xeG:a#keG},
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and let ¢ € G be arbitrary. We need to show that i#k is in G as well. By the definition
of K there exists some j € G with j#k € G, and since G is connected there is a path
1 ...%, in G which connects ¢ = i1 and j = i,,.

The assumption from the statement tells us that (z#k)#¢ is in G whenever x € G
and both x#k and z#/¢ are in G. We prove i#k € G by induction over m. If m =1
there is nothing to show. Otherwise, one has without loss of generality ¢,, = iy, —1# for
some ¢ # k. It follows

imo1#k = (im#0)#k € G,

i.e. the vertex i,,_1 already has the property we required from i,,. Hence, the statement
follows by induction. O

7.2. Hypercube C*-algebras are subhomogeneous

In this section we prove that every hypercube C*-algebra C*(Q),,) is subhomogeneous,
and more particularly, for every irreducible representation p of C*(Q,) and projection
p. we have that p(p,) is either zero or a rank-one projection. We prove this by analyzing
paths in the hypercube with the aim of showing

PuPv = PvPu

for any two loops p and v in Q.
To do that, let us describe a path p in @, in another way. Given g = x1 ... Ty41 With
vertices x1,...,Tm+1 € U, UV, one can choose indices ki, ...,k < n such that

Tip1 = TifFk;

holds for all ¢ < m. In operational terms, the index k; records in which direction the path
w continues at the vertex x;. It is possible to recover the whole path p from the starting
vertex r1 and the sequence k1 ... k,,. Therefore, we may use the following notation.

Notation 7.2.1. Given a vertex x € U,, UV,, and a sequence of indices k1,...,k, <n
we write

[.T}; k‘l e km]
for the path = x1... 2,41 given by
T =, and Tiy1 = x;#k;  for i < m.

Proposition 7.2.2. 1. For every path p in Q, there is a unique vertexr x € U, UV,
and a unique sequence ki ...k, of indices with k; < n such that

o=z ki ... kpl
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Ti+1 Ti+2 = Yi+2

Figure 7.3.: The subgraph of @,, induced by x;_1,z;, ;41,2
2. The path [x; ki ... ky,) is a loop if and only if for every ¢ < n the set {i < m | k; =
¢} has an even number of elements.

Proof. The first statement follows from the definition of edges in @),,. The second state-
ment is true since the ¢-th binary digit of the endpoint of [z; ki ...ky,] is equal to
]+ |{i <m | k; = ¢} mod 2. O

Lemma 7.2.3. Let = [x; ki ... kikit1 ... k) be a path in Q, as above, and obtain
w=lx; ki...kicikiyikikivo ... kp)
by swapping the elements k; and ki1 in the sequence ki ...k, for some i < m.
1. If ki # kiy1, then py = —py.
2. If ki = ki1, then p, = py.

Proof. 1If k; = ki+1, then p = v and the statement is trivial. So, let us assume k; # kjy1.
Write 4 = x1... Zpmq1 and v = y1 ... Ypy 4 for vertices x;,y; € U, UV,,. Clearly,

z; =1y; forall j <i.
Further, observe that
Tiyo = (Tidtki)#hiv1 = (@i#tkiv1)#ki = (yit#Fki) #ki = Yivo,

since it makes no difference in which order binary digits are flipped. Hence, we have as
well

z;=1y; forallj>i+2.

Let us compare the elements pg,py;,  Pe;,, and py, Py, Py, ,- First, note that the terms
differ only in the middle factor, for x; = y; and x;12 = y;42. One readily checks that the
involved vertices form a subgraph of @),, isomorphic to the square as in Figure 7.3.

In view of Proposition 7.1.4 the vertices x;41 and y;+1 are the only common neighbors
of z; and x;11. Therefore, by (GP2) we have

pdfipszi+2 - 0

68
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for every vertex z € (Up, U V) \ {@it1, yit1}. With (GP1) it follows

paﬁ¢paﬁ¢+1pxi+2 = pxl Z pZ - py¢+1 pxzqrz
zeUp UV,

- pwip$i+2 - p$ipyi+1p$q;+2 .

The first term in the sum on the right-hand side vanishes by (GP1). Hence, we obtain

Pz;Pzi11Pxiyo = —Pz;Pyiy1Privs = ~Py;Pyit1Pyitar
and the statement follows immediately. O

Lemma 7.2.4. Let = [x; k1 ... ky| and v = [x; £y ... Lyy] be two loops in @y, starting
at v € U, UV,. Then pup, = pupy.

Proof. Evidently, we have

PuPv = Dlz;k1..kmb1...0,,/]

as well as

pl/p,u = p[af), Zl...fm/krl...k‘m} .

From the previous lemma we obtain immediately

Pubv = ipupu'

It only remains to check that the sign on the right-hand side of this identity is positive.
To see this, note that the path [z; ki ... k] is a loop. Therefore, every ¢ < n features
an even number of times in the sequence ki ... k,,. Now, to move the index #; from the
right to the left in the combined sequence ki ... k01 ... ¢, , one needs to swap it first
with k,,, then with k,,_1, and so on. Each time ¢; is swapped with an index k; # ¢; the
sign of the corresponding algebra element py,. ; changes. However, since there is an even
number of indices k; # ¢; this sign change occurs an even number of times. Hence, in
the end we have
Pla; by kmty..8, )] = Pla; b1k kmta...0, 1]

m m

Repeating this argument successively for the indices fo, ..., £, yields the claim. 0

Theorem 7.2.5. The C*-algebra C*(Q,,) is 2"~ '-subhomogeneous, and one has for all
vertices x € U, UV,

dim(p(pz)H) < 1 (7.1)

for every irreducible representation p of C*(Qy) on a Hilbert space H. We call such a
representation rank-one.
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Proof. Let x € U,UV,,. By Proposition 4.2.3 the corner p,C*(Q,)ps is the closed span of
all elements p,,, where p is a loop in @), that starts at x. By Lemma 7.2.4 the elements p,,
commute pairwise. Consequently, the corner p,C*(Q,)p, is a commutative C*-algebra.
From this, Equation (7.1) follows immediately with general C*-algebra arguments, see
e.g. [10, p. IV.1.1.7]. Evidently, then C*(Q,,) is 2"~ !-subhomogeneous, for 1 = > wcU, Pz
and |U,| =271 O

Corollary 7.2.6. The C*-algebra C*(Qy,) is nuclear for alln € N\ {0}.

Remark 7.2.7. In view of Problem 7.0.2 we would like to show more generally for
any graph G with Ky3 ¢ G that the corners p,C*(G)p, are commutative. However,
the arguments used in the proof of the previous theorem and its preceding lemmas rely
heavily on the particular structure of @), as a hypercube, and they cannot be easily
generalized.

7.3. Rank-one representations and edge-weightings

In this section we describe the rank-one representations of C*(Q,,) using certain complex
edge weightings of ),,. This will provide the necessary tools for classifying all irreducible
representations of C*(Q,,) in the next section.

Recall that we call a representation p of C*(Q,) rank-one if every projection p(p.)
for x € U, UV, is either zero or a rank-one projection. In view of Theorem 7.2.5, every
irreducible representation of C*(Q,,) is rank-one.

Definition 7.3.1. Let ¢: E, — C be a complex weighting of the edges of @), and let
Q@n(c) = (Un(c), Valc), En(c))

be the subgraph of @, induced by the edges ij € E, with c(ij) # 0. We call the
weighting ¢ admissible if it satisfies

> clig)e(ige) = 855 for all j1, j2 € Vi(c), (7.2)
1€N(J1)NN (j2)
as well as
Yo cling)elizg) = iy, forall iy i € Un(0), (7.3)
JEN (i1)NN (i2)

where NV (x) with z € U, UV}, denotes the set of neighbors of the vertex z in Q.

The following lemma is needed to construct rank-one representations from admissible
edge weightings. It will also be crucial later when we exploit the description of rank-one
representations by edge weightings to classify all irreducible representations of C*(Qy,).

Lemma 7.3.2. Let ¢ : E, — C be an admissible edge weighting of the hypercube Q.
i.e. c¢ satisfies (7.2) and (7.3). Further, assume that x1,x2,y1,y2 € U, UV, are four
vertices which induce a subgraph of @, that is isomorphic to a square as in Figure 7.3.
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al e T
f h
x2 g Y2

Figure 7.4.: A square in the hypercube @, with edges e, f,g,h

1. If c(e) # 0 and c(f) # 0, then we have c(g) # 0 and c(h) # 0 as well, and

3. The induced subgraph Qn(c) C Q, is a disjoint union of sub-hypercubes.

Proof. Ad (1). The vertices y; and ys have exactly two common neighbors in @,,, namely
x1 and 2, see Proposition 7.1.4. Therefore, condition (7.2) or (7.3) for weightings gives

c(e)e(h) + c(f)e(g) = 0.

The statement follows immediately by a standard calculation.
Ad (2). The previous statement entails

c(e)
c(f)

where all terms c(e), ¢(f),c(g), c(h) are non-zero by assumption and (1). Similarly, one
obtains

_|elg)

~ le(h)

)

EOIED
o)~ o
It follows
i[O )] [ela)| _ leo)P
@1 =101 | 5| 5] = o | oy = et

Therefore, |c(e)|? = |c(g)|?, and the claim follows.
Ad (3). In view of (1), Qn(c) has the following property: Whenever it contains two
adjacent edges of a square in @), then it contains all four edges of the square. Thus, the

claim follows directly from Lemma 7.1.6(3).
O
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Definition 7.3.3. Given an admissible edge weighting ¢ : E, — C of @5, let
pe: C*(Qn) — MUn(c) = B(CUn(C))

be the unique representation that extends the assignment

pi = Eii € My, (), i € Un(c),
pi o [elid)eid)], € My, J € Valo),
Py 0, 2 € (Up UVi) \ (Un(0) UVi(c)).

We say that the representation p. is induced by the weighting c.

Proposition 7.3.4. The representation p. in the previous definition is well-defined. In
particular, for every j € Vy(c) the matriz p.(p;) is the projection onto the span of the
vector

;= [e(if) )i, () € C.

Proof. The second claim is true since the vector 1); is normalized due to (7.2). Thus, the
elements p.(p;) are projections for all z € U,, UV,,. We need to check that the operators
pe(pe) for z € U, (c) UV, (c) satisfy the relations (GP1) and (GP2) from Definition 4.2.1.
First, let us note that |U,(c)| = |Va(c)| holds since by Lemma 7.3.2(3) the graph @, (c)
is a disjoint union of sub-hypercubes.

Evidently, the E;; form a partition of unity. At the same time (7.2) guarantees that
the vectors 1); are orthogonal to each other. What’s more, because of |V;,(c)| = |Uy(c)|
the vectors 1; form an orthogonal basis of CU»(©) . Hence, the projections onto the spans
of the v, form a partition of unity in B(CU(%)) as well. Further, one readily checks that
1; is orthogonal to e; € CU»(9) if ij ¢ E, since the i-th entry of 1; vanishes. Thus, the
universal property of C*(Q,,) yields the desired representation p.. O

Let us shortly summarize the notation that was introduced so far. Given an (admis-
sible) edge weighting ¢ : E,, — C of Q,,, we denote

o by Qn(c) = (Un(c), Va(c), En(c)) the subgraph of @, induced by the edges where

c does not vanish,
o by p.: C*(Qn) — B(CY(9)) the representation of C*(Q,,) induced by c.

Example 7.3.5. As an example, consider the square ()2 with edges e, f, g, h as in Figure
7.3. For any t € [0,1] and ' := 1 — ¢ an admissible edge weighting is given by

C(e) = \/%7 C(f) = \/?a C(g) = \/E? C(h) = _\/7?'

We sketch this weighting in Figure 7.5. If t € (0,1), then Qa(c) = Q2, but if t = 0
(t = 1), then Q2(c) is obtained from Q2 by removing the edges e, g (f, h, resp.). In any
event, Q2(c) C Q2 is a disjoint union of sub-hypercubes.
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Y1 ﬁ T

vF -

Z2 \/g Y2

Figure 7.5.: An admissible edge weighting of Qo

To compute the representation p. let us assume that {z1,z2} = Us and {y1,y2} = Va.
Then, for any ¢ € [0, 1] the representation p. : C*(Qz2) — B(C?) is given

pe(Pzy) = <(1) 8) ) pc(pyl) = < it/ {3?) = (\/7E \/t7) <\\/[tli’> )

pelpea) = (8 §]> ’ pelPrn) = (— 7ytt’ ) ttt/> - (xg ) (—vi Vi),

Lemma 7.3.6. Let ¢: E, — C be an admissible weighting of the hypercube @, and let
Qn(c) C Qy be as in Definition 7.3.1. Then the following holds:

1. Assume that Qn(c) = U, Qg) for disjoint sub-hypercubes Q%) C Qn. Then the
representation p. : C*(Qy) — B(CU()) induced by c is a direct sum of irreducible

representations p(g) which are vanishing on p; for x & Q,(f ), respectively. In par-
ticular, pc is irreducible if and only if Qn(c) is a single sub-hypercube of Q.

2. If ¢ : E, — C is another admissible weighting of Q., then the representations p.
and pe are unitarily equivalent if and only if Qn(c') = Qn(c) and there are numbers
Ay € St for x € Uy, (c) U Vy(c) such that

d(ig) = Nidje(ij) for allij € Ey(c).
3. For any rank-one representation p : C*(Qn) — B(H) of the hypercube algebra

C*(Qy) on a Hilbert space H there exists an admissible weighting ¢ : E, — C such
that p is unitarily equivalent to the representation pc.

Proof. Ad (1). First, let vl = U, n Q%) C Up(c) be the set of vertices from Uy,(c)
contained in Q%E ) for all /. Then the partition

Un(e) = JUY
l

yields a natural block matrix form for the matrices in My, () = B(CY»()). In particular,

the diagonal blocks correspond to the sub-hypercubes fo ). We claim that pe(p;) vanishes
outside the diagonal block corresponding to the sub-hypercube that contains j.
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Indeed, one readily checks that p.(pj) has a non-zero entry in the (¢,4’)-th position
if and only if ij € E,(c) and i'j € E,(c). This is the case if and only if both i and 4’
are contained in the same sub-hypercube Q% ) as the vertex j. Consequently, p.(p;) is

non-vanishing only on the diagonal block corresponding to the sub-hypercube Q% ) that
contains j. It follows that p, is a direct sum of representations p®) which are vanishing
on p, for x ¢ ng ), respectively.

Further, if @, (c) consists of a single sub-hypercube, then for any two vertices i,i’ €
U, (c) there is a path x125 ... 2y, in Q,(c) which connects ¢ and i’. One checks that the
matrix

P(Pz1)P(Pz3) -+ P(Pay)

has a single non-zero entry in the (i,i')-th position. Hence, p.(C*(Qn)) = My, () and
the representation is irreducible.

Ad (2). If the representations p. and po are unitarily equivalent, then the sets of ver-
tices x € U, UV, with p.(pz) # 0 and p(ps) # 0, respectively, coincide. Consequently,
Un(c) = Up(c). Let U € B(CY»(9)) be a unitary matrix such that

pe () = Upe( U

holds. Because of p./(p;) = Ei; = pe(pi) for all i € Uy (c), the unitary U must be diagonal,
and there are numbers \; € S! such that

U = diag((\i)icu, (o))

It is not hard to see that Up.(p;)U* is the projection onto the span of Uw); for all j € V,,(c)
where ¥; = (c(i5))ieuv, (c) i the vector from Proposition 7.3.4. Let ¢ = (¢'(i5))icu, (c) €
CUYn( for j € Vy,(c) be the vectors such that p.(p;) is the projection onto the span of
¥5. Then, Up:(p;)U* = pe(pj) implies that the vectors

Uy = Niclif)ievao  and ¥ = (¢(i))iev, (0

have the same span. This is true if and only if there are numbers \; € C\ {0} for
J € Vp(c) with

Aidje(ig) = ¢(ij) for all ij € E,(c).

Because of conditions (7.2) and (7.3) the numbers A\; must be of modulus one as well.

This proves that unitarily equivalent induced representations p. and p» must satisfy
the condition from the statement. Conversely, it is easy to see that this condition implies
unitary equivalence of p. and p. .

Ad (3). Assume that p : C*(Q,) — B(H) is a rank-one representation of the hyper-
cube algebra C*(Q,) on a Hilbert space H. Let Qn(p) = (Un(p), Va(p), En(p)) C Qn
be the subgraph induced by the vertices x € U, UV,, with p(p,) # 0. By applying a
unitary transformation if necessary we may assume H = CU(?) and p(pi) = By for all
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i € Up(p). For j € V,,(p), p(p;) is the projection onto the span of some normalized vector
(RS CUn(P), Let a weighting ¢ : E, — C be given by

(i) == {W)ﬂz’, if p(p;) # 0,

0, otherwise.

Note that [¢;]; = 0 if ij & E, since in this case p(p;) and p(p;) are orthogonal. One
has |Up(p)| = |Va(p)| for both the p(p;) and p(p;) for i € U,,j € V;, form a partition of
unity in My, (). Hence, the 1; form an orthonormal basis of CUn(P) and satisfy (7.2).
The matrix which contains the 1; as columns is, thus, unitary, and it follows that its
rows form an orthonormal basis of CUn(?) as well. Therefore, (7.3) is satisfied, and c is
an admissible weighting of Q,,. O

7.4. Rank-one representations induced by points in a simplex

So far we have seen that every irreducible representation of C*(Q,) is rank-one, and
that every rank-one representation is induced by an admissible edge weighting of @),,.
In the end, we want to classify all irreducible representations of C*(Q,,) up to unitary
equivalence. Admissible edge weightings are not the right solution for this problem, for
two different edge weightings can define unitarily equivalent representations. Therefore,
we introduce below a particular class of edge weightings ¢y depending on points t in the
standard simplex

An—l = {[tOw--vtn—l] ’th'”ytn—l 207 Zti = 1}
i

The definition below is a straight generalization of the edge weightings of Q2 from
Example 7.3.5.

Definition 7.4.1. For every tuple t = [to,...,tn—1] € Ap_1 let an edge weighting ¢¢ of
Q.. be given by

co(if) = (=P /g for all ij € By,

where k£ < n is the unique number with j = i#k and parj(i) is the sum of the first
(k 4+ 1)-binary digits of ¢ modulo 2 as in Notation 7.1.1. Let

pt 2 C*(Qn) — My,
be the representation of C*(Q,,) induced by the weighting cg.

Proposition 7.4.2. The representation py in the previous definition is well-defined, i.e.
the edge weighting cy is admissible for all t € A,_1 and its induced subgraph Qp(ct)
satisfies Up(cy) = Uy,.
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Proof. Let us first check U, (¢y) = U,,. Since t = [tg, ..., tn—1] € Ap_1 satisfies > tx, = 1,
there exists at least one index ¢ with t, # 0. Consequently, for every ¢ € U, one has
ce(i1j) # 0 if one chooses j := i#{. Thus, ¢ is contained in the subgraph @, (ct), and it
follows that Uy, (ct) = U,.

It remains to check that c; satisfies the conditions (7.2) and (7.3) from Definition
7.3.1. One immediately observes for any fixed j € V,, that

n—1
doleeli)? => te=1,
k=0

1€Un

and similarly for any fixed i € U,, that

n—1
D lelig)? =t =1.
k=0

JEVR

On the other hand, for distinct j1,jo € U, recall from Proposition 7.1.4 that there are
either no or exactly two common neighbors 41,42 € N'(j1) NN (j2). In the latter case let
¢ < k be such that j; = i1#L, jo = io#L as well as j; = ia#k and jo = 417k hold. Then
we have

c(i1gr)e(ingz) + clizji)c(izga)

= (_1)pare(i1)+park(i1)\/5\/g + (_1)park(i2)+pare(i2)\/fk\/t;_

One checks that the two terms in this sum have opposite signs, and therefore the sum
vanishes. Indeed, the binary representation of i1 and iy differs exactly in the /-th and
k-th digit. As ¢ < k it follows that par,(i1) # par,(i2) and pary(i1) = pary(iz2). Thus,
(7.2) is satisfied. The other condition (7.3) can be checked in the same way. O

Example 7.4.3. For n = 3 the vertices in Us are labeled by the binary numbers
000,011,101 and 110. Similarly, the vertices in V3 are labeled by 001,010,100, 111.
Thus, for t = [a?,b%, %] € Ay one verifies that pt(p;) for j € V3 is given by the projec-
tion onto ¢, € CY3, respectively, where

a b c
b —a 0 c
Yoor=| |, Yow=1| | Ywo=|_ | vm=|_,
0 c —b a
Here, we identify CY? with C* via
1 0 0 0
€000 = 0 €011 1= L €101 1= 0 €110 := 0
000 = | o> o= s €= g, eoi= f
0 0 0 1
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At the end of this section we prove a technical lemma which describes pt for a boundary
point t € A,,_1 as a direct sum of smaller representations ps for suitable s € A,,_o. This
will be useful in the proof of Theorem 7.5.3 where the irreducible representations of
C*(Qy) are classified. To state the lemma let us introduce some notation.

Notation 7.4.4. For / <n and y = Zz;g yr2F < 271 with gy, € {0,1}, let

/—1 n—2
y(H) = Z kak +2f4 Z yk2k+1 < 2",
k=0 k=
/—1 n—2
y(0 = Z yr2k + Z Y2kt < on
k=0 k=¢

be the numbers obtained from y by inserting a 1 or a 0, respectively, before the ¢-th
position in the binary representation of .

Further, let 7(+9, 7(=0 . C*(Q,) — C*(Qn_1) be surjective *-homomorphisms given
by

. o .
20 sy {PY Jy € Up—1 U Vi1 : 1 = (y#0)+0),
0,  otherwise,

p. = n— n—1:T = =0
20y 1P Yy EUp1UVyp1:x=y"",
0, otherwise.

Here we write p, for the canonical generators of C*(Q,,—1) to distinguish them from the
generators p, of C*(Qy,).

Note that one has
Up ={y"9 |y € U1} U{(y#0) ) | y € Up 1}

for all £ < n. In fact, a number x < 2™ is in U, iff its binary representation contains
an even number of 1s. If x < 2" is in U,, then it has either a 0 in the ¢-th position (in
which case 2 = y(= for a suitable y € U,,_1) or it has a 1 in the /-th position (in which
case © = (y#0)T for a suitable y € U,,_1).

The *-homomorphisms 7(+9 and 7(—9 exist by the universal property of C*(Qn).

Lemma 7.4.5. Fors = [sqg,...,Sp—2] € A2 and £ < n let t € A,_1 be given by
t = [to, e 7tn—1] = [So, ey 801, 0, Sy .- ,Sn_z].

Then one has the unitary equivalence

Py = (,0s o 7r(+£)) D (ps o w(_z)> .
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7. Hypercube C*-algebras

Proof. The representation py acts on CU», while the direct sum on the right-hand side
of the equation in the statement acts on CU»—1 @ CY»-1. Consider the unitary operator
U :CYn1 @ CYUn-t — CYr given by

U : (e2,0) = €ppo)+o) (0, €z) = €0,

for all z € U,_1. Let us determine the representation
o) =U ((ps o 7r(H)(.)) @ (ps o 7T(fli)(.)» U

of C*(Qy) on CUr. For = € U, with [z]; = 1 we have 2 = (y#0)*? for a suitable (and
unique) y € U,_1. Then, 7(+9(p,) = Dy and 7= (p,) = 0. Thus, one easily checks

U(px) =U (E(z)/y 8) U = Ere,

where we write a bounded operator on CV»-1 CYn-1 as a 2 x 2 block matrix in a natural
way, and Ey, € My, , is the usual standard matrix unit. One obtains

U(pz) = Ez:v

for x € U,, with [z], = 0 similarly.
Next, let = € V,, with [z], = 1, and let y € V,_1 be the unique vertex with z =
(y#0)F0. Then 79 (p,) = p, and 7=9(p,) = 0. Further, j, is the projection onto

the span of the vector 1, € CYr-1 with entries

- {(—1)13&%(@‘)\/@, Jk<n—1:y=ifk,

0, otherwise,

where i ranges over U,_;. Consequently, o(p,) is the projection onto the span of the
vector g 1= Z/[(@Z;y, 0) € CY». Since, the second component of (@Z)y, 0) vanishes it is clear
that [p,]; vanishes for i € U, with [i]y = 0. For the other indices ¢ € U,, there exists a
unique 7 € U,,_; with i = (i#0)(+9 and one computes

ouls = {(—1)@%(?)\/@ Ik <n—1:y=i#k,

0 otherwise.

One checks that y = i#k is equivalent to

x = (y#0)F) = ((#0) T4k = i#k, if k< ¢,

= (y#£0)T) = ((#£0) FOH(k + 1) = i#(k + 1), i k>0

Further,

- [ —par((i#0)F9) = —par, (i)  if k<,
pary () = LN (+0) o
pary 1 ((i#£0)7Y) = pary (i) if k>,
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7.5. Irreducible representations

Using t = [sg,...,8¢-1,0,8¢,...,S,—2] we thus obtain

_(_1)park(i)\/ﬂ dk < l:x =1i#k,
(ol = { (~)PenO VBT 3k > L0 = itk + 1),
0

otherwise.

Analogously, one checks for z € V,, with [z], = 0 that o(p,) is the projection onto the
span of the vector ¢, € CY» with

(—1)Park(@ /g, Fk < 0:x =ik,

[puli = < (1P /BT 3k > 00 =itk +1),
0 otherwise.

Putting everything together and using t;, = 0, we obtain that ¢ is induced by the edge
weighting ¢ : E,, — C with

g eb(—1)Parel) 5 Tk < n:j =ik,
c(ij) =5’

0 otherwise ,

for all edges ij € E,, where

5 .

k_{—l, if [jp=1and k < ¢,
=

1, otherwise.
Setting A, := (—1)[3’"]“3”@(””) for all x € U, UV, it is not hard to verify
Aidje(if) = e (ig),

where ¢ is the edge weighting from Definition 7.4.1. Thus, ¢ is unitarily equivalent to
pt by Lemma 7.3.6(2). O

7.5. Irreducible representations

Building on the previous sections, we show that any irreducible representation of the
hypercube algebra C*(Q,,) is unitarily equivalent to a subrepresentation of the repre-
sentation py from Definition 7.4.1 for some point t = [tg,...,tn—1] € Ap—1. We call a
representation p; a subrepresentation of a representation p if there is a third represen-
tation py such that p = p; & po holds.

Let us briefly outline the proof strategy. We know from the previous sections that
every irreducible representation p is unitarily equivalent to a representation p. induced
by an admissible edge weighting ¢ : E,, — C. Further, since p, is irreducible, the induced
subgraph @, (c) C @, is a single sub-hypercube of @,,. It will turn out that it suffices
to prove p. = py for suitable t € A,,_1 in the case where Q,(c) = @,. In this case the
edge weighting ¢ is nowhere-vanishing, and we prove the statement in two steps:
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7. Hypercube C*-algebras

e First, in Lemma 7.5.1 we show that any nowhere-vanishing admissible weighting
c satisfies |c(ij)| = /Ty for all ij € E, with i = j#k for a suitable point t =
[t07 s 7tn—1] € An—l-

e Then, in Lemma 7.5.2 we prove that such a representation p. is unitarily equivalent
to pg. For that we use Lemma 7.3.6(2) which says that p. = p¢ holds if and only
if there are A\, € S! for € Uy, (c) U V,,(c) such that

c(ig) = Nidjee(i7) for all ij € E,(c).

Lemma 7.5.1. Assume that ¢ : E,, — C is a nowhere-vanishing admissible edge weight-
ing of the hypercube Qn,, i.e. c(ij) # 0 for all edges ij € E,,.

There is a point t = [to,...,tn—1] € Ap_1 such that |c(ij)| = /tx holds for all edges
1j € E,, where i = j#k.

Proof. Since ¢ is nowhere-vanishing, we have Q,(c) = @,,. Let us set
tr = |e(0[0#k])[*

for all kK < n. Note that ZZ;& tr = 1 holds by condition (7.3) for admissible edge
weightings, so that t = [tg,...,t,—1] is indeed in A,_1.

It remains to show |c(ij)| = /I for all edges ij € E,, with i = j#k. Recall that we
denote the set of all these edges by Er(bk). Now, the claim follows directly from Lemma
7.3.2(2) in combination with Lemma 7.1.6(2), since the subset of edges in B with
lc(e)| = V/Tx is non-empty (it contains 0[0#k]) and closed under taking opposite edges
in a square, i.e. under the equivalence relation from Lemma 7.1.6(2).

O]

Lemma 7.5.2. Let ¢ : E, — C be a nowhere-vanishing admissible weighting of the
hypercube Q. Then there is a tuple t = [to, ..., th—1] € Ap_1 such that p. is unitarily
equivalent to py where the latter is the representation induced by the weighting c¢ from
Definition 7.4.1.

Proof. In view of Lemma 7.3.6(2) the statement is equivalent to the existence of numbers
A\, € St for x € U,, UV, with

(i) = Nidgenlis) (7.4)

for all edges ij € E,,.
First, recall Lemma 7.5.1 and choose t = [to,...,tn—1] € A,—1 such that

lc(ij)| = Vtx ~ for all ij € E, where i = j#k

holds. We prove (7.4) for all edges ij € Eflo) U Eg) U---U Er(LK) by induction over K,

where Eqsk) is the set of edges ij € E,, with i = j#k and k < n. For K = 0 one simply
chooses

Ai i= (—=1)P2ro() (i)

- for all ¢ € U,, and j := i#0
le(ig)]
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7.5. Irreducible representations

as well as \j := 1 for all j € V,,. Then (7.4) holds for all edges ij € ET(ZO) since

)\i>\jct(ij) _ (_1)par0(i) C(Z].) (_1)par0(i)\/t>0: Cij

is true for all edges ij € ET(LO).

For the induction step, we may assume without loss of generality
ce(ij) = c(ij) for all ij € EY for some ¢ < K.

Let us choose

Ai = (—1)ParK<i>|CEZ_‘7,;| for all i € U, with [i]x = 0 and j := i#K,
c(2)

as well as

Aj 1= (—1)Par(® ;EZ;’ for all j € V;, with [j]x = 0 and i := j#K.
For all other i € Uy, j € V,, simply set A; = A\; = 1. We first check (7.4) for all edges
ij € BY with ¢ < K.
Indeed, if [i]x = 1, then [j]x = 1 holds as well and the equality is evident. Otherwise,
we have both [i]x = 0 and [j]x = 0, where i and j differ in the ¢-th binary digit.
Therefore, one obtains

e (i7) = (— ar g (%) C(Z[Z#K]) _1\parg (F#K) C([]#K]]) clii
S e A (7o Ty M

where we use the induction hypothesis to get c¢(ij) = c(ij). The vertices i, j,i# K, j# K
induce a square in (),, as sketched below.

i K e JHK

One immediately observes

pary (i) = parg (j#K) and  par,(i) = par,(j#K) + 1.

From Lemma 7.3.2(1) and the induction hypothesis we get

co(f) _ _cle)  (=1PmUERE

ch) gy (—DPmOVE
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7. Hypercube C*-algebras

Consequently, c(i[i#K]) = c(f) = c¢(h) = ¢([j#K]j). Inserting this into (7.5) yields
Aidjeg(ig) = c(ij) as desired.
Thus, we have proved that the unitary transformation of the weighting ¢ given by the

numbers )\; and A; does not change the weighting of the edges ij € Eéo) u-- ‘UEY(LKfl). To
complete the induction step it only remains to show c(ij) = A\jAjce(ij) for all ij € E,(LK).

For this, assume first [i]x = 0. Then [j]x = 1 and we have

)\i)\jct(ij) — (_1)parK(i)‘zEZ;|(_l)parK(i)\/g _ C(”)

Otherwise, one has [i|x = 1 and [j]x = 0. It follows again

Aidjeg(ig) = (—1)parf<<i>|zg;|(_1)parx<i>\/§ — o(if).

O

Theorem 7.5.3. Let p: C*(Q,) — B(H) be an irreducible representation of the hyper-
cube algebra C*(Qy,) on a Hilbert space H. Then there is a point t € A,_1 such that
p s unitarily equivalent to a subrepresentation of the representation py induced by the
weighting ¢y from Definition 7.4.1.

Proof. We prove the statement by induction over n. For n = 1 the hypercube Q1 has
two vertices and one edge, C*(Q1) = C, Ag = {[1]} and one readily checks that pj) is
the unique irreducible representation of C*(Q1).

For the induction step let p : C*(Q,) — B(H) be an irreducible representation. By
Theorem 7.2.5, p is rank-one, and in view of Lemma 7.3.6(3) we may assume p = p,
for some admissible weighting ¢ : E,, — C of the hypercube @,. Further, since p is
irreducible we know from the same lemma that c is supported on a single sub-hypercube
Qu(c) of Qn.

First assume Q,(c) = @,. Then ¢ is nowhere-vanishing, and by Lemma 7.5.2 there is
at € Ap_1 such that p. is unitarily equivalent to py.

If Qn(c) € @Qp, then by Lemma 7.1.6(1) there is some ¢ < n such that Q,(c) C Q%H)
or Qn(c) C Q%_e), where Q;ﬂ) is the sub-hypercube induced by all vertices z € U,, UV,
with [z]; = 0 or [z]; = 1 depending on the sign +. Let us assume Q,, C Q4™ . In this
case, p. factors through the surjective map 7(*9 : C*(Q,)) = C*(Q,_1) from Notation
7.4.4 since p. vanishes on all p, with [z], = 0. Thus, there is an irreducible representation
0:C*(Qn-1) — B(H) with

pe=conth),
By the induction hypothesis there is some s € A,_o such that ¢ is unitarily equiv-
alent to a subrepresentation of ps. Consequently, p. is unitarily equivalent to a sub-
representation of ps o 7(*9). However, this is again a subrepresentation of p; for t =
[0y .-+, 80-1,0,8¢0,...,8,—2] € Ap—1 by Lemma 7.4.5. O
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7.6. Explicit description of hypercube C*-algebras

7.6. Explicit description of hypercube C*-algebras

Finally, we are ready to describe the hypercube C*-algebras C*(Q,,) explicitly as algebra
of matrix-valued continuous functions on the simplex A,_1. First, let us introduce a
useful notation.

Notation 7.6.1. For n € Nand t = [to,...,tn—1] € Ap_q let

Qn(t) C Qn

be the subgraph obtained by removing all edges ij € ET(Lk) with ¢ = 0, where E7(lk) =
{ij € E,, | i = j#k} as in Notation 7.1.5. Evidently, Q,(t) partitions @Q,, into a disjoint
union of sub-hypercubes, where Q,,(t) consists of 2®-sub-hypercubes of size 2" ~17% if ¢
has « zeros (see the proof of Lemma 7.1.6(1)).

We say that a matrix A € My, is in t-block diagonal form if it satisfies
Aii, =0 whenever i1, 42 are in distinct connected components of @, (t).

In this case every block of A corresponds to a connected component of @, (t).

Example 7.6.2. As an example consider the square ()2 as sketched in Figure 7.3.5.
For t = [1,0] = [t,t'] € Ay the graph Q2(t) consists of the two horizontal edges. Both

connected components contain exactly one vertex from U and thus a matrix A € My, =
Mo is in t-block diagonal form if and only if it is diagonal.

Lemma 7.6.3. For every t = [to,...,tn—1] € Ap_1 and x € U, UV, the projection
pt(pz) € My, is int-block diagonal form where py : C*(Qy) — My, is the representation
from Definition 7.4.1.

Proof. For i € U, we have p¢(p;) = Ey;, which is clearly in t-block diagonal form. For
J € V,, recall that p(p;) is the projection onto the span of the vector ¥; € CY» given by

[]; = (—1)""‘%“)\/%, if 7 = i#k for some k < n,
e 0, otherwise.

If i,i" € U, are in different connected components of @, (t), then there are two possibil-
ities: If j is not a common neighbor of ¢ and ' in @y, then [¢;]; = 0 or [¢j]; = 0. In
any event it follows that the (4,7')-th entry of p¢(p;) vanishes. If, on the other hand, j
is a common neighbor of 7 and ¢/, then there are £,k < n with j = i#{ and j = i'#k.
Since 7 and 4’ are in different connected components of @, (t), we must have ¢, = 0 or
t¢ = 0. Again this entails that the (¢,4')-th entry of p¢(p;) vanishes. Thus, p¢(p;) is in
t-block diagonal form. O

Theorem 7.6.4. The C*-algebra C*(Q,) is isomorphic to the algebra of continuous
functions f : Ap—1 — My, = Myn—1 such that f(t) is in t-block diagonal form for all
te A,_1.

83



7. Hypercube C*-algebras

Proof. For every t € A,_1 and x € U, UV, let pt := p¢(p:) € My, . One readily checks
that the map A,_1 — My, given by t +— p¥ is continuous for all x € U, UV,. Thus,
the universal property of C*(Q,,) yields a *-homomorphism

SO : C*(Qn) — C(Anfla MUn)a px — (p;)tEAn,y

It remains to show that ¢ is injective and that its image consists of all continuous
functions f : A,_1 — My, such that f(t) is in t-block diagonal form for all t € A,,_;.

To show injectivity, it suffices to note that every irreducible representation p of C*(Q,,)
factors through ¢. Indeed, by Theorem 7.5.3 every irreducible representation is unitarily
equivalent to a subrepresentation of some p¢ for t € A,_1.

For surjectivity, first observe that for every t € A,,_1 and x € U, UV,, the projection pt
is in t-block diagonal form by Lemma 7.6.3. On the other hand, whenever 4,4’ € U,, are in
the same connected component of @, (t), then there is a path i = i1j1i272 . . . fm—1tm = 7’
in @, (t) that connects i and ¢’. Then one has

t t, t ¢t t t
Pi\P;\PisPjy - - - Pjrn 1 Piy 7 0,

and the matrix on the left-hand side has a single non-zero entry at the (i,')-th position.
Thus,

p(An-1)le = {e(@)ls [ 2 € C*(Qn)} C My,

is the algebra of matrices in t-block diagonal form. Now, the Stone-Weierstrass theorem
for C*-algebras implies that ¢ is surjective, see e.g. [28, Theorem 11.1.8]. O

7.7. Application to magic isometries

In this final section we apply our findings about the C*-algebra of the cube Q)3 in order to
solve a problem about magic isometries and magic unitaries. These occur in the context
of quantum permutations which go back to the foundational work of Wang [92].

7.7.1. Background on magic isometries and magic unitaries

Motivated by quantum mechanics, Drinfeld and Jimbo introduced quantum groups as a
generalization of classical groups in the 1980s [29, 47]. Since then an enormous amount
of research has been devoted to the theory of quantum groups which encompasses a
wide range of different objects according to additional structure of the group under
consideration, e.g. algebraic, discrete, compact, locally compact, etc. We will not try to
give an overview of this vast field.

However, the general idea in the definition of quantum groups is always the same:
A classical group G is identified with an algebra of functions Fun(G), and the group
structure is translated into an additional structure on this algebra of functions.

In this vein, Woronowisz introduced compact quantum groups as pairs (A, A) of a C*-
algebra A and a comultiplication A : A — A ®pin A [100, 99, 101]. The first examples of
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such compact quantum groups were invariably deformations of classical compact groups,
e.g. a pivotal example is the g-deformation SU,(2) of the special unitary group SU(2)
[102].

An important class of compact quantum groups was later discovered by Wang [92]: He
introduced the quantum symmetry group of n points (or quantum permutation group)
ST(n) = (A, A) via a universal property: A is the universal C*-algebra generated by
projections u;; for i,j = 1,...,n which are the entries of a n x n-matrix u = (u;;) €
M,,(A) satisfying

n n
ZUU =1y = Zuiﬂ' for fixed i, j, resp.,
i=1 j=1

and A is given by w;; +— > p uir @ ug;. A matrix u with these properties is called a magic
unitary. For a survey on quantum permutation groups we refer to [1]. In fact, the group
St is one from a range of quantum groups which are defined in a similar way. Further,
examples are the free unitary and orthogonal groups U}, O} introduced by Wang in
[90, 91] as well as further free quantum groups, see e.g. [8]. Let us also mention that
there is a rich theory on quantum automorphism groups of graphs, see e.g. [81] and the
references therein. Excellent references for quantum (permutation) groups are [84, 66,
37].

In what follows, we will not mention quantum groups anymore, but we remind the
reader that the problem we solve is motivated by specific questions about compact
quantum groups. We will only be concerned with magic unitaries and magic isometries.
Let us define these below.

Definition 7.7.1. Let m < n and let A be a unital C*-algebra. An m x n-matrix
P = (Pij)i<mj<n € Mmn(A) with entries from A is called a magic isometry if the
entries P;; are projections which form a partition of unity along rows and are pairwise
orthogonal along columns, i.e.

(Pjj)j=1,...n is a partition of unity for each fixed i < m,

(Pij)i=1,...,m is a family of pairwise orthogonal projections for each fixed j < n.
Here, with a partition of unity we mean a family of projections in a unital C*-algebra
that sum up to the unit.

If m = n and the projections P;; form a partition of unity along both rows and
columns, then we call P a magic unitary.

Banica, Skalski and Soltan raised the following problem in [7, Section 5], see also
Weber’s introductory article [98, Problem 3.4]. Related are also Nechita and Pillet’s
SudoQ games from [65].

Problem 7.7.2. Can every m X n-magic isometry be completed to a magic unitary
matrix, i.e. given a magic isometry

P = (Pij)i<m.j<n € Mmn(A),
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7. Hypercube C*-algebras

where A = C*(P;;) and m < n, can one find another C*-algebra B and a magic unitary
U = (Uij)ij<n € Mn(B)
such that A embeds into B via Pj; — U;j for i <m,j < n?

In this chapter we consider the special situation where P is a 2 x 4-magic isometry.
To solve Problem 7.7.2 for this case, we will consider two C*-algebras: On the one hand,
the universal C*-algebra generated by the entries of a 2 x 4-magic isometry; on the
other hand, the universal C*-algebra generated by the entries of a 4 x 4-magic unitary.
The latter is known as the underlying C*-algebra C(S]) of the quantum permutation
group on four points, and it has been extensively studied, see e.g. [5, 6, 3, 2, 48, 49].
As suggested in [7], we will make use of the following faithful representation of C(Sy)
which is due to Banica and Collins, see also [5].

Theorem 7.7.3 ([4, Theorem 4.1]). Let

(10 (01 (o =i (1 0
A= 1o 1027 1 02 i o) o <1

be the Pauli matrices in M. We identify My with C* as Hilbert spaces via the or-
thonormal basis c1,co, c3,cq, where Mo is equipped with the normalized Hilbert-Schmidt
inner product (X,Y) = ATr(X*Y'), and we obtain for every matriz X € Ms a projection
II(X) € My onto span(X) C M.

The x-homomorphism ® : C(S]) — C(SU(2), My) given by

P 1wy = (H(cizeg))eesve) = (0x(ij))eesu@)  fori,j <4,

defines a faithful representation of C(S]).

7.7.2. Application of C*(();) to the magic isometry completion problem

The following is a simple observation which connects 2 x 4-magic isometries to the
hypercube C*-algebra C*(Q3).

Proposition 7.7.4. The universal C*-algebra generated by the entries p;; with i = 1,2
and 7 = 1,2,3,4 of a 2 X 4-magic isometry is isomorphic to the hypercube C*-algebra

C*(Q3) via

P11 > Pooo, P21 — Pii1,
P12 = poii, P22 = P100,
P13 > Pp11o, P23 = Poo1,
P14 = p1o1, P24 > Po10,

where the p, on the right-hand side are the canonical generators of C*(Q3) as in Example
7.4.3.
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In what follows we will identify the two C*-algebras from the previous proposition
and denote the canonical generators of C*(Q3) by p;; with i = 1,2 and j =1,2,3,4.
We can reformulate Problem 7.7.2 in terms of universal C*-algebras as follows.

Lemma 7.7.5. Problem 7.7.2 has an affirmative answer if the following condition
(x) holds: Every irreducible representation of C*(Qs) factors through the unique -
homomorphism ¢ : C*(Q3) — C(S]) with

@ ipij > ui; foralli <2,5 <4,

where we identify the generators of C*(Q3) with the p;j as in Proposition 7.7.4.
This means that whenever p : C*(Q3) — B(H) is an irreducible representation, then
there exists a representation o : C(S]) — B(H) such that

p=0op.

Note that the existence and uniqueness of the map ¢ follows from the universal prop-
erty of C(Sy).

Proof. Let (Pjj)i=12;j=1234 C M4(A) be a magic isometry where A = C*(P;;). The
elements P;; satisfy the relations (GP1) and (GP2); therefore there is a unique (surjec-
tive) *x-homomorphism 7 : C*(Q3) — A with 7(p;;) = P;j for i =1,2 and j = 1,2,3,4.
Let I := ker(7) be the kernel of 7, and let J C C(S}) be the closed ideal generated by
o(I) with quotient map 7 : C(S5) — C(S{)/J. Since m; o ¢ vanishes on I, it factors
through 7 as in the diagram below.

C*(Q3) —=— C(S7)

| s

A AN C(SH)/J

Evidently, the magic isometry (F;;)i<2;j<4 can be filled up to the magic unitary (m;(ui;))i j<a
if the map 1 is injective.

To prove that this is true, it suffices to show that every irreducible representation p’
of A factors through ¢. But that is implied by (%) as follows. If p' : A — B(H) is
irreducible, then the same goes for p := p’ o ;. By (x) that representation factors as
p = o o ¢ for a suitable irreducible representation o : C(S;) — B(H). As p vanishes on
I, o vanishes on J and therefore factors through 7; as ¢ = ¢’ o ;. This means that p’
factors through 1 as p' = ¢’ 0. O

To prove that condition (*) in Lemma 7.7.5 is true, we combine our knowledge about
C*(Q3) with the faithful representations of C(S;) due to Banica and Collins mentioned
above. Indeed, all we need is a technical computation.
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7. Hypercube C*-algebras

Lemma 7.7.6. Let t = [a?,b%,c?] € Ay with a,b,c > 0 be given and set

- ( 1S t—l—'zu) € M,,

—t+1tu —1is

where

a y b c+1
S = =, = —, U = .
V2Ve+1 V2ye+1 2
Then x € SU(2) and o, o ¢ is unitarily equivalent to py. Here o, is the representation
of C*(S7) from the previous theorem and py is the representation of C*(Qs) induced by
the weighting c¢ from Definition 7.4.1.

Proof. For x € SU(2) it suffices to check that s + 2 4+ u? = 1. Indeed,

a2—i—b2+c—|—1_a2+b2+(c+1)2_1+20+1_1
2(c+1) 2 2(c+1)  2(e+1) 7

2412 u? =
Next, recall that we identify My with C* and that II(c;zc;) is the projection onto
span(c;zcj). The obtained representation o, is unitarily equivalent to o7, given by
ol ui = H(z*eaey),

for z* is a unitary transformation. Indeed, if X € M, is any unitary matrix, then
the map C* = My 5 A — XA € M, = C* is a unitary transformation. Recall the
identification of My and C* via the Pauli basis maps

x1C1 + T2C2 + X3C3 + TgCq =

Then a calculation confirms

0 0 0 1

x¥cixey = 0 z¥cixes = 0 z¥cixer = 1 x¥cixel = 0
1wea =1 o | 1wes = | [ e = o | wwer =11

1 0 0 0

a b c 0

x¥coxey = ib z¥cozes = —ia ¥ eozey = 0 r¥eqme; = | €
2L4C4 = —ie ) 24C3 — 0 B 2402 — ia ) 2 1 — b )

0 ic —1b a

using
c=2u?—-1=u?—-s*>—¢1 b = 2tu, a = 2su.
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7.7. Application to magic isometries

By applying the unitary transformation U = diag(1, —i,4, —i) the vectors in the second
row are transformed into

a b c 0

b —a 0 —1ic
P24 = e P23 = 0 | P22 = —al’ P21 = ib

0 —-b —ia

Thus, a comparison with the vectors 1; for j € Uz from Example 7.4.3 immediately
yields that py and o, are unitarily equivalent. O

Proposition 7.7.7. The statement from Problem 7.7.2 is true.

Proof. By Lemma 7.7.5 it suffices to show that every irreducible representation p :
C*(Q3) — B(H) factors through ¢. However, by Theorem 7.5.3 every irreducible repre-
sentation of C*(Q3) is unitarily equivalent to a subrepresentation of some pt with t € As.
Further, by Lemma 7.7.6 every py factors through . O
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8. Quantum graphs

In this chapter we collect the basic definitions of quantum sets, quantum graphs and
(quantum) isomorphisms between them.

8.1. Quantum sets

In the spirit of Gelfand duality a finite set X is identified with the C*-algebra C'(X) of
(continuous) functions on X. Then, it becomes natural to regard any finite-dimensional
C*-algebra B as a non-commutative generalization of a finite set, which is called a
quantum set. For a number of reasons, it is important to equip the C*-algebra B with a
particular functional 1 as well. Then one arrives at the following definition of a quantum
set, which is essentially due to Musto, Reutter and Verdon [64].

Definition 8.1.1. A quantum set (B,1) is a pair consisting of a finite-dimensional
C*-algebra B and a faithful positive functional ¢ : B — C such that

mm* =1dpg

holds for the multiplication map m : B ® B — B and its adjoint m* given by (m(a ®
b),c)y = (a @b, m*(c))yey for all a,b,c € B. We call any functional with this property
a quantum set functional on B.

We think of B as a C*-algebra that is at the same time a Hilbert space with the inner
product (-, )y induced by the functional 1. Maps involving B are generally considered as
linear maps with additional properties; thus, we will generally denote the concatenation
of two *-homomorphisms @1, s : B — B by (19 instead of 1 o 9. Elements b € B
are identified with the linear map C — B, A — Ab, and therefore they have an adjoint

b':B—C,  cr(bc)y.

Remark 8.1.2. An alternative and widely-used definition of a quantum set asks that
the functional ¥ be a d-form for some § > 0 which means that

m'm = 52Id B®B
holds. The difference between this condition and the above definition is merely a scalar

factor: Every quantum set functional is a scaled d-form and vice versa. See [93] for more
details.
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8. Quantum graphs

The functional 1 is called the counit and m* is called the comultiplication on B.
Note that m* is not the comultiplication that is used in the theory of quantum groups;
in particular, m* is generally not a x-homomorphism. We collect some of their basic
properties below which are well-known, see e.g. [64].

Proposition 8.1.3. The maps v and m* have the following properties:
1. The adjoint ¥* is the unit in the sense that ¢* : C — B, A +— Al p.

2. The comultiplication is co-associative, i.e.
(Idp @ m*)m* = (m* @ Idg)m”™.

3. The comultiplication satisfies
(d) ® IdB)m* =Idg = (IdB X 1/})777,*

Example 8.1.4. 1. Every classical finite set X gives rise to a quantum set (C(X), ¥x),
where ¢x : C(X) — C is the functional given by ¥x(f) = > ,cx f(z) for all
f € C(X). Indeed, in this case m*(e;) = e; ® e, holds for all x € X, and thus
mm*(e;) = m(e, ® e;) = e,. Here e, denotes the indicator function at x € X.

2. For every matrix algebra M, with n € N, a quantum set is obtained by equipping
M,, with the functional ¥ := nTr, where Tr is the un-normalized trace on M,. In
fact, this is the unique tracial quantum set functional on M,,. In this case, the
comultiplication is given by

s 1
k=1

8.2. Quantum graphs

A simple (directed) graph I' on a classical finite set {1,...,n} can be described in
different ways. First, there is the adjacency matrix

A = (Aij)ij<n € My,

where A;; = 1 if and only if the graph I" has an edge from ¢ to j. Next, one can describe
T by its edge set Er C {(4,7) | 4,7 < n} which is equivalently given by a projection
P=>) e®eeC"eC,
i—J
where ¢ — j denotes the relation “there is an edge from ¢ to j in I'”. Finally, one can
describe I' by the space

V =span{E;; | I has an edge from ¢ to j} C M,.

Quantum graphs can be defined by generalizing all these three descriptions to the setting
of quantum sets.
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8.2. Quantum graphs

Definition 8.2.1. Let (B, %) be a quantum set. A quantum graph is given by either of
the following:

1. A linear operator A : B — B which satisfies
mA® A)m* =A and A(b")=A(b)* forallbe B.
In this case, we call A a quantum adjacency matriz on the quantum set (B, ).

2. A projection P € B ® B°P? where B°P is the opposite C*-algebra of B. We call P
a quantum edge projection on the quantum set (B, ).

3. A subspace V' C B(H) which is a B'~B’~bimodule where B C B(#H) is an arbitrary
embedding of B and B’ is the commutant of B in B(H). We call V' a quantum
edge space on the quantum set (B, ).

We also call such a quantum graph a directed quantum graph to emphasize that we do
not require additional properties which make the quantum graph undirected.

Remark 8.2.2. The operation m(- ® -)m* generalizes the entrywise (or Schur) product
of two matrices in the classical case. Therefore, a map A satisfying m(A ® A)m* is also
called Schur-idempotent. Matsuda showed that the second condition A(b*) = A(b)* is
equivalent to asking that A is completely positive if A is Schur-idempotent [62].

Historically, the first definitions of quantum graphs by Duan—Severini-Winter and
Weaver [30, 97] were given in terms of quantum edge spaces. Weaver also used the
quantum edge projection to prove that his definition does not depend on the particular
embedding B C B(H). The quantum adjacency matrix was introduced by Musto—
Reutter—Verdon as part of a categorical framework for quantum sets and quantum func-
tions [64]. In the literature, it is common to restrict attention to quantum graphs on
tracial quantum sets or to undirected quantum graphs. Above we presented the most
general definition of quantum graphs, and we will briefly discuss particular properties of
quantum graphs later in this section.

The equivalences between the different definitions of quantum graphs have been proved
in different generality in the literature. Things are most clear in the case of tracial quan-
tum sets; if the quantum set is non-tracial there are indeed slightly different approaches
from Wasilewski and Daws to prove equivalences between quantum adjacency matrices,
quantum edge projections and quantum edge spaces [93, 27]. We will discuss the general
equivalences in Wasilewski’s framework in detail for quantum sets of the form (M,, ) in
a later section. For now, we collect the classical equivalences for tracial quantum graphs.

We use the following notation: If T' = Y, A; ® B; € B® B°®, B C B(H) and
S € B(H), then we write -

i<n

where A; and B; are identified with their images in B(#). Note that B°? and B coincide
as vector spaces, and thus every B; € BP is first regarded as an element of B and then
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8. Quantum graphs

identified with its image under the embedding B C B(H). We require the B; to be
in the opposite C*-algebra precisely because they are multiplied from the right in the
definition of T#S.

Proposition 8.2.3. Let (B,v) be a tracial quantum set.

1. There is a 1-1-correspondence between quantum adjacency matrices A : B — B
and quantum edge projections P € B ® B°P given by

A Py = (A & IdB)m*(lB),
P— Ap = (IdB ®1/)m)(P®IdB).

2. Given an embedding B C B(H), there is a 1-1-correspondence between quantum
edge projections P € B ® B°? and quantum edge spaces V. C B(H) given by

P Vp = {P#T | T € B(H)}
V= Pv,

where in the last line Py is the unique projection such that the left ideal
{Se€ B® B®|S#V ={0}} Cc B® B®
is of the form (B ® B°P)(1 — Py).

The first equivalence is due to Musto, Reutter and Verdon [64], and the second equiv-
alence is due to Weaver [97]. We only sketch the ideas of the proof. In fact, the second
equivalence does not involve the functional v at all, and thus it holds for any quantum
set.

Proof. Ad (1). One can show that the map A +— Py identifies the Schur-product m(- ®
-)ym* on the left-hand side with the standard product in B ® B°P on the right-hand side.
Thus, A is Schur-idempotent if and only if P4 is idempotent in B ® B°P. Further, the
condition A(b*) = A(b)* for quantum adjacency matrices is equivalent to asking that Py
is self-adjoint in B ® B°P. Hence, A is a quantum adjacency matrix if and only if P4 is
a quantum edge projection. One easily checks that P — Ap is inverse of A — Paj.

Ad (2). Since B is finite-dimensional, one can essentially assume that # is finite-
dimensional as well (see [97] for details). Then, there is a 1-1-correspondence between
left ideals Z of B ® B°P and quantum edge spaces V' C B(#), which is given by

T s Vi = {S € B(H) | T#S = {0}},
Vs Iy :={T € B® B® | T#V = {0}}.

Since H is finite-dimensional, this traces back to the fact that every left ideal in My is of
the form M@ for some projection (), and hence there is a 1-1-correspondence between
left ideals in M} and the subspaces that they annihilate. By that same argument left
ideals in B ® B°P correspond to projections P € B ® B°P. Since the map Z — V7 is
order-reversing it is suitable to choose for given V' C B(H) the projection Py such that
Iy = (B® B°?)(1 — Py). O
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8.2. Quantum graphs

Example 8.2.4. 1. Recall the quantum set (C(X),¢x) associated with a classical

finite set X from Example 8.1.4. Quantum graphs on (C(X), v x) are exactly the
classical graphs on X. Indeed, the operation m(- ® -)m* produces the entrywise
product of two matrices in this case, and thus a map/matrix A : C* — C" is
Schur-idempotent if and only if its entries are 0 or 1. Further, any projection
P € C(X)® C(X)° is uniquely determined by a set of pairs (i,j) € X x X
which corresponds to a set of directed edges on X. Finally, given a unital inclusion
C(X) C B(H), a space V C B(H) is a B'~B’~bimodule if and only if it is of the
form

14 :{Eij QKT | (Z,j) € br, T € Mk} C B(H)

for some Er C {(i,5) | i,j € X}, where H = C(X) ® C¥ and M;, = B(C¥) denotes
the algebra of k£ x k-matrices.

. Given an arbitrary quantum set (B,), the identity map Idp is a quantum ad-

jacency matrix. Classically, this yields the graph that has a loop at every vertex
and no other edges. If (B, 1) is tracial, then the associated quantum edge space is
span(Idy).

. On an arbitrary quantum set (B, ), the linear map 1 (-)1p is a quantum adjacency

matrix. Classically, this construction yields the complete graph on the underlying
vertex set, and in general the associated quantum graph is regarded as the complete
quantum graph on (B,). If (B,) is tracial, then this quantum graph has the
full quantum edge space B(H).

Finally, let us collect some important properties of quantum graphs. We describe all
properties in terms of properties of the quantum adjacency matrix, but they can be
formulated in terms of the quantum edge projection and the quantum edge space as

well.

Definition 8.2.5. Let (B,%) be a quantum set and let A : B — B be a quantum
adjacency matrix on (B, ). We say that the quantum graph associated to A is

1.
2.
3.
4.

5.

tracial if ¢ is a tracial functional,
loopfree if m(A ® Idp)m* =0,
reflexive if m(A ® Idg)m* = Idp,
undirected if A = A*,

d-regular for some d > 0 if A(1) =d.

Let us remark that for non-tracial quantum graphs there is an alternative notion of
KMS-undirectedness, where one asks that A is equal to its adjoint with respect to the
KMS inner product on B instead of the GNS inner product [93].
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8. Quantum graphs

8.3. Quantum isomorphisms of quantum graphs

In this section we recall the definition of isomorphisms and quantum isomorphisms be-
tween quantum sets and quantum graphs. We mainly follow the theory of Musto, Reut-
ter and Verdon [64] with the difference that we do not take a categorical perspective on
quantum sets and quantum graphs but work with explicit C*-algebras. In particular,
throughout this section we consider only quantum adjacency matrices and do not speak
about the other equivalent formulations of quantum graphs.

Definition 8.3.1. Let (B1,11) and (Bz, ¥2) be quantum sets and let A; : By — By and
As : By — Bs be quantum graphs on (Bj, 1) and (Ba,12), respectively.

1. The two quantum sets are isomorphic if there is a *-isomorphism ¢ : By — By such
that 1o = 1)1. We denote by Aut(B, ) the group of quantum set automorphisms
of a quantum set (B, ).

2. The two quantum graphs are isomorphic if there is an isomorphism ¢ : By — B
of the underlying quantum sets such that pA; = Asp. We denote by Aut(A) the
group of quantum graph automorphisms of a quantum graph A.

3. The two quantum sets are quantum isomorphic, written (By,v¢1) =, (B, 2), if
there is a finite-dimensional Hilbert space H and a unital x-homomorphism

p: By — By® B(H),
such that the map
p:L3(B)@H = LA(B) @H, a®&— pla)(l®¢E)
is unitary as an operator between Hilbert spaces.

4. The two quantum graphs are quantum isomorphic, written Ay =, Ao, if there is a
quantum isomorphism p : By — By ® B(H) between the underlying quantum sets
such that

pA1 = (A2 @ Idg))p
holds.

Remark 8.3.2. The previous definition is a rephrased version of the definition given
by Musto, Reutter and Verdon in [64]. They define a quantum function from (By, 1)
to (Ba,12) as a linear map

P:H®31—>BQ®H,

which satisfies certain properties. Their map P corresponds to our map p after swapping
the tensor legs in the domain, and their properties on P correspond to asking that the
associated map p is a x-homomorphism.
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8.3. Quantum isomorphisms of quantum graphs

Moreover, Musto, Reutter and Verdon have additional properties which P must satisfy
in order to be called bijective. In [64, Theorem 4.8] several equivalent characterizations
of bijective quantum functions are given. One characterization asks that the map P is
unitary, and that is the property that we use in our definition of quantum isomorphisms.

Let us finally mention that the above formulation of quantum isomorphisms follows
mainly Brannan et al. [15] with the only difference that we adopt a basis-free perspective.

Notation 8.3.3. It is convenient to treat a quantum isomorphism p : By — By ® B(H)
as if it were a map from Bj to Bs. For that we use the following notational conventions.

1. If T : By — Bj is a linear map, then we write
T'p for the map (T'® Idy)p : By — B3 ® B(H).
An equation of the form
Tp=2S
for some S : By — Bs is, accordingly, to be understood as

(T & IdH)p =5® Id'H.

2. Further, we introduce a modified tensor product p X p. Indeed, for any =,y € B
the elements p(x) and p(y) can be interpreted as matrices with values in By since
H is finite-dimensional. Let us embed the entries of p(z) in the left tensor leg of
By ® B, and the entries of p(y) in the right tensor leg of By ® Bs. Then, p(z)
and p(y) are two matrices with values in By ® By. These two matrices can be
multiplied according to the usual matrix multiplication rules. Then we obtain a
new matrix of the same size as before with entries in By ® Bs. It is this matrix
that we denote by (p X p)(x ® y). More precisely, we write

p X p for the map (Idp, ® Idp, ® mp(3;))1,3,2,4(p ® p),

where ¥ : Bo® B(H)® B2 ® B(H) — Ba® Ba ® B(H) ® B(H) swaps the two tensor
factors in the middle and mpy) : B(H)® B(H) — B(H) is the multiplication map
on B(H).

3. Accordingly, if S : By — B3 and T : By — B, are linear maps, then we write
(S®T)(pX p) for the map
(S®T ®Idy)(Idp, ® Idp, @ mp(1))X1,324(p @ p).

Let us stress that these notational conventions are in accordance with the theory of
Musto, Reutter and Verdon for computing with quantum functions and quantum iso-
morphisms.
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8. Quantum graphs

The following proposition collects some elementary properties of quantum isomor-
phisms. In fact, these properties can be used for defining quantum isomorphisms as
well, see [64, Theorem 4.8].

Proposition 8.3.4. Let p : B; — By ® B(H) be a quantum isomorphism between the
quantum sets (By1,11) and (Ba,3). Then the following properties hold:

1. ma(p®p) = pmy,

2. ’(/}QP - ¢1;
3. (p®p)mi = msp,
4. pi =3,

where my (my) is the multiplication map on By (Bz).

Proof. The first equation says that p is multiplicative, and this must be true since p is a
s-homomorphism. The second equation follows from the fact that p is unitary, see [15,
Lemma 4.2]. The last two equations are essentially the properties that Musto, Reutter
and Verdon require for a quantum function to be bijective, see [64, Theorem 4.8|. ]
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9. Quantum graphs on M/,

In this section we recall the classification of loopfree undirected quantum graphs on
(My,2Tr) obtained by Matsuda [62] and Gromada [41]. Further, we present a more
general classification of loopfree directed quantum graphs on (My,2Tr). This is only a
special case of an extensive classification of directed quantum graphs on any quantum
set of the form (Mo, 1)) that was obtained by the author and Nina Kiefer in [50].

Recall that an undirected quantum graph is given by a quantum adjacency matrix
that is self-adjoint with respect to the GNS-inner product on B. A directed quantum
graph is, on the other hand, given by an arbitrary quantum adjacency matrix.

9.1. Equivalent definitions of quantum graphs on )/,

To start with, let us spell out the equivalences between quantum adjacency matrices,
quantum edge projections and quantum edge spaces on the quantum set (Ma,2Tr) in
detail. Throughout this section we consider Ms as a Hilbert space with the GNS inner
product given by

(z,y) = 2Tr(z"y).

Sometimes we also need to consider My with the inner product induced by the normalized
trace tr = %Tr.

The following propositions give concrete formulas for translating between quantum
adjacency matrices, quantum edge projections and quantum edge spaces on (Ms, 2Tr).
They follow closely the more general exposition of Wasilewski [93, Section 3], and we
refer to his paper for the proofs.

Proposition 9.1.1 (V — A, [93, Proposition 3.30]). Let (X;); be an orthonormal basis
of the quantum edge space V- C My with respect to the (GNS)-inner product induced by
the normalized trace tr on Msy. Then, the map

A: My — Ma, vy XX}
i
is a quantum adjacency matriz, and the assignment V +— A gives a well-defined! 1-1-

correspondence between quantum edge spaces and quantum adjacency matrices.

Remark 9.1.2. The linear spaces M, and C* are naturally identified via the map
vec : My 3 Ejj — ei_1)245 € C* where the e; with ¢ = 1,...,4 are the standard

1This means that A does only depend on the space V and not on the choice of orthonormal basis.
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9. Quantum graphs on Mo

generators of C*. Then, a linear map on My is identified with a linear map on C* which
in turn is nothing but a 4 x 4-matrix. Generally, one has for any R, S, X € M

vec(RXS) = (R® S")vec(X),

see e.g. [95, Section 1.1.2]. Here S? is the transpose of S and ® denotes the Kronecker
product given by

[R® S](i—1)ntj,(k—1)nte = RirSje-

Thus, we can identify the adjacency matrix A : My — My from the previous proposition
with the 4 x 4-matrix

A=Y X;0(X) =) XioX,.

Proposition 9.1.3 (V — P, [93, Proposition 3.29]). Let (X;); be an orthonormal basis
of the quantum edge space V. C M, with respect to the KMS inner product induced by
Y1 and define P € M,, ® MSP as

P = Z Xiex @ X e,
ikl

where X[ ey, is regarded as an element of MJP. Then P is a quantum edge projection,
and the assignment V — P gives a well-defined 1:1-correspondence between quantum
edge spaces and quantum edge projections.

9.2. Pauli matrices and quantum edge spaces on )M,

As first observed by Gromada, it is most convenient to classify quantum graphs on
(M, 2Tr) in terms of their quantum edge spaces V' C Ms. It is not hard to see that
two quantum graphs on (Maz,2Tr) with quantum edge spaces Vi, Vs, are isomorphic if
and only if there is an automorphism of My mapping V; to Vo. Thus, for a classification
of quantum graphs on (Ms, 2Tr) one needs to understand the automorphism group of
My and its action on the subspaces of Ms. In this context it is useful to write the
elements of My as linear combinations of the identity matrix I and the Pauli matrices
01,09,03 € My. Let us collect the most important facts in the following proposition.
We do not give a proof since everything is well-known.

Proposition 9.2.1. Let

01 0 —i 1 0
=11 o) 2=\ o) 73 =\0 -1)°

be the Pauli matrices and write o = (01,09,03)t. Then, the set {Is,01,09,03} is an
orthogonal basis of Mo and every matrix X € My can be written uniquely as

X =a0lh + x'o
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9.3. Classification of loopfree quantum graphs on (Ma, 2Tr)

where xg € C and x* = (21,22, 23) € C3. Further, X is orthogonal to I if and only if
xg = 0, and X is self-adjoint if and only if xo,x1,x2,x3 € R. FEvery automorphism of
M> is of the form

My > xols —|—th — xols + (RX)O't € M,

for some rotation R € SO(3).

A quantum graph on (Mjy, 2Tr) is loopfree if and only if it is orthogonal to Is, i.e. if
and only if its quantum edge space is of the form

V= {xo'|x €S}
for some subspace S C C3. To simplify the following discussions let us call S the Pauli
edge space of the quantum graph. If the quantum graph is undirected, then the Pauli
edge space S is completely determined by the real subspace of S given by

S :=SNR3.

Thus, we arrive at the following proposition which is fundamental for classifying loopfree
quantum graphs on (My, 2Tr).

Proposition 9.2.2. Two loopfree quantum graphs on (Ma,2Tr) with Pauli edge spaces
S1, 82 C C3 are isomorphic if and only if there is a rotation R € SO(3) such that

S1 = RS,.

If both quantum graphs are undirected, then they are even isomorphic if and only if there
is a rotation R € SO(3) such that

S, = RS,.

9.3. Classification of loopfree quantum graphs on (Ms, 2Tr)

Independently of each other, Matsuda [62] and Gromada [41] classified all undirected,
loopfree quantum graphs on (Ma,2Tr). Let us recall here the statement together with
Gromada’s simple proof.

Theorem 9.3.1 ([41, 62]). There are exactly four non-isomorphic loopfree undirected

quantum graphs on (Msy, 2Tr) which are completely determined by the dimension of their
quantum edge space V. C Msy. Up to isomorphism, these quantum graphs are given by
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° °
° °
Figure 9.1.: Classical graphs on four vertices which are quantum isomorphic to quantum

graphs on (Ma, 2Tr).

the following quantum adjacency matrices:

A0:07
0 0 0 1
_ 0 010
A =01Q01 = 010 0l
1 0 00
00 0 2
A= @+aem=|0 000
2 0 00
1 0 0 2
A3=0100T+02 @73 +03075= |0 & 00
2 0 0 1

Here, we write a map from My into Ms as a 4 X 4-matriz with respect to the basis
{EH, Elg, EQl,EQQ} Of M2 in line with Remark 9.1.2.
Further, the quantum graph Ag is d-regular for d =0,1,2,3.

Proof. In view of Proposition 9.2.2 it suffices to observe that any two real subspaces
51,55 C R3 of the same dimension are related by a rotation R € SO(3). The adjacency
matrices are then obtained according to Proposition 9.1.1 using that {Is, 01,092,053} is
an orthonormal basis of Ms with respect to the GNS inner product induced by tr. It is
not hard to check the regularity of the obtained quantum graphs. O

Before we move on to loopfree directed quantum graphs on (Maz, 2Tr) let us also recall
a remarkable discovery of Matsuda: All four loopfree undirected quantum graphs on
(Mj,2Tr) are quantum isomorphic to classical graphs. We will later describe this as a
special case of a more general phenomenon.

Theorem 9.3.2 ([62, Corollary 4.9]). The four non-isomorphic loopfree undirected quan-
tum graphs on (Ma, 2Tr) are quantum isomorphic to the classical graphs on four vertices
depicted in Figure 9.3.

To classify loopfree directed quantum graphs on (Mas,2Tr) one needs to determine
when two complexr subspaces Si,S2 C C3 are related by a rotation R € SO(3) via
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9.3. Classification of loopfree quantum graphs on (Ma, 2Tr)

S1 = RS3. In fact, it completely suffices to solve this problem for one-dimensional
subspaces 57,52 since there is only one subspace of dimension 0 and 3, respectively,
and every subspace of dimension 2 is the orthogonal complement of a one-dimensional
subspace.

The task of classifying one-dimensional subspaces of C3 up to rotations from SO(3)
essentially boils down to classifying points on the Riemann sphere up to rotations. The
decisive lemma is the following.

Lemma 9.3.3. For every one-dimensional subspace S C C? there is some R € O(2)
and a unique B € [0,1] such that

conom )

Proof. The central tool for this is the Mobius transformation which defines an action of
GL2(C) on C := CU {oo} via

a b - +b

c d ezt d

We will use the following two facts:

holds.

t
1. To any nonzero vector v = (zl 2'2) e C? we may associate the number

21

p(u) ==
22

in the complex sphere C. This number completely describes the line span{u}, and
for any two nonzero vectors ui, us € C? one has

up € span{us} <  (ur) = p(uz).
2. For any matrix X € GLy(C) and vector u € C? one has
p(Xu) = X - p(u).
Let S = span(v) for some non-zero vector v € C2. Then, we have
Rv € span{vg} < R-¢(v)=¢(vp)

t
for all R € O(2) and vg = (1 zﬂ) € C2. Hence, to prove the statement we need to

consider the orbits of the action of O(2) on C given by the Mobius transformation.
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9. Quantum graphs on Mo

First let us consider only the action by SO(2) C O(2). Any special orthogonal matrix
R € SO(2) is of the form
a b

for some a + ib € S* with a,b € R. For the matrix

1 —
(i)
a b -1 _ (I+2b 0
P(—b a)P _< 0 a—ib>'

Writing a + ib = €™, it follows for all z € C

it .
Pl b p! -z:e .z:emz.
—b a e~

Using that, we get for any two 21,29 € (@

one has

R-2z =z for some R € SO(2)

& (PRP™Y.(P-z)=P-2z forsome R € SO(2)
& e (P.2)=P-z forsometeR
& |P - z1| = |P - 29|,

where we use the convention |co| = co. Thus, the orbits of SO(2) ~ C are exactly
O, ={P ' z:|z|=r} withr€][0,oq].

A system of representatives is given by the numbers —i3~! with 8 € [~1, 1]. Indeed, we
have

—ipt—i 1+
—ig1+i 1-p5

—ipt =Pt (P-(=if7")  with P-(=if7!) =

and the latter term defines a bijective map from [—1,1] to [0, 00]. Since for the vector
t
vg 1= (1 iﬂ) € C? we have ¢(vg) = % = —ip~L, it follows that

S = Rug

for some R € SO(2) and unique § € [—1,1].
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9.3. Classification of loopfree quantum graphs on (Ma, 2Tr)

It remains to consider the more general action of O(2). Any matrix in O(2) is of the
form

€
(‘01 ?) R with e {0,1},ReSO(2).

In order to classify the orbits of the action O(2) ~ C given by the Mébius transformation
we, therefore, need only find out which orbits O, of SO(2) ~ C are linked by the matrix
diag(—1,1). For any z € C one has

<P<—01 (1’>p—1>.zz<_01 —01>.Z:j:i.

Hence, for any z1, zo € C we have

diag(—l, 1) R = 22
& (Pdiag(—l, I)P_l) (P-z1)=P-2
= (P'Zl)_l :P-ZQ,

and for any z € C the numbers P~!-z and P~ 2! are in the same orbit of O(2) ~ C.
Consequently, the orbits of this action are exactly

O, :={P7'.z:|z| € {r,r™'}} withrec[1,00].

A system of representatives is given by {—i3~!: 8 € [0,1]} since for 8 € [0,1] the term

o 1+
P.(—ighH="C
(=iF) = 1
ranges over [1,00]. The statement follows in the same way as above. O]

Now, it is not difficult to classify the one-dimensional subspaces of C? up to rotations
from SO(3).

Lemma 9.3.4. Let S C C? be a one-dimensional subspace. Then there is a unique
B € [0,1] such that

1
S = R span i3
0
holds for some rotation R € SO(3).

Proof. Let S = span{v} for some non-zero vector v € C3, and write v = z + iy for real
vectors z,y € R3. Clearly, there is a rotation R; € SO(3) such that Rix € span{e;}.
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9. Quantum graphs on Mo

t t
Let Ry =: <y1 Yo yg) . Then there is a rotation Ry € SO(2) which sends (y2 yg)

t
into span { (1 O) } Consequently, we have

11 o R_a—'i—lb
0|Ry |17 ZOC

for some real numbers a,b,c € R. Finally, by the previous lemma there exists some
orthogonal matrix R3 € O(2) and unique § € [0, 1] such that

w22}

By choosing k € {1, —1} and A € C suitably we obtain

1
R3 |0 Rs|0|[1]0 y
lo H]ESO(S) and A[OK}][ORQ Riv = ZOB
The statement follows immediately. O

Theorem 9.3.5. Every directed loopfree quantum graph on (Ma,2Tr) with one-dimen-
sional quantum edge space is isomorphic to exactly one of the quantum graphs Gg with
quantum edge space Vg given by

Vp :=span{oy +ifo2}

for some B € [0,1]. Thus, every loopfree directed quantum graph on (Msz,2Tr) is iso-
morphic to exactly one of the quantum graphs with the following quantum adjacency
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9.3. Classification of loopfree quantum graphs on (Ma, 2Tr)

matrices:

1 . - <A N
Ag):i?iﬁﬁﬁ+%ﬁ®)®(ﬂ*”5@%

0 0 0 2
1 0 0 BB 0
C1+p2(0 BB 0 0 [’

g2 0 0 0
B) _ _— L. AT
Ay’ =03 @03+ 1+52(’LBU1+02)®(ZBO‘1+0’2),
0 0 0 3% 1 0 0 0
1 0 0—6+5_o+0—100
1482 0 —Bp- 0 0 0 0 -1 0}
? 0 0 0 0 0 0 1
A3 =01 Q0] +09 R0+ 03 R03
1 0 0 2
o -1 0 0
“10 o -1 0|’
2 0 0 1

where B4 := 14 f and B— :=1—f for B € [0,1]. As before, we express a map from
My into My as a 4 X 4-matriz with respect to the basis { E11, E12, E21, F22} of My in line
with Remark 9.1.2.

Proof. Assume we are given a loopfree quantum graph on (Ma,2Tr) with edge space
V € My. If V.= {0} or V.= Mjy, then the quantum graph is one of the quantum graphs
with quantum adjacency matrix Ag or As from Theorem 9.3.1. Only two cases remain:
V' is one-dimensional or two-dimensional. In the first case, the previous lemma yields a
unique 5 € [0,1] such that up to an isomorphism, i.e. conjugation with a unitary, we
have V' = span{oj + ifo2}. The matrix

01+iﬁ02=< 0 1+B>

1-8 0

has norm +/1 + 32 with respect to the GNS inner product induced by tr; hence, by
Proposition 9.1.1 the quantum adjacency matrix of the associated quantum graph is
given by

1_352(0'1 + 2'50'2) X (0'1 + iﬁUg).

Finally, if V is two-dimensional, then V' is the orthogonal complement of a one-dimensional
subspace V C Mp in span(ly)* C Ms. In other words, up to an isomorphism, its Pauli
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9. Quantum graphs on Mo

edge space S C C? is the orthogonal complement of

1

span 10
0

for a unique 8 € [0, 1]. Hence, we can assume that S is equal to

B 0
S = span 11,10
0 1

Thus, V = span{if8o1 + 02,03}, and a simple calculation yields the quantum adjacency

(

matrix Af ) from the statement. O
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10. Classical derived graphs

The notion of a voltage graph and its derived graph was introduced in the 1980s by Gross
and Tucker [43, 42] as a tool to construct covering graphs. Generally, voltage graphs are
considered in the context of directed multigraphs. A directed multigraph I' is given by
a (finite) vertex set V and a (finite) edge set F together with maps s,¢: E — V which
assign to every edge its starting vertex and terminal vertex, respectively. If s(e) = t(e),
then the edge e is a loop. If s(e) = v € V and t(e) = u € V, we suggestively write
e : v—u. Let us recall the following definitions from Gross and Tucker.

Definition 10.0.1 ([42, Section 2.1.1]). A woltage graph is a pair (I', \) consisting of
a (not necessarily simple) finite directed graph I' with vertex set V' and edge set E,
together with a labeling A\ : F — G of the edges of I' by elements of a finite group G.
We also call (I', \) a G-voltage graph.

The (right) derived graph T* of (I, \) has vertex set V x G and edge set E x G.
Whenever e € E is an edge from u to v in I' and g € G is a group element, then the
edge (e, g) goes from (u, g) to (v,gA(e)) in T, i.e.

e:u—vinlTandge G = (e, 9): (u,9) = (v,gA(e)) in T,

Whenever I'* is the derived graph of a voltage graph (T, \), then there is a natural
surjective graph homomorphism

f:T* 5T, (v,g)—v,(e,9)—e, forallveV,ged.
Thus, derived graphs are special cases of covering graphs.

Example 10.0.2. As an example, a directed version of the Petersen graph can be
constructed as the derived graph of the “dumbbell” graph with voltages from the cyclic
groups Zs as depicted in Figure 10.1.

Later we will present a construction for quantum graphs that generalizes the classical
derived graph construction. However, we will only consider the situation where the
derived graph is simple. The next proposition characterizes when this is the case.

Proposition 10.0.3. The derived graph T* of a voltage graph (I',\) is simple if and
only if for any two vertices u,v € V and group element g € G there is at most one edge
e:u — v that is labeled by g.

Proof. Assume that I' is not simple, and let (e, g), (f, k) be two edges that have the
same starting vertex and the same terminal vertex in I'*. It is not difficult to check that
this implies that ¢ = h and that e and f have the same starting vertex and the same
terminal vertex in I' as well. Further, they must be labeled by the same group element.
Thus, the statement follows by contraposition. ]
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10. Classical derived graphs

Y%‘ / 1z, (}L@ Oz,

Figure 10.1.: The Petersen graph is the derived graph of a voltage graph over the group
Zs.

If T* is the derived graph of a G-voltage graph (T',)), then it is not difficult to see
that there is a free action of the group G on I'. Indeed, if V' (F) is the vertex (edge)
set of I', then the vertex (edge) set of I is V x G (E x G) and we can define an action
a: G — Aut(l) by

ah(v,g) = (U,hg), ah(evg) = (67 hg),

forallv e Ve € E,g,h € G. 1t is not hard to check that oy, is a graph automorphism
of T*. Further, this action « is free which means that oy, has no fixed-points unless h is
the identity in G. The Gross—Tucker theorem states that a graph I is the derived graph
of a G-voltage graph precisely if it has a free action of G.

Theorem 10.0.4 ([42, Theorem 2.2.2]). Let I be a finite graph, and assume that there
is a free action o : G — Aut(T') of a (finite) group G on I'. Then there ezists a voltage
assignment A : Ep g — G on the quotient graph I'/G such that

r = (T/G)*

Proof. Let us briefly sketch the construction of the voltage graph (I'/G, \). The action
« of G partitions the vertices of I' into orbits which are all of the same size as G because
the action is free. Thus, one can label the vertices of I" by pairs (v, g) consisting of a
vertex of the quotient graph v and a group element g such that ap(v,g) = (v, hg) holds
for all v € Vp/g and h,g € G. In the same way, the edges are partitioned into orbits
of the same size as G. If e : v — w is an edge in the quotient graph then its pre-image
under the quotient map consists of |G| edges, each one starting at a different vertex of
the form (v, g) for g € G. For all g € G, we label the edge starting from g € G by (e, g).
It only remains to determine the voltage assignment on the edges of the quotient graph.
If e : u— v is an edge in the quotient graph, then the edge (e, 1) in the preimage goes
from (v, 1) to some vertex (u,g). Then, one assigns the voltage A(e) := g. O
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11. Crossed product quantum sets

Assume that X is a finite set together with a free action o : G — Aut(X) of a finite
group G on X. Evidently, we have an isomorphism of finite sets

X = (X/G) x G, (11.1)

since every orbit of the group action must have the same size as G. Further, the isomor-
phism can be chosen such that it is G-equivariant with respect to the natural action of
G on X/G x G by left multiplication, i.e. such that it satisfies

z— (y,9) = an(z) — (y, hg)

forall x € X,y € X/G and h,g € G. The classical Gross—Tucker theorem builds on this
isomorphism.

For quantum sets we will consider a generalization of (11.1). The starting point of this
is a quantum set (B, ) together with an action o : G — Aut(B, 1) of a finite abelian
group G.! Then, we describe a crossed product construction for quantum sets such that
there is a (quantum set) isomorphism

(B,9) = (B, ) x4 G, (11.2)

that is G-equivariant with respect to the given action « on the left-hand side and a
natural action of G on the right-hand side. Crucially, as in the classical case such an
isomorphism exists only for suitable actions . Whereas in the classical situation the
action needs to be free, in the quantum case our conditions on « are derived from a
theorem of Landstad that characterizes crossed product C*-algebras.

In what follows we first introduce some notations for crossed products of C*-algebras
and then discuss how we can turn a crossed product C*-algebra into a quantum set in
a natural way. Remarkably we will see that crossed product quantum sets with respect
to different actions of a fixed group are generally not isomorphic, but they are always
quantum isomorphic. In particular, we have

(Bai) A& é gl] (Bﬂ;) & (C(G)awG)

for all actions & and a natural definition of the tensor product quantum set (see Example
11.2.5). Finally, we use a theorem of Landstad to prove (11.2) for suitable actions a on

(B, ).

'We restrict to finite abelian groups because our constructions involve the dual group G. In an ongoing
work which is not part of this thesis, we generalize the results to arbitrary (finite) groups G by
working in the class of finite compact quantum groups which is closed under the taking duals.
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11. Crossed product quantum sets

11.1. Crossed products of C*-algebras

We refer the reader to Blackadar’s book [10] for a general reference on crossed product
C*-algebras. If B is a finite-dimensional C*-algebra and é : G — Aut(B) is a group ac-
tion of a finite group on B, then the crossed product B x4 Gis again a finite-dimensional
C*-algebra. This is the situation which we will encounter throughout the rest of this
thesis. We will consistently use the following notation.

Notation 11.1.1. Let (B, ) be a quantum set and let & : G — Aut(B, ) be an action
of G, the dual of a finite abelian group G. Further, let

B .= B A& é
be the associated crossed product C*-algebra. There is a representation
(Ux)yee © B with  ay(b) = uybuj for all b € B, x € G,
such that every element of B can be written uniquely as

b= Z by for suitable b, € B.
xe@

Further, multiplication and involution on B are determined by

(byuy)(ceue) = byby(ce)uye,
(byuy ) dxfl(b;)uxfl.

Finally, there is a linear map E, : B — B given by

FE, (Z bx“x) = nby,
xe@

where n := |G| = |G|. This is a scaled version of the natural conditional expectation
from B onto B. The scaling is chosen so that it fits with the quantum set functionals
that we will associate with B and B.

11.2. A quantum set functional on the crossed product
C*-algebra

Assume we have given a finite-dimensional C*-algebra B together with a group action
& 1 G — Aut(B) of G, the dual of a finite abelian group G. The crossed product
construction is an operation
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11.2. A quantum set functional on the crossed product C*-algebra

which produces a new C*-algebra B = B x4 G from the pair (B, a).

What happens if B is equipped with a functional IZJ such that (B, z/;) is a quantum
set? In this section, we discuss how one can construct a functional 1, on the crossed
product C*-algebra B x4 G such that (B x4 G, 1) is again a quantum set. This gives
us an operation

(B,) — (B, 1)) x4 G =: (B,1y),

which produces a new quantum set (B, 1)), which we call the crossed product quantum
set, from a quantum set (B, 1)) together with a group action &.

Definition 11.2.1. Let (B,7) be a quantum set and let & : G — Aut(B,) be an
action of GG, the dual of a finite abelian group G. The crossed product quantum set is
defined as

~ A

(B,) x4 G = (B Mg éy”tﬂx) ,

where B x4 G is the crossed product C*-algebra and 1), is the functional given by

(¥ (Z bxux) = n@(bl)

xX€G

with n := |G| = |G|. A natural action of G on (B, 1)) x4 G is given by

Qg (Z bx“x) = Z X(9)byuy.
xeG

xeG

We will proceed to check that the above definition makes sense, i.e. we verify that 1y
is indeed a quantum set functional on the C*-algebra B x4 G. Before we prove a useful
lemma, let us introduce some notation.

Notation 11.2.2. Given a quantum set (B,v) and an action & : G — Aut(B, 1)) as
above, we denote

* by m the multiplication map on B and by m* its adjoint with respect to the inner
product induced by v,

e by m, the multiplication map on B x4 G and by m3, its adjoint with respect to
the inner product induced by v,

e by E\ the linear map

FE, :BN@GA—)B, beuxrﬁnbl,
xe@

and by L7 its adjoint with respect to the inner products induced by the functionals
1 and 1y as above.
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11. Crossed product quantum sets

Lemma 11.2.3. Let & be an action 0f@~0n the quantum set (B, 1) as above. Then the
following formulas are true for all b,c € B and x,& € G:

(buy, cu§>w = néx_§<b ) (11.3)
% (buy) = Z Z b, 1)u5 ® G bl@))u&qx, (11.4)

EEG’ i
E%(b) =0, (11.5)

where in (11.4) the elements bz(l), 61(2) € B are such that m*(b) = ¥ bgl) ® bl(-2).

Proof. The first statement follows from
(bux,cu§> = (U b cug) = ndy— eb(a -1 (07¢)) = ndy—¢(b, 0) 5,

where we use
B

¥ o @. in the last step. Using (11.3), we get for any elements
buy, cu,, duy € G

N G,

1 X 2
- Z Z(bgl)ug ® Qg1 (bg ))u€*1x7 cup @ AU ) gy, @iy
3

As 1) =1 o &. we have
N 2 2) 4
(a1 (0), dg = (07, ae(d)).
Hence, we can continue the computation from above with
2
= nby— paz 5 0P a,(d);

= Ndy=po (M5 (b),c® O‘P(d»l/;@d;
= Nby—po (b, M(c ® ,(d)))
= (buy, mu (cup @ dug))y, -
Altogether this shows mJ (bu,) = %de(; 2 bgl)uﬁ ® g1 (bl@))uf_lx‘

It remains to prove formula (11.5) for the adjoint E,,. For this, let b,c € B and x € G
and use (11.3) to observe

(Es (buy) 7C>1; = ndy=1(b, C>¢ = (bux; )y = (by, EL(€)) -
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Proposition 11.2.4. The map ¢, is a quantum set functional on the C*-algebra B x4 G
if and only if 1 is a quantum set functional on B.

Proof. Using (11.4) from Lemma 11.2.3 observe that for b € B and x € G,

mymy, (buy) = ZZb( )ugag bZ@))ugle
SGG i

:Zbi i Ux

is equal to bu, if and only if ), bl(»l)bZ@) = b holds. Thus, we have that m,m} =1ds, a
is equivalent to mm* = Idg. Evidently, ¢ is positive and faithful if and only if the
same holds for ¥. Thus, the former is a quantum set functional if and only if the latter
one is. [

If & is the trivial action, then it is well known that the crossed product is simply
a tensor product. Let us describe this situation in more detail to prepare for later
calculations.

Example 11.2.5. Assume that triv: G — Aut(B, 1)) is the trivial action given by
triv, (b)) =b forallbe B,x € G.

Then the crossed product B Xiriy G is actually isomorphic to the tensor product C*-
algebra B ® C(G), and an isomorphism is given by

B Ntriv é — B ® C(G),
D byty D by ® iy
xe@ XGG‘

where @, = (x(9))gec € C(G) is the function on G’ which evaluates to x(g) at g € G.
Recall the functional g on C(G) from Example 8.1.4 which is given by, equivalently,

Yaleg) =1forall ge G or g (iy) = ndy—; for all y € G,

where n = |G|. The C*-algebra 1som0rphlsm from above identifies the functionals
and 1 ® ¥¢. Indeed, we have for every b € B and y € G,

s (buy) = Sy=1mi)(b),
as well as
(1 @ 1a) (b ® Gy) = y=1nt(b).
Summarizing, for the trivial action we have an isomorphism of quantum sets
(B®C(G),d @ v6) = (B Huiv G, ).

We denote the quantum set on the left-hand side by (B,9) ® (C(G),v¢) and call it
the tensor product quantum set of (B,v¢) and (C(G),¢q). Later we will prove the
remarkable fact that for any action &, Wthh is not necessarily trivial, one has a quantum

isomorphism (B, ¢) ® (C(G), ¥6) = (B,¢) xa G.
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11. Crossed product quantum sets

11.3. Quantum isomorphisms between crossed product
quantum sets

Let us start with some notation. For a (finite abelian) group G the C*-algebra C(G)
has two canonical bases: First, the basis (eg)4cc given by the indicator functions, and
second the basis (@y) .4 given by the functions with @y (g) = x(g) for all g € G. The
algebra C'(G) becomes a quantum set when it is equipped with the functional ¥ given
by, equivalently,

Yaleg) =1forall ge G,  or g(ty) = ndy=1 for all x € G,

where n = |G| = |G| and 1 € G is the trivial character, see also Example 8.1.4. Further,
the functional 1 induces an inner product on C(G) which makes the latter into a
Hilbert space denoted by L2(G). The elements of B(L2(G)) can be identified with G-
index matrices, and a basis for these is given by the standard matrix units Eg¢ . for
¢€,¢ € G. To make the notation better readable we write e, for i, € C(G) when we
consider it as an element of the Hilbert space L?(G). Yet we remind the reader that

(ex; ee) = Y (Uyie) = ndy=¢ for all x,§ € G.

Proposition 11.3.1. Let & : G — ~Au:c(l§,@5) be an action of G, the dual of a finite
abelian group G, on a quantum set (B,), and let H := L*(G). Then, the map

B®C(G)~ (B xaG) @ B(H),
P b &ty = Y uchufuy @ B y-1¢
ce@
is a quantum isomorphism
(B, ) s G =4 (B, ) ® (C(G), va).

Proof. To prove that p is a x-homomorphism, we construct it via the universal property
of the tensor product. Let (ﬁx)xeé be the natural representation of G on H given by

Uyee = ey forall x,§ € é,

and consider the maps

p1:B = (BxsG) @ BH), b Y ubut @ By,
xe@
p2: C(G) = (B x4 G) @ B(H), iy > Uy ® Ty

It is not hard to see that p; and ps are unital x-homomorphisms. Furthermore, they
have commuting ranges since for all b € B and x € G,

p2(Ty ) p1 (D) p2(tiy)" = Z uyugbugwy, @ ty B ¢l
ce@

= Z ucbug @ E¢c = p1(b).
ceG
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Therefore, the universal property of the tensor product of C*-algebras yields a unique
unital *-homomorphism

p:B®C(G) = (B X4 G) ® B(H),

such that p|z = p1 and p|o () = p2- A short calculation confirms that this *-homomorphism
is the map p from the statement.
It remains to show that the associated map

p: LABRCG)@H — L*(BxsG)oH

from Definition 8.3.1 is unitary. First, let us show that the adjoint of p is given by

., [L’(BxaG)@H — L*(B®C(Q) @H,
p* ] N (11.6)
by, ® e¢ UEbXUE & Uy @ ey-1¢.
Indeed, for all ¢ € B and «, 8 € G we have
P(c® g ®eg) = Z UyCuiug ® B o175 = Uapcufy ® €qp.
veG
It follows for all b, € Band y,£ € @,
(byux ® e, p(c ® lia ® €8))yy@uc
= (bxux ® eg, uapcus @ €ap)y . vc
= N0g=ap (b x> UapCUs) -
Using formula (11.3) for (-, )y, , the previous expression becomes
(byuy @ e, p(c ® Tla ® €5))pu0ve = 1 0¢—apdy=a by, Aas(c)) - (11.7)
On the other hand, for the map p* from (11.6) we compute
(™ (byuy ® €g),c ® lia ® €8) foyomue
= (ugbyue ® Uy ® ey-1¢, € ® Ta ® €8) fnyeoue
= (ugbyug, ) j(liy, Ga)yg (Ex—1¢, €8) v
= nzdxza(;XflE:ﬁ(Uszug, )y
Using Yo b = ¢ it is not hard to see
(ughbyue, c)j = QZJ(UZZ);USC) = @Z;(b;%cuZ) = (bx, Ge(c)) -
Since x 1€ = f and x = « entail £ = a8 we arrive at
(p*(byuy ® €g), ¢ @ la ® €8) fnpeope = n*6y—abe—ap by, Gap(c)) - (11.8)
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11. Crossed product quantum sets

This is the same expression as in (11.7); consequently p* is indeed the adjoint of the

map p.
Finally, we are ready to show that p is a unitary map. It suffices to prove pp* = Id.
For this, let byu, € B x4 G and £ € G and observe

pp* (byuy ® €g) =p (uszw ® Uy ® eX_1§)
= Z UnUgbyuguiuy @ By —1yey-1¢
yeG
= byu, ® e.
This finishes the proof. O

11.4. Landstad duality for quantum sets

Let us finally turn to the question of how the operation (B,1)) — (B, 1) X4 G can be

inverted. Thus, given a quantum set (B, 1)) we want to find a smaller quantum set (B, 1))
together with an action & : G — Aut(B, ) such that

(Bv¢) = (BJI}) A é

This construction starts with an action o : G — Aut(B, ) of a group G on (B, ) where
in our setting G is finite abelian and « satisfies a number of conditions. Then, the action
& is derived from a and the constructed isomorphism is G-equivariant with respect to
the action a on the left-hand side and the natural action of G on the right-hand side.

For C*-algebras the problem is solved by Landstad’s Duality Theorem [58]. This
theorem works for general C*-algebras and von Neumann algebras, but we will only
recall the particular version for finite-dimensional C*-algebras which is sufficient for our
purposes.

Theorem 11.4.1 ([58, Theorem 2]). Let B be a finite-dimensional C*-algebra and o :
G — Aut(B) an action of a finite abelian group G on B. Then B is isomorphic to
a crossed product C*-algebra over an action of G if and only if there exists a unitary
representation (UX)XEG C B such that

ag(uy) = x(g)uy
holds for all g € G, x € G. In this case, one has
B2 B* x, G,

where B* = {b € B | ay(b) = b for all g € G} is the fized point algebra and & : G —
Aut(B®) is the action defined by

Gy (b) = uybuy.

The isomorphism is the identity on B® and sends every u, to the unitary i, € B x4 G
that implements the automorphism ¢, .
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11.4. Landstad duality for quantum sets
It is not difficult to obtain a version of Landstad Duality for quantum sets by combining
the above theorem with our discussion of crossed product quantum sets.

Proposition 11.4.2. Let (B,v) be a quantum set and o : G — Aut(B, 1) be an action
of a finite abelian group G on (B,1)), which satisfies the conditions of Landstad’s Duality
Theorem (Theorem 11.4.1). Additionally, assume that

b = 1 Ad(uy) (1.9

holds for all x € G, where (ux)xeé C B is the unitary representation from Landstad’s
theorem. Then one has an isomorphism of quantum sets

(B71/1) = (Baf(;) Xa éa

where & : G — Aut(B?, @Z)) is the action from Landstad’s theorem and v is the quantum
set functional on BY given by

)= liﬁlBa
n

with n = |G| = |G|. Furthermore, this isomorphism is G-equivariant with respect to the
action a of G on (B,1) and the natural action of G on (B*,9) x4 G.

Proof. In view of Landstad’s theorem, we only need to check that v is a quantum set
functional on B® that is preserved by the action &, and that ¢ = 1y in the notation of
the previous subsections.

First, let us check that v is preserved by @& in the sense that

7/; = i)dx
holds for all x € G. Due to (11.9) we have for all b € B* and x € G

P (b)) = ) = ~(b) = §(0).

Next, we verify 1 = 1y where 1y is derived from 1[) as in Definition 11.2.1. Thus, we
need to check that

¢(bux) = nélei’(b)

holds for all b € B® and x € G. Let us first prove this equation. Since « is an action on
the quantum set (B, 1)), we have for all b € B* and x € G

P(buy) = (ag(buy)) = x(g9)1(buy)

for all g € G. Hence, one has 1(bu, ) = 0 whenever x # 1. It follows directly that

1/1(bux) = 5)(:11/}(1)) - néle&(b)
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11. Crossed product quantum sets

holds for all b € B* and y € G.

In fact, this already proves that ¢ is a quantum set functional on B®: Proposition
11.2.4 guarantees that ¢ is a quantum set functional on B if and only if ¢ is a quantum
set functional on B%.

Finally, let us check the G-equivariance of the isomorphism. In fact, every element
of B can be written as a linear combination Zx cé byuy with by € B* and it suffices to
note that the action « is given by

Qg (Z bx“x) = Z byag(uy) = Z X(9)byuy.
xeG xeG xeG
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12. Voltage and derived quantum graphs

In analogy with the classical theory of Gross and Tucker we introduce the notion of a
voltage quantum graph and its associated derived quantum graph. The voltage quantum
graph should be thought of as (not necessarily simple) quantum graph whose edges are
labeled by elements of a finite abelian group G. Then, the derived quantum graph is
a simple quantum graph on a larger crossed product quantum set that is constructed
from the voltage quantum graph in a way that generalizes the classical derived graph
construction.

In this chapter we first introduce the definition of voltage quantum graphs and their
derived quantum graphs, and we show that this definition extends the classical con-
struction of Gross and Tucker. Building on the quantum isomorphism between crossed
product and tensor quantum sets from Section 11.3 we show that derived quantum
graphs with respect to different group actions are quantum isomorphic. Finally, we ob-
serve that the four loopfree undirected quantum graphs of Gromada and Matsuda can
be obtained as derived quantum graphs from (classical) voltage graphs.

12.1. Definition of voltage and derived quantum graphs

Throughout this section, (B, 1)) is a quantum set and G is a finite abelian group. Further,
let & : G — Aut(B, 1) be an action of the dual group G on (B, ), and let

(B,hx) = (B,¥) x4 G with B=BxsG

be the associated crossed product quantum set (see Definition 11.2.1). Recall the linear
map E, : B — B from Notation 11.2.2 as well as the unitary elements (uy) .4 C B
from Notation 11.1.1.

Definition 12.1.1. Let (B,), & : G — Aut(B, ), (B, 1) and (tx) e C B be as
above.

(a) For every g € G let X, := %eré X(g)“X“Lv ie.

1 JEE—
Xg:B—B, b— " Z X(9)(ty, 0) s, -
x€G

(b) A (G, &)-voltage quantum graph (or simply voltage quantum graph) on the quantum

set (B,v) is a family A = (A4)gec of quantum adjacency matrices that is indexed
by G and satisfies

Aydy, = Gy A, (12.1)
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12. Voltage and derived quantum graphs

forallgGGandeé.

A

(¢) The derived quantum gmph A x4 G : B — Bon (B,1)y) is then given by
Z m(X, @ LA B )m*,
eqG

where we write (here and in the rest of the section) m for the multiplication map
on B,i.e. m = my.

The rest of this section is devoted to proving that this definition is well defined. Before
that, let us discuss the case of the trivial action in more detail.

Example 12.1.2. Let triv : G — Aut(B, ) be the trivial action on (B, ), i.e.
triv, =Idg for all y € G.

Then condition (12.1) is satisfied by any family of quantum adjacency matrices (Ag)geg
on (B,1). Further, on the C*-algebra side the crossed product is isomorphic to the
tensor product, i.e.

BZBX]triVGgB@C(G).

Recall from Example 8.2.4 that classical graphs on a finite set V' correspond to quantum
graphs on the quantum set (CY, vy ). If (B,zﬁ) is a quantum set of this form, then
a (G, triv)-voltage quantum graph on (B,1)) can be identified with a classical voltage
graph in the sense of Gross and Tucker. We will discuss this in more detail in the next
section.

Even more is true: A classical G-voltage graph on a finite set V' is a (G, &)-voltage
quantum graph for all actions & of G on (I',\). If one considers (I',)\) as a (G,a)-
voltage quantum graph where the action & is non-trivial, then the derived quantum
graph (I, A) x4 G is a non-classical quantum graph on the crossed product quantum set
(CY,4y) xg G. In Corollary 12.4.2 we will show that this derived quantum graph is
quantum isomorphic to the classical derived graph of Gross and Tucker.

Remark 12.1.3. The above definitions have a very visual interpretation which we will
discuss later in more detail for the case where (B, 1)) = (CV,1y/) is a classical set and &
is the trivial action. For now, let us only remark that the operation

(Xy, ELALE) = m(X, @ BLA E)m* (12.2)

can be interpreted as taking the intersection of the two quantum graphs X, and E7, A FE,.
If (B,%) and (B,1y) are both classical sets and both X, and E%A EX are classmal
graphs, then this operation always produces a new graph (or rather adjacency matrix)
which has an edge between two vertices whenever both X, and E7 flgEN contain this
particular edge. However, in the truly quantum setting it is generally not guaranteed
that two quantum adjacency matrices produces a new quantum adjacency matrix via
(12.2). This is similar and related to the fact that, in a noncommutative C*-algebra, the
product of two projections is not necessarily again a projection.
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12.1. Definition of voltage and derived quantum graphs

We proceed to prove that the maps X, and A from the previous definition are indeed
quantum adjacency matrices on the quantum set (B, y).

Lemma 12.1.4. We have for every g € G and bu, € B,

Xg(buy) = x(9)¢(b)uy, (12.3)
m(Xy ® Ei;flgEX ym*(buy) = X(g)flg(b)ux, (12.4)
m(X, ® BLA B )m* = m(ELA By, @ X,)m*. (12.5)

Proof. For the first equation, the definition of X, yields

Xg(buy) = Zﬁ g)ue ug (buy),
£€G

where ul(bux) = (ug, by )y, = nde=, (D) by (11.3). Hence, the sum over ¢ collapses,
and we get

Xg(buy) = @T/)(b)“x

Next, let us use the formula for m* from (11.4) in Theorem 11.2.3 to compute the
left-hand side of (12.4). For any b € B and x € G we get

m(X, ® B A E,)m* (buy) = Z Xy (0 ue) B A By (61 (0 )ug1y),
£€G
- Zg G0N g B Ay B (dr 1 (07 g 1,).
§€G

where m*(b) = >, bgl) ® bz@) and we treat the sum over ¢ as implicit. For the second
step we use (12.3) from above. The definition of Ey and E% from Notation 11.2.2 and
Lemma 11.2.3 yield

B Ag B (b1 (07 ug-1) = ndey Ag(én-1 (67)).
Thus, the sum over £ collapses, and we are left with
m(Xy ® B A Bm® (buy) = x(g)u (b)) Ag(ay 1 (7).

Since by assumption flg is invariant under the group action &, this expression is equal
to

X@DOM) A (07 Yy = X(9) Ag(b)uy,

for it is one of the first properties of the comultiplication that (b; 1))T(bz@)) = T(b)
holds for any linear map T : B — B, see Proposition 8.1.3.
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12. Voltage and derived quantum graphs

To complete the proof it suffices to show that m(E? AQEN ® X4)m* can be expressed
via the same formula, i.e.

* A * 1 1
m(ELAgE. @ Xg)m™*(buy) = Ex(g)Ag(b)uX.

This can be done with the exact same steps as above where one only needs to interchange
the roles of X, and E A E. O

Proposition 12.1.5. The maps X, : B — B and A : B — B from the previous
definition are quantum adjacency matrices on the quantum set (B,1y).

Proof. Let us first fix some g € G and prove that X, is a quantum adjacency matrix.
For any x, & € G one has
L ® ug)m* = (m(uy ® u§))Jr = uI@.

Therefore, we obtain

m(Xy ® Xg)m* =

and this shows that X is Schur-idempotent. What’s more, it is an easy observation that
a very similar calculation yields

m(Xg () Xh)m* =0

if g # h. It remains to show that X, is *-preserving. For any b € B and x € G one first
observes

ul (0) = (e, )y, = (03 B, = 1l 1 (D)

This yields

Xy(0) = - S0 Xl () = - 37w g)ug 1wl (0

xeG e
- (! T T = X,(b)*
- ﬁ Z X (g)ux—l uxfl( ) - g( ) )
xe@

which is exactly the desired property. Thus, X, is a quantum adjacency matrix.
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12.2. Properties of the derived quantum graph

Finally, let us prove that A is a quantum adjacency matrix. Using the (co)associativity
of m (and m*) as well as Lemma 12.1.4, we obtain

m(A® Am* = — Z m(X, ® Xp)m* @ m(EL Ay By @ ELALEy))m*
g,heG
22 (Xg ®@m(ELAGE, ® ELAgE, )m*)m”*,
n
geG

since m(Xy ® Xp)m* = d,—pXy. It is not hard to see m(E}, ® E}) = Eim. Further,
one has

(Ex @ Ex)m™ =m*E,
since for all bu, € B we have

(Ex ® Ex)m*(buy) = Z By b(l)u§) ® EN( (bz('Q))uE‘lx)
éeG

= ndy—1b") @ b\
= ndy=1m"(b)
=m"E,(buy).

Thus, we have
m(ELA,Ey @ B A E)m* = Efm(A, ® Ayym*E, = E5L A E,,

where we use that flg is a quantum adjacency matrix. Putting everything together,
it follows that A is Schur-idempotent. As both the X, and the maps EJ A, E, are
x-preserving, one obtains that A is x-preserving as well. O

12.2. Properties of the derived quantum graph

In this section we study three properties of the derived quantum graph A x4 G relative
to properties of the voltage quantum graph A. These properties are: being loopfree,
being undirected and being d-regular for some d > 0. Recall from Definition 8.2.5 that
a quantum graph A on a quantum set (B, 1)) is called

1. loopfree if m(A ® Id)m* = 0,

2. undirected if A = A* where the adjoint is taken with respect to the inner product
induced by %, and

3. d-regular for some d > 0 if A(1) = d.
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12. Voltage and derived quantum graphs

We say that a voltage quantum graph A = (Ag)geg has these properties if the same
equations hold for 3 . Ay, respectively.

Though >~ cq flg is not a quantum adjacency matrix it makes sense to think of this
matrix as the adjacency matrix of a quantum multigraph. We don’t make this notion
precise here but refer to the discussion in [41, Section 2]. For more information on
regular quantum graphs we refer to [61].

The following proposition relates properties of a derived quantum graph A g G to
properties of the underlying voltage quantum graph A.

Proposition 12.2.1. Let A= (Ag)geg be a (G, &)-voltage quantum graph on a quantum
set (B,v). Then the derived quantum graph A x4 G is

1. loopfree if and only if Ay is loopfree,
2. undirected if and only if fl; = 121971 holds for all g € G, and

3. d-reqular if and only if A is d-reqular, i.e. if P A1) =d.

Proof. Let A := A x4 G.
Ad (1). Using the definition of A together with co-associativity of m and (12.5) we
get

m(A®Id)m* =Y m(EL A E, @ m(Xy ® Id)m*)m
geG

A simple calculation using the comultiplication formula (11.4) reveals for b € B and
x € G that

m(Xg @ Id)m*(buy) = — Z Xy il u¢) e (bgz))UC—lx
CEG

zfzc SO0y = Sy buty.
ced

Thus, the above expression becomes
m(A®1d)m* = m(EL A1 Ex @ Id)m*
Using again formula (11.4) one gets in a similar way
m(E% A Ey ® Id)ym* (buy) = A1<b<1>>b§2>ux
n(A; @ Id)m* (b)uy.

The statement follows immediately.
Ad (2). With formula (12.4) we have

A(buy) = Z x(g

geG
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12.3. Connection to Gross and Tucker’s construction

for all b € B and x € G. With (11.3) we see

(A(buy), cug)y,, = Y ndy=¢(x(9)Ag(b), )5 = D ndy=¢(b,€(9)A5(0))
geG geqG

for all ¢ € B and ¢ € G, and it follows that

A(eug) = 3 o) Ag(cyue = 3 Elg D Aj()ue.

geG geqG

If fl;‘; = flg_l holds for all g € G, then one obtains immediately that A = A*. Conversely,
if A= A* then we have with a substitution on the right-hand side

> x(9)Ag(0) = > x(9) A7 (b)

geG geG

forallb € Band x € G. By standard arguments, the families (Ay(b))gec and ([l;_l (b))gea

are equal, i.e. fl; = Ay holds for all g € G.
Ad (3). Using (12.4) from Lemma 12.1.4 it is a simple observation that

A)=> A 1) =d

geG

holds if and only if A is d-regular. O

12.3. Connection to Gross and Tucker’s construction

Let us now compare our definition of voltage quantum graphs and their derived quantum
graphs with Gross and Tucker’s classical theory. By Example 8.2.4 a classical (simple,
directed) graph with vertex set V' corresponds to a quantum graph on the quantum
set (CV,4y). We will see that in the same vein, (G,triv)-voltage quantum graphs
on ((Cv,z/JV) correspond to classical voltage graphs, and the derived quantum graph
corresponds to Gross and Tucker’s derived graph.

Recall the definition of classical voltage and derived graphs from Definition 10.0.1. In
full generality, neither the voltage nor the derived graph need to be simple. However, our
definition of a voltage quantum graph has been designed so that the derived quantum
graph is always simple in the sense that the derived quantum graph is given by a single
quantum adjacency matrix. This is intended to reduce technical complications and
because one is mostly interested in simple quantum graphs. Therefore, our construction
can only recover the classical situation when the derived graph is simple. In Proposition
10.0.3 we characterized voltage graphs with simple derived graphs. Let us call a voltage
graph that satisfies the condition from Proposition 10.0.3 pre-simple.

Proposition 12.3.1. Let G be a finite abelian group and (CV,1)y/) the quantum set from
Example 8.2.4 for some finite set V.
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12. Voltage and derived quantum graphs

Given a pre-simple voltage graph (I'y \) on V' with labeling X : E — G, let flg CV -
CV be the adjacency matriz of the (simple, directed) subgraph of I that contains all edges
from T' that are labeled by g. Then the map

(F7 )‘> = A= (Ag)gEG

is a one-to-one correspondence between G-labeled pre-simple voltage graphs on V and
(G, triv)-voltage quantum graphs on (CV 1y).

Proof. As observed in Example 12.1.2 a (G, triv)-voltage quantum graph is nothing

but a family (Agy)gec of quantum adjacency matrices on some quantum set. Quantum
adjacency matrices on (CV',1/1,) are the same as adjacency matrices of (simple, directed)
graphs on V by Example 8.2.4. Thus, it is evident that every pre-simple classical voltage
graph can be interpreted as a voltage quantum graph on (CY,4y) as in the statement,
and vice versa. O

Lemma 12.3.2. Let (CV,4y) be the quantum set from Example 8.2.4. Further, let G
be a finite abelian group with the trivial action triv : G — Aut(CY,+y). The following
are true:

1. The assignment from the generators of CV Xy G into C(V x G) given by

€y Z €v,g, Uy = Z X(g)ev,g

geG veEV,geG

extends to an isomorphism
((Cva ¢V) Atriv é = (CVXG, @Z)ch)’

where the quantum set on the right-hand side is associated to the classical finite set
V x G as in Example 8.2.4, and we write e,, ey 4 for indicator functions in C(V)
and C(V x G), respectively.

2. The quantum graph X, : B — B with g € G from Definition 12.1.1 corresponds to
the classical graph on V x G that contains all edges of the form

(v,h) = (w, hg) forv,w eV and h € G.

8. The quantum graph E;[IQEN : B — B from Definition 12.1.1 corresponds to the
classical graph on V x G that contains all edges of the form

(v,h) = (w, k) forvﬁ)we‘/andh,keG,

A
where v —% w indicates that there is an edge from v to w in the classical graph
corresponding to the adjacency matriz Ag.
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12.3. Connection to Gross and Tucker’s construction

4. Let A1, As be two quantum adjacency matrices which correspond to classical graphs
I'',I'ys on V x G in the sense of Example 8.2.4. Then, the map

Az = m(A1 X Ag)m
s again a quantum adjacency matriz, and it corresponds to the classical graph
I's:=T1NTy,

which is the intersection of I'1 and ', i.e. I's has vertex set V- x G and its edge
set is the intersection of the edge sets of I'1 and I's.

Proof. For the first statement, it suffices to recall from Example 11.2.5 that
(CY,9hv) Xuiv G = (CY @ C(G), ¥y @ ¢a),

where an isomorphism is given by

Eylly Z X(g)ev,g-
geG
For (b), let us identify u, with 3> cc Xx(g)ev,y according to the above isomorphism.
Then, one has for all y € G,v € V and h € G

UL(evJJ (Uys €v,n) Yvee — < Z x( ew,k7ev,h> = x(h).

weV,keG Yvea

It follows

ev h Z X evh Z Z X gh )ew,k = Z €w,hg>

xGG XEQwEVk:EG weV

where we use in the last step that eré x(h~tg7'k) = n if K = hg and 0 otherwise.
The claim follows directly.
Next, let us prove (3). A short calculation suffices to verify

E.(e,®ep) =€y, and FL(e,) =€, 1o @) = Z ey Q e,
keG

where F,, and E3, are as in Notation 11.2.2. It follows

EL A Ey (e @ep) = Ayle,) ® low) = Z Z ew ® ek,

wNAA v keG

and this concludes the proof.

Finally, (4) follows immediately from the fact that the operation m(- ® -)m* on the
quantum set (CY', 9y) is the entrywise (or Schur) product of matrices, see Example 8.2.4.
Indeed, if A;, Ay are the adjacency matrices of classical graphs I'y,I's on V, then the
entrywise product Az = m(A; ® Ag)m™ of A; and As is exactly the adjacency matrix of
the intersection graph I'y N 's. O
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12. Voltage and derived quantum graphs

Now, we are ready to see that our derived quantum graph construction generalizes
the classical construction from pre-simple voltage graphs.

Proposition 12.3.3. In the situation of Proposition 12.3.1 one has for a pre-simple
voltage graph (I', \) and the associated (G, triv)-voltage quantum graph A = (Ay)gec the
identification

F)\ = A Ntriv G

of the derived graphs, where T* is Gross and Tucker’s derived graph, A Xy G is the
derived quantum graph from Definition 12.1.1, and we identify classical graphs on V x G
with quantum graphs on (CV 4y Xuiw G according to Example 8.2.4.

Proof. Evidently, the derived quantum graph A Xy G is defined on the quantum set
(CV,y) Xuiy G, and by Lemma 12.3.2 (a) this quantum set is isomorphic to (C(V x
G),Yvxa). Thus, the derived quantum graph corresponds to some classical graph on
the set V x G (due to Example 8.2.4). It remains to check that this classical graph is
exactly Gross and Tucker’s derived graph I'*.

Recall from Definition 12.1.1 that

Aty G =" m (X, ® BLAGE, ) m".
geG

In view of Lemma 12.3.2, for any fixed g € G the map
m (X, ® BLA B ) m’
corresponds to the classical graph on V' x G that contains all edges of the form

(v,h) = (w, hg) for v 2% we Vand h e G.

It follows immediately that the derived quantum graph A X triv G corresponds to the
classical graph on V x GG that contains all edges of the form

(v,h) = (w, hA(e)) fore:v—wel and h € G,

and this is exactly Gross and Tucker’s derived graph I'*. O
Finally, let us illustrate the previous proposition on a concrete example.

Example 12.3.4. Consider the graph I'" with one vertex v and one loop e based at v.
Let us label the loop with the generator 1z, of the group Zz = {0z,,17,,2z,}. Thus,
we have a voltage graph (I', \) with A(e) = 1z,. Then, the derived graph I'* has three
vertices vg, v1,vs corresponding to the elements of Zs and three edges as sketched in
Figure 12.1.

As discussed above, a classical graph on n vertices corresponds to a quantum graph on
a quantum set (C™,4,). The voltage graph (', \) is identified with a (G, triv)-voltage

132



12.3. Connection to Gross and Tucker’s construction

Vo U1 V2

r r
Figure 12.1.: The voltage graph (I', \) and its derived graph I'*.
V0 V1 (o)) V0 V1 V2
Xo X1 Xo

Figure 12.2.: The graphs corresponding to the adjacency matrices X,.

quantum graph on (C,;) which is given by a family (Ay)gez, of quantum adjacency
matrices on (C, ). Since I' has only one edge which is labeled by 1z, it is not hard to
check that (I', A) corresponds to the family A = (Ay)4ez, given by

Aoy, =0, Ay, =1Ide, Ap, =0.
Generally, we would have to check that (A,),ecz, satisfies the conditions from Definition
12.1.1 to be a voltage quantum graph. However, in this case we consider (Ay)qez, as a
voltage quantum graph with respect to the trivial action triv of Zs on C; thus, there is
nothing to check (see Example 12.1.2).
What is the derived quantum graph A Xiyiy Zs of this voltage quantum graph? First,
recall that the derived quantum graph is defined on the crossed product quantum set

(C,101) Xiriy Z3.

By Lemma 12.3.2 (a) this quantum set is isomorphic to (C3,13), and quantum graphs
on (C3,4)3) correspond to classical graph on three vertices.

Next, by Definition 12.1.1 the derived quantum graph A := A Niriv 23 :C? - C% on
(C3,43) is given by the formula

A=) m(X,® E;A B )m*.
gEZL3

According to Lemma 12.3.2 (b) and (c) the quantum graphs X, and E% A, E,, correspond
to the classical graphs on the set {vg, v1,v2} in Figure 12.2 and Figure 12.3, respectively.
By Lemma 12.3.2 (d) the term

m(X, @ B A, By )m*
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0 . 0 LT Sek . . .
Vo U1 V2 Vo U1 2 Vo U1 V2
B Aoy, E: A By, B AsE,,

Figure 12.3.: The graphs corresponding to the adjacency matrices F? flgEN.

returns the adjacency matrix of the classical graph that is obtained by taking the inter-
section of the graphs from Figure 12.2 and Figure 12.3. Thus, only the term for g = 17,
contributes to the derived quantum graph A, and we have

A=m(X, ® ELAE.)m*.

It is not hard to see that this graph is exactly the derived graph I'* from Figure 12.1.

12.4. Quantum isomorphisms between derived quantum graphs

In Example 11.2.5 we discussed the special case of a crossed product quantum set with
respect to the trivial action. In this case, one has an isomorphism of quantum sets

(B,¥) xuiv G = (B, V) ® (C(G),¥¢)

between the crossed product quantum set and the tensor product quantum set. More
generally, we have seen in Proposition 11.3.1 that for any action & of G on (B, ) there
is a quantum isomorphism

(Bv’&) A& G gq (BJZ)) ® (C(G)J/JG)

between the crossed product quantum set and the tensor product quantum set. This
quantum isomorphism is given by the map

B®C(G) — (B xa G) @ B(H),
P b® iy Y uchufuy ® Ee -1,
ced

where H = L?(G). In this section, we show that p is not only a quantum isomorphism
between quantum sets but also a quantum isomorphism between the derived quantum
graphs

Axg G and A xy G

Throughout the following, we use the same notation as in Section 11.3.
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12.4. Quantum isomorphisms between derived quantum graphs

Theorem 12.4.1. Let (B,v), & : G — Aut(B,) and (B x4 G,1b%) be as above.

Further, let A = (flg)geg be a (G, &)-voltage quantum graph on ( , ). Then we have a
quantum isomorphism

A G ’5’ A A riv G
which is given by the map p: B® C(G) — (B x4 G) ® B(H) from Proposition 11.3.1.

Proof. We need to show that

A

(A X G)p = P(A ANtriv é)
holds where the left-hand side is to be interpreted as in Notation 8.3.3. First, recall

Axg G =3 mu(X)®E,AE)m
geG
A Htriv é = Z m®(X§) & E(*X)AQE(@)’)TL%,
geG

where we distinguish the structure maps m, E, X; on the crossed product quantum sets
B x4 G and B® C(G) = B Xy G by super-/subscripts x and ®, respectively. We will
show for any fixed g € GG that

(mx(Xy' ® E}AgE)ym’)p = p(m®(X§® ® E%A9E®)m§©)
holds. From Proposition 8.3.4 we know the equalities
pme =mx(p®p) and  mip=(pXp)mg
Thus, all we need to do is to prove
Xyp=pXy and ELAE.p=p(E5A.Ey).

To show the first equality we need to consider for b € B and & € G,

p(b® ag) Z X(9)uth (uyp(b @ Tie))-
xEG

For fixed x € G the last factor can be computed as
Diu(uypb®g)) = D u(uiucbuiue) Eg y -1
ceG

=D noy=e(b) Eg -1
CeG

= ndy—eh(D)ily,
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12. Voltage and derived quantum graphs

where @, € B(L?*(G)) is the operator from the proof of Proposition 11.3.1 given by
Uyec = ey for all ¢ € G. It follows

X, p(b@iic) = E(9)P(b)ue © . (12.6)

On the other hand, we compute

X(9) (1 ® i) (¥ ® Y6) (b & ﬂ;’}ﬂf))

S|

ng}@(b®fts)=p(

XEC (12.7)

= p (E@)P(B)(1 @ i) )
= £(9)P(b)ug ® @e.

Comparing (12.6) and (12.7) shows the first desired equality.
It remains to prove the second equality, i.e. E}AjEp = p(E5 Ay Eg). Let us consider
again fixed b € B and € € G. We have on the one hand

E3AgBup(b@ie) = > EiAgEy(ucbufug @ E¢ g-1¢)
ce@G

=nbe—1 Y Ag(uchuf) ® E¢ ¢ (12.8)
ceG

ceG

(where we use in final step that flg commutes with the action &), and on the other hand

p(B5AgEg)(b® @) = p (msé:ljlg(b) ® ﬂl)

= n5§:1 Z UCAg(b)Uz ® EC,C‘ (12'9)
CeG
A comparison of (12.8) and (12.9) finishes the proof. O

If the derived quantum graph A Xy G from Theorem 12.4.1 is a classical graph, then
the previous theorem yields a method to produce quantum versions of this given classical
graph, i.e. quantum graphs that are quantum isomorphic to the original classical graph.

Corollary 12.4.2. Assume that T is a classical derived graph of a G-voltage graph
(T, A) on a vertex set V' for a finite abelian group G. Then for any action & : G —
Aut(I', \) of the dual group on the voltage graph we obtain a quantum isomorphism

= (T, ) %4 G,

where we consider (I',\) on the right-hand side as a (G, &)-voltage quantum graph on
(CY, ) as in Evample 12.1.2.

By an action of G on (I',\) we mean an action & : G — Aut(V) which leaves the set
of g-colored edges in I' invariant for all g € G.
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12.5. Quantum graphs on My as derived quantum graphs

° ° Cle L)

o e Cle e

Figure 12.4.: All directed graphs on two vertices that are invariant under swapping the
vertices.

12.5. Quantum graphs on M, as derived quantum graphs

Can we obtain the quantum graphs on (Ms, 2Tr) from Section 9.3 as derived quantum
graphs? For that, we would first need to describe (Maz, 2Tr) as a crossed product quantum
set. It is not hard to see that one has

(M2,2TI‘) = ((2271/}2) A 225

where Z, = {0, i} is the dual group of Z, and & is the action of 75 on C2 which swaps
the two elements of C2, i.e.

G5 =Idcz and @&j(z,y) = (y,x) forall (z,y) € C*.

Now, a voltage quantum graph on (C2, ;) with respect to this action & is given by two
adjacency matrices Ay and A4; on (C2,4h) which are invariant under swapping the two
elements of C2. There are exactly four such directed graphs, depicted in Figure 12.4. It
follows that there are exactly 16 distinct (Zy, &)-voltage quantum graphs A = (Ag, A;)
on (C?,1)9).

All these voltage quantum graphs A are undirected since the graphs in Figure 12.4
are undirected (in the sense that for every edge they also contain the inverse edge);
therefore, by Proposition 12.2.1 the corresponding derived quantum graph A x4 Zy will
also be undirected. Further, the same proposition tells us that the derived quantum
graph is loopfree if and only if Ay has no loops. Moreover, A x4 Zs is d-regular if and
only if A is d-regular. Thus, we arrive at the following proposition.

Proposition 12.5.1. Every loopfree undirected quantum graph on (Ma,2Tr) is isomor-
phic to the derived quantum graph of a voltage quantum graph on (C2,19) with respect
to the action & of Zs.

Proof. Recall that there are up to isomorphism exactly four loopfree undirected quantum
graphs on (Ms, 2Tr) which are given by quantum adjacency matrices Ay, A1, Aa, A3 such
that Ag is d-regular for d = 0,1,2,3. On the other hand, the previous argument shows
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12. Voltage and derived quantum graphs

i Col g2 1@ i

Figure 12.5.: The four voltage quantum graphs A, AN A2 AG) on (C2,4)5) (clock-
wise from top left).

that any (Zs,&)-voltage quantum graph A on (C2,1)5) is given by a pair (Ag, A;) of
graphs from Figure 12.4. The derived quantum graph A x4 Zy is always undirected, and
it is loopfree if Ag has no loops. Further, it is d-regular if and only if A is d-regular. It is
not hard to check that A is d-regular if and only if the graphs Ay and A; together have
2d edges. Therefore, we have Ay = A x4 Z, for the four voltage quantum graphs A(?
on (C?,1)9) depicted in Figure 12.5. O

Remark 12.5.2. 1. The previous proposition can be combined with Corollary 12.4.1
to find that the loopfree quantum graphs are quantum isomorphic to classical
graphs on four vertices. The respective classical graphs are obtained as the classical
derived graphs of the voltage graphs in Figure 12.5. This reproves the result from
Matsuda which we repeated in Theorem 9.3.2.

2. The above proposition is very specific for quantum graphs on (Ms, 2Tr) and can-
not be generalized to higher dimensions. For instance, if all undirected loopfree
quantum graphs on (Ms,3Tr) were derived quantum graphs of voltage quantum
graphs on (C?,1)3) , then they would all be quantum isomorphic to classical graphs.
However, Gromada presented an example of a quantum graph on (Ms, 3Tr) that
is not quantum isomorphic to any classical graph [41, Example 8.5].
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13. Quantum Gross—Tucker Theorem

Which quantum graphs are derived quantum graphs of a voltage quantum graph as in
Definition 12.1.17 In the classical situation, Gross and Tucker proved that whenever a
graph I" admits a free action o : G — Aut(T") of a finite group G, then there is a suitable
G-labeling X of the quotient graph I'/G such that

I (I/G)

i.e. T is the derived graph of the voltage graph (I'/G,\) [42, Theorem 2.2.2]. In this
section, we prove a quantum version of this result.

Thus, the setting is the following: We have given a quantum graph A : B — B on a
quantum set (B, ) together with an action a : G — Aut(A) of a finite abelian group
G on the quantum graph A. This means that « is an action of G' on the C*-algebra B
which satisfies

Y =1a, and a4A= Aay

for all g € G.

Where Gross and Tucker asked that the action on the graph be free, we assume that
the action « satisfies the assumptions of Landstad’s theorem including the additional
condition for the quantum set version from Proposition 11.4.2. Thus, we ask that there
is a unitary representation (u,) et C B of the dual group G inside B such that

ag(uy) = x(g)uy and Y = PAd(u,)

hold for all g € G and x € G. Furthermore, also the quantum graph A must be invariant
under Ad(u,), i.e. we will also require

Ad(uy)A = AAd(uy). (13.1)

Then, in view of Proposition 11.4.2 the quantum set (B,v) is a crossed product
quantum set

(Bﬂﬁ) = (Baﬂb Na é
In particular,
e« B=B"x;0G,

e every element of B can be written uniquely as b = Zx c¢ bxuy for suitable by, € B,
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13. Quantum Gross—Tucker Theorem

o P(byuy) = dy=19(by) = nd=19(by) holds for all x € G and b, € B* with n = |G].

Note that we consistently use the notation from Notation 11.2.2 for crossed product
quantum sets with B® in the place of B as well as the notation from Landstad’s theorem
(Theorem 11.4.1) and Proposition 11.4.2.

Let us first justify condition (13.1) by showing that it is automatically satisfied by any
derived quantum graph.

Lemma 13.0.1. Let A= (Ay)ec be a (G, &)-voltage quantum graph on (B, 1) and let
A = A x4 G be the associated derived quantum graph on the crossed product quantum
set (B,v¥x). Then A satisfies (13.1), i.e. A is invariant under the conjugation action

(Ad(ux))xeé
Proof. Recall the definition of A from Definition 12.1.1 via

A=Y m(X,® ELA E,)m*.
geG

Let us fix some y € G. Evidently we have Ad(uy)m = m(Ad(uy) ® Ad(uy)), and by
taking the adjoint one obtains (Ad(uy)® Ad(uy))m* = m*Ad(u,). Here we use that the
adjoint of Ad(uy) is Ad(uy ), which follows from the definition using that v, is invariant
under Ad(uy).

Therefore, it suffices to show that both X, and E%A,F, commute with Ad(u,) for
all g € G. For the maps X, this follows from

ul Ad(uy) = (ug, Ad(uy) (), = (Wtictiy, )y, = (uc, )y, forall ¢ € G,

where we use that G is abelian.
For E}AyE, observe that

By Ad(uy ) (bug) = Ex(Gx (b)uc) = nde=16y(b) = ay Ex(buc)
holds for all b € B and ¢ € G, again using that G is abelian. By taking the adjoint we
also get Ad(uy)E% = E}é&,. Now, the voltage-graph condition (12.1) yields
Ad(uy)ELA B, = ELa, A Ey = E5Ayéy By = B A, Ad(uy),
which is all that we need. O
Theorem 13.0.2. Let A: B — B be a quantum graph on the quantum set (B,v) and
let o : G — Aut(A) be an action of a finite abelian group G on A which satisfies the

assumptions of Landstad’s theorem for quantum sets (Proposition 11.4.2) as well as the
additional assumption (13.1). Then the following are true:

1. The family A := (A,)gec with
flg =m"(Xy ® A)m|pa
is a (G, &)-voltage quantum graph on (B®,4)), where X, = %eré X(g)uxu; with
n = |G| is the quantum adjacency matriz from Definition 12.1.1 and Proposition
12.1.5.
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2. One has
.ASE,A Nd(i
i.e. A is recovered as the derived quantum graph of A as in Definition 12.1.1.

Remark 13.0.3. 1. The claim that A is a voltage quantum graph entails that every
single map A4 maps into B® C B. This is not immediately clear since the maps
m and m* are defined on the larger algebra B.

2. Let us remark again that the operation
(Aerg)F%TnL41@LAgﬁn*

intuitively means to take the intersection of quantum graphs as discussed in Re-
mark 12.1.3.

3. Conversely, assume that A = A x4 G is known. Then the underlying quantum
set (B,1) is isomorphic to a crossed product quantum set which entails that the
conditions of Landstad’s theorem are satisfied. Further, the additional assumption
(13.1) is automatically satisfied by Lemma 13.0.1. Thus, all the conditions in the
theorem are necessary for derived quantum graphs.

4. It is possible that a given quantum graph A can be expressed as a derived quantum
graph in multiple ways. Indeed, the trivial group acts on any quantum graph A
and this action satisfies the assumptions of the theorem. However, this case is not
very insightful since the underlying voltage quantum graph is simply A itself.

Before we prove the theorem, we will investigate some properties of the maps flg.
First, we pick up the issue mentioned in the previous remark and show that the maps
A, are well-defined as maps from B“ into B®.

Proposition 13.0.4. The maps flg are well-defined, i.e. we have for all g € G,
m(X, ® Aym*(B*) C B*.

Proof. It suffices to show m(X, ® A)m*ap = apm(Xy @ A)m* for all h € G. Evidently,
m(ap @ ap) = apm holds since ay, is a *-automorphism. Further, one readily verifies
aj = ap-1 with respect to the inner product induced by 1. By taking the adjoint, the
previous identity entails (o, ® ap)m* = m*ay, for all h € G. Further, Aoy, = apA is
true since oy, € Aut(A) by assumption.

It only remains to show X oy, = a, X, for all h € G. A quick calculation reveals

ULOéh = x(h)ui<

for all x € G and h € G. (Recall uI{ = 1(u}-)). Consequently, we have

1en 1 e
Xgom = — > x(guyulay, = - > x(@)x(h)uyul, = ap Xy,

x€G XE€G
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13. Quantum Gross—Tucker Theorem

since ap,(uy) = x(h)uy is true for all x € G. Altogether, we obtain the identity m(X, ®
Aym*ap = apm(Xy @ A)m* as desired. O

The next lemma establishes a connection between the maps flg and a family of maps
le : B — B® which look like the equivalents of the flg under a kind of Fourier
transform. These maps have convenient algebraic properties and yield an alternative
definition of the maps flg.

Lemma 13.0.5. There are linear maps Ax : B* — B® such that
A(buy) = Ay (b)uy, (13.2)

is true for all b € B* and x € G. Then we have for all b € B*, g € G and x,( € G:

Ay b = acA,, (13.3)

A (b) = % S A (bV) gy, (7). (13.4)
ced

A (b) = A, 1 (b), (13.5)

Ay = = 3 o) Ach). (13.6)
ceG

where in the second line m*(b) =Y, bgl) ® b§2) and we sum implicitly over i.

Proof. Recall that « respects the quantum adjacency matrix A in the sense that Aoy =
agA holds for all g € G. It follows immediately that A preserves the subalgebras B%u,,
ie.

A(B%uy) C B%uy
holds for all ¥ € G. Therefore, the maps le from (13.2) exist.

Ad (13.3). Using the definition of A, and the equality Ad; = G¢A one calculates for
all b€ B

Ay (6(0)) = AGc(b)uy )1 = dc (A(buy)) uy—1 = ac (A (b)) -

Ad (13.4). Since A is a quantum adjacency matrix, we have m(A ® A)m* = A. Using
the formula (11.4) for the comultiplication on B we get for all b € B,y € G,

) =L (00) o (4 )
" Z A (0 o (Ae-ry (a1 (07)) ) ucuc-1,

CEG

= Z A (B) Ay (b2) g,

CGG
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where we use Ac—lxdg—l = d<71/~1<71x in the second step. Comparing this with (13.2)
yields the desired formula.

Ad (13.5). Since A is a quantum adjacency matrix it is *-preserving in the sense that
A((buy)*) = A(buy)* holds for all b € B* and x € G. With the definition of A, it
follows

Ay 1 (G 1 (07))uy—1 = A(Gy -1 (b )uy—1) = A((buy)")
= Abuy)" = (A d)uy) = dyr (A(0)") uyr.
The claim follows by using A 101 = Gy, _1A -1 and applying &, on both sides.

Ad (13.6). Let us use the deﬁnltlon of A, together with the formula (11.4) for the
comultiplication on B and (12.3) to obtain

Ag(b) = (X ® A)m”(b)

- Z Xy (b uc)A (- (0 ) uc—)

CGG
= - Z o) ucA (a1 (07 ) ue ).
ced

Since A commutes with the action & the properties of the comultiplication on B imply
that this expression is equal to

LS T@EeM) A (07) = LY )
CeG geG

The statement follows by a change of variable. O

We are now ready to prove the main theorem of this section which has been stated
before as Theorem 13.0.2.

Proof of Theorem 13.0.2. We first show that each flg is a quantum adjacency matrix on
(B“,%) which is invariant under the action &. To start with, let us verify that A, is
Schur-idempotent. Using formula (13.6) from the previous lemma, we get for all b € B?,

(A A) 1) = -5 3 (o)A 0{")(0) Ac(b?)
x.£€G
_ 1 Dy A, (52
ned X,E:xE=n
By (13.4) we have %Zxé:x&:n‘i (bg1 )Ag(bEQ)) = A, (b) for all n € G. Thus, the above

is equal to
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13. Quantum Gross—Tucker Theorem

Next, we show that A, is *-preserving. Using (13.5) and the formula (13.6) from the
previous lemma one gets for all b € B“ and g € G,

ZC (9)Ac(b*)

CEG

724

ced

(e )
ce@
:Ag(@ )

as desired. Altogether, it follows that A is a quantum adJacency matrix. For A being
a voltage graph we also need Agax = aXA for all Y € G. However, this follows
immediately by combining (13.3) and (13.6).

It remains to prove A = A x4 G‘, i.e.

A=>"m(X,® ELA E,)m
geG

Using the formula for the comultiplication (11.4) as well as (11.5) one immediately
obtains for all b € B* and x € G,

m(Xy @ By AgEy)m* (buy) = ZX (b8 uc) néc-1y-14y (ac ()
CGG
=Xy (bz('l)“x) ~g (A (bz@)))

=x@)? (67) Ay (1)

where we use (12.3) in the last step. As (1[1 ® IdBa) m* = Idpa, the above reduces to

X(Q)Ag(b)UX'

By summing over all g € G and using the formula (13.6) for flg we arrive at

Z m* (X, @ B A B )m(buy) = Z Z b)uy

geG QEG ce@
= AX(b)uX)
for 37 e x(9)C(g) = nd¢=y. This concludes the proof. O

Remark 13.0.6. If A is in fact a classical graph (i.e. a quantum graph on (CY,y/) for
some finite set V), then an action « : G — Aut(A) satisfies the conditions of Landstad’s
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theorem if and only if it is a free action. Moreover, the notorious operators Ad(u,) on
CY are trivial, and therefore the additional conditions

Yy =Yy Ad(u,) and AAd(u,)= Ad(uy)A

for Theorem 13.0.2 are automatically satisfied. The quantum set (Ba,"zﬁ) is clearly
isomorphic to (C"/ G,¢V/G) and the induced action & is trivial. Thus, in the classical
case our Gross—Tucker theorem just says that a free action of a finite abelian group on
a graph A gives rise to a voltage graph structure on the quotient graph A/G such that
the derived graph is isomorphic to A. This recovers exactly the classical Gross—Tucker
theorem.

145






Backmatter

147






Bibliography

[1] Teodor Banica and Julien Bichon. “Quantum automorphism groups of vertex-
transitive graphs of order <= 117. In: Journal of Algebraic Combinatorics 26.1
(2007), pp. 83-105.

[2] Teodor Banica, Julien Bichon, and Jean-Marc Schlenker. “Representations of
quantum permutation algebras”. In: Journal of Functional Analysis 257.9 (2009),
pp. 2864-2910.

[3] Teodor Banica and Benoit Collins. “Integration over quantum permutation groups”.
In: Journal of Functional Analysis 242.2 (2007), pp. 641-657.

[4] Teodor Banica and Benoit Collins. “Integration over the Pauli quantum group”.
In: Journal of Geometry and Physics 58.8 (2008), pp. 942-961.

eodor Banica and Sergiu Moroianu. “On the structure of quantum permutation

5| Teodor Bani d Sergiu Moroi “On the struct f t tati
groups”. In: Proceedings of the American Mathematical Society 135.01 (2006),
pp. 21-29.

[6] Teodor Banica and Ion Nechita. “Flat matrix models for quantum permutation
groups”. In: Advances in Applied Mathematics 83 (2017), pp. 24-46.

[7] Teodor Banica, Adam Skalski, and Piotr Soltan. “Noncommutative homogeneous
spaces: the matrix case”. In: Journal of Geometry and Physics 62.6 (2012), pp. 1451—
1466.

[8] Teodor Banica and Roland Speicher. “Liberation of orthogonal Lie groups”. In:
Advances in Mathematics 222.4 (2009), pp. 1461-1501.

[9] Paul F. Baum, Kenny De Commer, and Piotr M. Hajac. “Free actions of compact
quantum groups on unital C*-algebras”. In: Documenta Mathematica 22 (2017),
pp- 825-849.

[10] Bruce Blackadar. Operator algebras: theory of C*-algebras and von Neumann
algebras. Encyclopaedia of mathematical sciences, Operator algebras and non-
commutative geometry 122. Berlin ; New York: Springer, 2006.

[11] G. Boreland, I.G. Todorov, and A. Winter. “Sandwich theorems and capacity
bounds for non-commutative graphs”. In: Journal of Combinatorial Theory, Se-
ries A 177 (2021), p. 105302.

[12] A. Bottcher, I. Gohberg, Yu. I. Karlovich, N. Krupnik, S. Roch, B. Silbermann,
and I. Spitkovsky. “Banach Algebras Generated by N Idempotents and Applica-

tions”. In: Singular Integral Operators and Related Topics. Ed. by A. Béttcher
and I. Gohberg. Basel: Birkhduser Basel, 1996, pp. 19-54.

149



Bibliography

[13] A. Bottcher and I.M. Spitkovsky. “A gentle guide to the basics of two projections
theory”. In: Linear Algebra and its Applications 432.6 (2010), pp. 1412-1459.

[14] Ljiljana Brankovic, Mirka Miller, Jan Plesnik, Joseph F. Ryan, and Jozef Siran.
“Large graphs with small degree and diameter: a voltage assignment approach”.
In: Australasian Journal of Combinatorics 18 (1998), pp. 65-76.

[15] Michael Brannan, Alexandru Chirvasitu, Kari Eifler, Samuel Harris, Vern Paulsen,
Xiaoyu Su, and Mateusz Wasilewski. “Bigalois Extensions and the Graph Iso-
morphism Game”. In: Communications in Mathematical Physics 375.3 (2020),
pp. 1777-1809.

[16] Michael Brannan, Kari Eifler, Christian Voigt, and Moritz Weber. “Quantum
Cuntz-Krieger algebras”. In: Transactions of the American Mathematical Society,
Series B 9.26 (2022), pp. 782-826.

[17] Michael Brannan, Priyanga Ganesan, and Samuel J. Harris. “The quantum-to-
classical graph homomorphism game”. In: Journal of Mathematical Physics 63.11
(2022), p. 112204.

[18] Michael Brannan, Daniel Gromada, Junichiro Matsuda, Adam Skalski, and Ma-
teusz Wasilewski. “A quantum Frucht’s theorem and quantum automorphisms

of quantum Cayley graphs”. In: Proceedings of the London Mathematical Society
131.5 (2025).

[19] Michael Brannan, Mitch Hamidi, Lara Ismert, Brent Nelson, and Mateusz Wasilewski.
“Quantum edge correspondences and quantum Cuntz—Krieger algebras”. In: Jour-
nal of the London Mathematical Society 107.3 (2023), pp. 886-913.

[20] Michael Brannan, Samuel J. Harris, Ivan G. Todorov, and Lyudmila Turowska.
“Quantum no-signalling bicorrelations”. In: Advances in Mathematics 449 (2024),
p. 109732.

[21] Michael Brannan, Samuel J. Harris, Ivan G. Todorov, and Lyudmila Turowska.
“Synchronicity for quantum non-local games”. In: Journal of Functional Analysis
284.2 (2023), p. 109738.

[22] Alexandru Chirvasitu and Mateusz Wasilewski. “Random quantum graphs”. In:
Transactions of the American Mathematical Society (2022).

[23] Alain Connes. Noncommutative geometry. San Diego, California: Academic Press,
1994.

[24] Joachim Cuntz. “Simple C*-algebras generated by isometries”. In: Communica-
tions in Mathematical Physics 57.2 (1977), pp. 173-185.

[25] Joachim Cuntz and Wolfgang Krieger. “A class of C*-algebras and topological
Markov chains”. In: Inventiones mathematicae 56.3 (1980), pp. 251-268.

[26] Chandler Davis. “Generators of the Ring of Bounded Operators”. In: Proceedings
of the American Mathematical Society 6.6 (1955), pp. 970-972.

150



Matthew Daws. “Quantum graphs: Different perspectives, homomorphisms and
quantum automorphisms”. In: Communications of the American Mathematical
Society 4.5 (2024), pp. 117-181.

Jacques Dixmier. C*-algebras. North-Holland Mathematical Library 15. Amster-
dam; Oxford: North-Holland Publishing Company, 1977.

V. G. Drinfeld. “Quantum Groups”. In: Proceedings of the International Congress
of Mathematicians (1986).

Runyao Duan, Simone Severini, and Andreas Winter. “Zero-Error Communica-
tion via Quantum Channels, Noncommutative Graphs, and a Quantum Lovasz
Number”. In: IEEE Transactions on Information Theory 59.2 (2013), pp. 1164—
1174.

Kari Eifler. “Quantum symmetries of quantum metric spaces and non-local games”.
In: Indiana University Mathematics Journal 72.3 (2023), pp. 1297-1325.

Sgren Eilers, Gunnar Restorff, Efren Ruiz, and Adam P. W. Sgrensen. “Geometric
Classification of Graph C*-algebras over Finite Graphs”. In: Canadian Journal
of Mathematics 70.2 (2018), pp. 294-353.

Sgren Eilers, Gunnar Restorff, Efren Ruiz, and Adam P. W. Sgrensen. “The com-
plete classification of unital graph C*-algebras: Geometric and strong”. In: Duke
Mathematical Journal 170.11 (2021), pp. 2421-2517.

George A Elliott. “On the classification of inductive limits of sequences of semisim-
ple finite-dimensional algebras”. In: Journal of Algebra 38.1 (1976), pp. 29-44.

P. Erd6s and A. Rényi. “Asymmetric graphs”. In: Acta Mathematica Academiae
Scientiarum Hungaricae 14.3-4 (1963), pp. 295-315.

Pierre Fima and Lorenzo Pittau. “The free wreath product of a compact quantum
group by a quantum automorphism group”. In: Journal of Functional Analysis
271.7 (2016), pp. 1996-2043.

Amaury Freslon. Compact Matriz Quantum Groups and Their Combinatorics.
1st ed. Cambridge University Press, 2023.

Priyanga Ganesan. “Spectral bounds for the quantum chromatic number of quan-
tum graphs”. In: Linear Algebra and its Applications 674 (2023), pp. 351-376.

Adina Goldberg. “Quantum games and synchronicity”. In: Quantum 10 (2026),
p. 1964.

Guihua Gong, Huaxin Lin, and Zhuang Niu. A review of the Elliott program of
classification of simple amenable C*-algebras. 2023.

Daniel Gromada. “Some examples of quantum graphs”. In: Letters in Mathemat-
ical Physics 112.6 (2022), p. 122.

Jonathan L Gross and Thomas W. Tucker. Topological graph theory. New York:
Wiley, 1987.

151



Bibliography

[43]

[44]

152

Jonathan L. Gross. “Voltage graphs”. In: Discrete Mathematics 9.3 (1974), pp. 239—
246.

Jonathan L. Gross and Thomas W. Tucker. “Generating all graph coverings by
permutation voltage assignments”. In: Discrete Mathematics 18.3 (1977), pp. 273—
283.

P. R. Halmos. “Two subspaces”. In: Transactions of the American Mathematical
Society 144.0 (1969), pp. 381-389.

Mitch Hamidi, Lara Ismert, and Brent Nelson. Simplicity of Cuntz-Pimsner al-
gebras of quantum graphs. 2025.

Michio Jimbo. “A g-difference analogue of U(g) and the Yang-Baxter equation”.
In: Letters in Mathematical Physics 10.1 (1985), pp. 63-69.

Stefan Jung and Moritz Weber. “Models of quantum permutations”. In: Journal
of Functional Analysis 279.2 (2020), p. 108516.

Takeshi Katsura, Masahito Ogawa, and Airi Takeuchi. “On the magic square C*-
algebra of size 4”. In: Annales mathématiques Blaise Pascal 29.1 (2022), pp. 99—
148.

Nina Kiefer and Bjorn Schéfer. “Complete Classification of Directed Quantum
Graphs on M2”. In: Letters in Mathematical Physics 116.2 (2026).

Se-Jin Kim and Arthur Mehta. “Chromatic numbers, Sabidussi’s Theorem and
Hedetniemi’s conjecture for non-commutative graphs”. In: Linear Algebra and its
Applications 582 (2019), pp. 291-309.

Andre Kornell. “Discrete quantum structures I: Quantum predicate logic”. In:
Journal of Noncommutative Geometry 18.1 (2024), pp. 337-382.

Andre Kornell. “Discrete quantum structures II: Examples”. In: Journal of Non-
commutative Geometry 18.2 (2024), pp. 411-450.

Alex Kumjian and David Pask. “C*-algebras of directed graphs and group ac-
tions”. In: Ergodic Theory and Dynamical Systems 19.6 (1999), pp. 1503-1519.

Alex Kumyjian, David Pask, Iain Raeburn, and Jean Renault. “Graphs, Groupoids,
and Cuntz—Krieger Algebras”. In: Journal of Functional Analysis 144.2 (1997),
pp. 505-541.

Greg Kuperberg and Nik Weaver. A von Neumann algebra approach to quantum
metrics/quantum relations. Vol. 215. Memoirs of the American Mathematical
Society 1010. 2012.

Johan Kustermans and Stefaan Vaes. “Locally compact quantum groups in the
von Neumann algebraic setting”. In: Mathematica Scandinavica 92.1 (2003), pp. 68—
92.

Magnus B. Landstad. “Duality theory for covariant systems”. In: Transactions of
the American Mathematical Society 248.2 (1979), pp. 223-267.



Aleksander Malni¢, Roman Nedela, and Martin Skoviera. “Lifting Graph Auto-
morphisms by Voltage Assignments”. In: Furopean Journal of Combinatorics 21.7
(2000), pp. 927-947.

Tetsuya Masuda, Yoshiomi Nakagami, and Stanistaw Lech Woronowicz. “A C*-
algebraic framework for quantum groups”. In: International Journal of Mathe-
matics 14.9 (2003), pp. 903-1001.

Junichiro Matsuda. “Algebraic connectedness and bipartiteness of quantum graphs”.
In: Communications in Mathematical Physics 405.8 (2024), p. 185.

Junichiro Matsuda. “Classification of quantum graphs on M2 and their quan-
tum automorphism groups”. In: Journal of Mathematical Physics 63.9 (2022),
p- 092201.

Ralf Meyer and Ryszard Nest. “C*-algebras over topological spaces: filtrated K-
theory”. In: Canadian Journal of Mathematics 64.2 (2012), pp. 368-408.

Benjamin Musto, David Reutter, and Dominic Verdon. “A compositional ap-
proach to quantum functions”. In: Journal of Mathematical Physics 59.8 (2018),
p. 081706.

Ion Nechita and Jordi Pillet. “Sudo@ — a quantum variant of the popular game”.
In: Quantum Information and Computation 21.9-10 (2021), pp. 781-799.

Sergey Neshveyev and Lars Tuset. Compact quantum groups and their represen-
tation categories. Collection SMF 20. Paris: Société mathématique de France,
2013.

Gert K. Pedersen. “Measure Theory for C*-Algebras I1”. In: Mathematica Scan-
dinavica 22 (1968), pp. 63-74.

N. Christopher Phillips. “A classification theorem for nuclear purely infinite sim-
ple C*-algebras”. In: Documenta Mathematica 5 (2000), pp. 49-114.

N. Christopher Phillips. Equivariant K-theory and freeness of group actions on
C*-algebras. Vol. 1274. Lecture Notes in Mathematics. Springer-Verlag, Berlin,
1987.

Heydar Radjavi and James P. Williams. “Products of self-adjoint operators”. In:
Michigan Mathematical Journal 16.2 (1969), pp. 177-185.

Iain Raeburn. Graph Algebras. CBMS Regional Conference Series in Mathematics
103. Providence: American Mathematical Society, 2005.

Iain Raeburn and Allan M. Sinclair. “The C*-algebra generated by two projec-
tions”. In: Mathematica Scandinavica 65 (1989), pp. 278-290.

Gunnar Restorff. “Classification of Cuntz-Krieger algebras up to stable isomor-
phism”. In: Journal fiir die reine und angewandte Mathematik 2006.598 (2006).

Marc A. Rieffel. “Proper actions of groups on C*-algebras”. In: Mappings of
operator algebras (Philadelphia, Pennsylvania, 1988). Vol. 84. Progress in Math-
ematics. Birkhduser Boston, Boston, Massachusetts, 1990, pp. 141-182.

153



Bibliography

[75]

[76]

154

Steffen Roch and Bernd Silbermann. “Algebras generated by idempotents and
the symbol calculus for singular integral operators”. In: Integral Equations and
Operator Theory 11.3 (1988), pp. 385-419.

Mikael Rgrdam. “Classification of Cuntz-Krieger algebras”. In: K-Theory 9.1
(1995), pp. 31-58.

Bjorn Schéfer. Classification of Certain C*-Algebras Generated by Two Partitions
of Unity. 2025.

Bjorn Schéfer. Hypercube C*-algebras and an application to magic isometries.
2025.

Bjorn Schéfer and Mariusz Tobolski. Voltage quantum graphs and a Gross-Tucker
theorem for quantum graphs. 2026.

Bjorn Schafer and Moritz Weber. “Nuclearity of Hypergraph C*-Algebras”. In:
Journal of Noncommutative Geometry (2025).

Simon Schmidt. “Quantum automorphisms of folded cube graphs”. In: Annales
de UInstitut Fourier 70.3 (2020), pp. 949-970.

Fabian Selzer. “The C*-algebra generated by a family of projections associated
with the cube”. MA thesis. Saarbriicken: Universitit des Saarlands, 2025.

Dan Stahlke. “Quantum source-channel coding and non-commutative graph the-
ory”. In: IEEFE Transactions on Information Theory 62.1 (2016), pp. 554-577.

Thomas Timmermann. An Invitation to Quantum Groups and Duality. EMS
Textbooks in Mathematics. EMS Press, 2008.

Mirjam Trieb, Moritz Weber, and Dean Zenner. Hypergraph C*-algebras. 2024.

N. L. Vasilevski. “C*-algebras generated by orthogonal projections and their ap-
plications”. In: Integral Equations and Operator Theory 31.1 (1998), pp. 113-132.

N. L. Vasilevski and 1. M. Spitkovsky. “On the Algebra of Two Projections”. In:
Doklady Akademii Nauk Ukrainskoi SSR, Series A 8 (1981).

Dan Voiculescu, Kenneth Dykema, and Alexandru Nica. Free Random Variables.
Vol. 1. CRM Monograph Series. Providence, RI: American Mathematical Society,
1992.

Dan Voiculescu, Nicolai Stammeier, and Moritz Weber, eds. Free probability and
operator algebras. Miinster Lectures in Mathematics. Ziirich, Switzerland: Euro-
pean Mathematical Society, 2016.

Shuzhou Wang. “Free products of compact quantum groups”. In: Communications
in Mathematical Physics 167.3 (1995), pp. 671-692.

Shuzhou Wang. “General constructions of compact quantum groups”. PhD thesis.
1993.

Shuzhou Wang. “Quantum Symmetry Groups of Finite Spaces”. In: Communi-
cations in Mathematical Physics 195.1 (1998), pp. 195-211.



[93] Mateusz Wasilewski. “On quantum Cayley graphs”. In: Documenta Mathematica
29.6 (2024), pp. 1281-1317.

[94] Yasuo Watatani. “Graph theory for C*-algebras”. In: Operator algebras and ap-
plications, Part I (Kingston, Ontario, 1980). Vol. 38. Proceedings of Symposia in
Pure Mathematics. American Mathematical Society, 1982, pp. 195-197.

[95] John Watrous. The Theory of Quantum Information. Cambridge: Cambridge Uni-
versity Press, 2018.

[96] Nik Weaver. “Quantum Graphs as Quantum Relations”. In: The Journal of Ge-
ometric Analysis 31.9 (2021), pp. 9090-9112.

[97] Nik Weaver. “Quantum relations”. In: Memoirs of the American Mathematical
Society 215.1010 (2012).

98] Moritz Weber. “Quantum Permutation Matrices”. In: Complex Analysis and Op-
erator Theory 17.3 (2023), p. 37.

[99] S. L. Woronowicz. “A remark on compact matrix quantum groups”. In: Letters
in Mathematical Physics 21.1 (1991), pp. 35-39.

[100] S. L. Woronowicz. “Compact matrix pseudogroups”. In: Communications in Math-
ematical Physics 111.4 (1987), pp. 613—-665.

[101] S. L. Woronowicz. “Compact Quantum Groups”. In: Symétries quantiques. Les
Houches. Amsterdam: North-Holland, 1998, pp. 845-884.

[102] Stanistaw Lech Woronowicz. “Twisted SU(2) group. An example of a non-commutative
differential calculus”. In: Publications of the Research Institute for Mathematical
Sciences 23.1 (1987), pp. 117-181.

155






List of Symbols

(B,¥)
(I, A)
A:B— B
B(H)

BOL

Qn(c)

Qn = (Una Vm En)
X#S

C

A,

F)‘

12

Quantum set

(Classical) voltage graph

Quantum adjacency matrix

Bounded operators on ‘H

Fixed point algebra

Opposite algebra of a C*-algebra B

C*-Algebra of continuous functions (vanishing at in-
finity)

Bipartite graph C*-algebra associated with G
Finite abelian group and its dual group

Finite bipartite graph with vertex sets U,V and edge
set F

n X n identity matrix

Complete bipartite graph with n and m vertices
Complex n x n matrix algebra

Subhypercube of @,, induced by an edge weighting
n-dimensional hypercube graph

Action of B ® B°P on B given by (b® c)#a := bac
Set of complex numbers

n-dimensional standard simplex

(Classical) derived graph of a (classical) voltage
graph

Set of natural numbers

Set of real numbers

Set of integers

Cyclic group of order n

Action of a (finite abelian) group G and its dual group
G, resp.

Isomorphism of C*-algebras, quantum sets or quan-
tum graphs

Quantum isomorphism of quantum sets or quantum
graphs

Kronecker delta, i.e. 0y—¢ = 1if x = § and d,—¢ =0
otherwise

Hilbert space

157



List of Symbols

Aut(A)
Aut(B, )
Idg

Tr, tr
pary, (i)
triv

S

158

Automorphism group of a quantum graph
Automorphism group of a quantum set

Identity operator on a C*-algebra B

Un-normalized and normalized trace on M, resp.
Parity of the first k + 1-binary digits of ¢

Trivial action of a group

Direct sum of C*-algebras, Hilbert spaces and repre-
sentations

Tensor product of C*-algebras

Quantum set functional on a crossed product quan-
tum set B X & G

Representation of a hypercube graph C*-algebra in-
duced by an admissible edge weighting ¢ : E,, — C
Representation of a hypercube graph C*-algebra as-
sociated with t € A,

Derived quantum graph of a (G, &)-voltage quantum
graph A

(G, &)-voltage quantum graph

Crossed product C*-algebra

The functional ¥ (b*-) on a C*-algebra B with respect
to a quantum set functional v

(Binary) number obtained by flipping the k-th binary
digit of ¢

Canonical projection generator of a bipartite graph
C*-algebra corresponding to a vertex x

Adjoint of an element or operator



Index

*_homomorphism, 15 of quantum graphs, 98
*_isomorphism, 15 of C*-algebras, 15

of quantum sets, 98
admissible weighting, 70

Landstad’s duality theorem, 120
binary number, 64

bipartite graph, 29 magic isometry, 85
bipartite graph C*-algebra, 30 magic unitary, 85

Mobius transformation, 105
C*-algebra, 13

complete bipartite graph, 29 nuclear C*-algebra, 15

crossed product C*-algebra, 114

crossed product quantum set, 115 partition of unity, 14
Pauli edge space, 103

derived graph, 111 Pauli matrices, 102

derived quantum graph, 124 Pedersen’s theorem, 23

direct sum of C*-algebras, 15 primitive ideal space, 17

. projection, 14
functional, 15

quantum adjacency matrix, 95
quantum edge projection, 95
quantum edge space, 95
quantum graph, 95

d-regular, 97

KMS-undirected, 97

loopfree, 97

reflexive, 97

tracial, 97

undirected, 97
quantum Gross—Tucker theorem, 140
quantum isomorphism, 98

of quantum graphs, 98

of quantum sets, 98

G-projection family, 30

gauge action, 42

gauge uniqueness, 42
Gelfand—Naimark theorem, 14
Gelfand—Naimark—Segal theorem, 14
generic position, 37
GNS-representation, 16

Halmos’ Two Projections Theorem, 23
hull-kernel topology, 17

hypercube graph, 65

hypergraph, 42

hypergraph C*-algebra, 42

ideal, 15 quantum set, 93
irreducible representation, 16 quantum set functional, 93
isomorphism quotient, 15

159



Index

rank-one representation, 70
representation, 15
Riemann sphere, 105

spectrum of a C*-algebra, 17
standard simplex, 75

state, 15

subalgebra, 15
subhomogeneous C*-algebra, 17
subrepresentation, 79

tensor product of C*-algebras, 15
tensor product quantum set, 117

universal C*-algebra, 18

voltage graph, 111
voltage quantum graph, 124

160



	1 Introduction
	1.1 Part I: C*-algebras generated by two partitions of unity
	1.1.1 Two Partitions of Unity
	1.1.2 Contributions

	1.2 Part II: Derived quantum graphs
	1.3 Included publications
	1.4 Notation
	1.5 Outline

	2 Preliminaries on C*-algebras
	2.1 Definition and structure theorems
	2.2 Basic notions
	2.3 GNS-construction
	2.4 Spectrum of a C*-algebra
	2.5 Universal C*-algebras

	I C*-algebras generated by two partitions of unity
	3 Classical results on two projections
	3.1 Halmos's Two Projection Theorem and Pedersen's C*-algebra
	3.2 Generalizations

	4 Bipartite graph C*-algebras
	4.1 Bipartite graphs
	4.2 Definition and first properties
	4.3 Alternative generators of bipartite graph C*-algebras
	4.4 Projections in generic position

	5 Hypergraph C*-algebras
	5.1 Definition and properties of hypergraph C*-algebras
	5.2 Nuclearity of hypergraph C*-algebras
	5.3 Connection to bipartite graph C*-algebras

	6 Classification of bipartite graph C*-algebras
	6.1 One- and two-dimensional irreducible representations
	6.1.1 The complete graph K22
	6.1.2 General situation

	6.2 Classification of bipartite graph C*-algebras

	7 Hypercube C*-algebras
	7.1 Hypercubes
	7.2 Hypercube C*-algebras are subhomogeneous
	7.3 Rank-one representations and edge-weightings
	7.4 Rank-one representations induced by points in a simplex
	7.5 Irreducible representations
	7.6 Explicit description of hypercube C*-algebras
	7.7 Application to magic isometries
	7.7.1 Background on magic isometries and magic unitaries
	7.7.2 Application of C*(Q3) to the magic isometry completion problem



	II Derived quantum graphs
	8 Quantum graphs
	8.1 Quantum sets
	8.2 Quantum graphs
	8.3 Quantum isomorphisms of quantum graphs

	9 Quantum graphs on M2
	9.1 Equivalent definitions of quantum graphs on M2
	9.2 Pauli matrices and quantum edge spaces on M2
	9.3 Classification of loopfree quantum graphs on (M2, 2 Tr)

	10 Classical derived graphs
	11 Crossed product quantum sets
	11.1 Crossed products of C*-algebras
	11.2 A quantum set functional on the crossed product C*-algebra
	11.3 Quantum isomorphisms between crossed product quantum sets
	11.4 Landstad duality for quantum sets

	12 Voltage and derived quantum graphs
	12.1 Definition of voltage and derived quantum graphs
	12.2 Properties of the derived quantum graph
	12.3 Connection to Gross and Tucker's construction
	12.4 Quantum isomorphisms between derived quantum graphs
	12.5 Quantum graphs on M2 as derived quantum graphs

	13 Quantum Gross–Tucker Theorem

	Backmatter
	Bibliography
	List of Symbols
	Index


